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Abgtract

In this paper a framsuwork is developed to seek information
from the decision-maker about uncertain events, and to use this
information for identifying a preferred alternative. Existing methods
are examined critically to determine the best strategy for eliciting
subjective probabilities in the context of decision=making. It is
shown how a preferred alternative can be identified with laess than

perfect knouwledge of the probabilitigs,



In this papsr a framework is developed for eliciting the

subjective probabilities of the decisiom-makes. Elicitation of
the subjectiue‘probagilities is needed for sauefal decision models
e:g. éisk analysisg, decision=matrix models; decision trees,

monte carlo simulation, PERT, etc. (see Huber [727). The emphasie
here is on the decision situations in which a decision alternative
has to be chosén from a finite set of alternaﬁiuas and the
outcome of, each alternative is contingent on some- uncertain évents.
In section 1., an overview of the theory of subjective probability
is given. The procedures for eliciting subjective probabilities
are eﬁamined in secﬁ?on 2. The procedure most suitable for eliciting
probabilities in the context of decision-makinguis discussed in
section 3. In section 4.5 we develop a framework far identifying a
preferrsd.alterhétiue when the exact estimdtes of probabilities
are{eifficult to obtain, 'Itlis shouwn Eﬁét.a preferred alternative
can be identified with simpler judgments from the decision-maker
than are necessary for specifying thg point gstim~t~~ nf the
probabi}'tiés‘of uncertain-events. in SQFF}On 5, : summary of this

paper is provided.. t 8 T



1. Ovegrviguw of the Thgory of Subjective Probabilit

Probabilities have diffgrent interpretations, but the view
adopted here is the one common to the theory of subjective probability.
For an axiomatic development of this theory see Savage / 23_/, or de
Finstti ZFZ_7 1-6_7. Fishburn [“10_7 also gives an axiomization
leading to the definition of subjective probability. For the development
of subjective probability, Kyburg and Smokler Z7§7 provide an excellent
collection of articles. In a recent paper, de Finetti_[-7:7 smphasizes
that "subjective probability is the only meaningful interpretation of

the word 'probability'™.

The subjective probability of an event is the degree of belisgf
(faith or confidence) that a person has in the occurrence of the event
on the basis of ayailéble information. Thus,; the subjective probability
for the sams event could differ from person to person, and could change
for the samg person as his pool of available information alters with the
passage of time or otheruise. The subjective probabilitiss of some real
world eventg may be the same for different people (objectiue probabilitigs,
marschak / 14_/ states that this would be the case when the events fulfill
certain symmetry requirements., For a discussion of the relationship

betuween subjective and objective probabilities =zee Marechak [~15_7.

Ramsey [_20_7Jwas the first author to state explicitly that the

- examination of the overt behavio® of a person is the only sound way to
measure his subjective probability., However, the measurement process is
far from trivial. Marschak and Radner 1:36. Chapter 1:7 describg a general
method for deriving subjective probabilities from preference ordering

on alférnatives. We chall discuss such methods in section 2.2.

Any method to gxaming the cheice behavior of a person for the
purpose of sliciting subjective probabilities should look for two properties,
consistency and coherence. Consistency checks the logical relationship
among various choices or judgments of a person so that they do not contra=
dict onre another. Inconsistency may arise because of lack of training,

sducation, knouwlsdge or patience. But inconsistency is sasy to check,



and the person can usually be convinced to modify his judgments as easily
. as an accountant can be convinced of a numerical srror. Howsver, only the
decisiommaker can modify his own judgments unlike the latter cass, when
anyona knowledgabls about the rules of arithmetic and the princ;bles of

accounting can correct the error.

Coberence means that there is a one to ong correspondence .
betwsen a person's revealed choices‘or judgemente and his true
feelings or_bseliefs, Coherance is impossible to check, but as
will be seen later, a person canh be induced to make cohsrent choicas.
Subjectivistic theory requires coherence for subjective probability to be
meaningful, but it is a logical reguirement and the only requirement of this
theory. Coherence refers to intsrnal consistency, and Ramsey [-20_7,
de Fingtti [—4_7 point out that a person making cohersnt choices would not

salect the bets in which he surely loses, regardless of which-uncarpgin

svaent occurs. . -

e ~ Review of the Procedures for Fliciting Subjective Probabilitigs

2. Scoring Rules

Over the years several ways have been suggested that induce or
ehcourage a person to make choicés (asssss subjective probabilities) which
are coherent (consistent with his beliefs). A major portion of the literature
is devoted to the theoretical inuestigation of a class of devices called
scoring’rufés (panglty functions ) which reward a person if his choices are
coherent, and penalize him otherwise. Tha conceptual base for thess rules
is the assumption that a rational man would reveal his true beliefs >f any
departure from it would result in diminution of his reward. Scoring rules
are generally employed to discourage intentiopal bias on the part of a
probability assessor who is providing probabilitiss for someone else's deci=
sion~making (s.g., a wsatherman). However, in section 3., we shou that the
scoring ruleg in conjunctioﬁ with soume other methods can be used for

helping an individual assess his probabilities for his ouwn decisions.

de Finetti / 3_/ [/ 5_/ has discusscd scoring rules in detail.

Savage [-24_7 provides an excellent study of scoring rules. Following
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Savages if a person associates @ subjective probability p with the
occurrence of an event E, and if he gets a reward Y (x) if E occurs and Z
(x) if E does not occur, where x is the number that he chooses, then the
functions Y and Z should be so choéen that it will be in the interest of

the subject to specify x egual to p,

In the above scheme it is ascumed that the person wants to maximize
his expectad utility, and that the utility of monetary reward is linesar.
To avoid the problems of the nonlinegar utility of monetary rewards, the
monetary rewards can be kept small, but large enough to keep thé sdbject
intergsted. Raiffa [-19_7 and Winkler 1-32_7 discuss scoring rules when

utility functions are nonlinsar.

Three well known simple scoring rules are$ the Quadratic scoring ruls
(Brier 1-2;7, de Finetti ZC3_7 [§;7), tha Sphéfibéi scoring rule (Toda
Z_28_7, Roby / 21_7, and the Logarithmic scoring rule (Good [711_7; Van
Nasrssen [-29_7)- Many scoring rules can be generated if a general rule is

followed, as .discussed by Savage / 24_/.

Scoring rules have been used in metereology (Murphy ZP17_7, ttasl
von Holstein /_26_7, Winkler angd Murphy [-34_7 [35_7, educational testing
(de Finetti 1-5_7, stbck market prices (Stael von Holstein 1-27_7, and
European and American football (de Finetti [-3_7, Winkler Zt33_7).

In betting methods (¢.g., s¢c Raiffa Z’1B_7, Schlaifer [-25_7),
to elicit subjective probabilities, a subject is asked to_choose from two
bets (gambles or lotteries). OUne bet is continéent on the svent whose
probability is to be estimated, and the other on a device with well known
outcome probabilities (dice, a roulette wheel). To obtain the prcbability

of an svent, the following methods can be used.
Method 18 offer the subject the following twoc bets?
bet 13 Win a reward R if the event E1 occursj otherwise nothing.

bet 2¢ Win a reward R with known probability q; otherwise

nothing .
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If the subject chooses the best 1, then p1§3q; othgrwise, p1§g, wvhere p1 is
the subjective probability of the svent E, -

Mgthod 28 offer the subject the following two betst
bet 1% Win §$R ir E1 occursi lose $L otherwisa.

bet 23 Win $L if E1 does not occur: lose $ R otherwise.

If the subject choosee the first bet then,

Rpl = L (l—p1) g;L(l-pq) - Rpl, or
PazL/(L + R).

It should be noted that the method 1 is utility frees. Thus, the choice of
R doss not affect the subjective probability. Both methods result in
inequalities on the valuws of p . By asking ssveral questions bets), the

probability of the event can be estimated with sufficient precision.

2.3 Direct Interrogation

Direct interrogation of a subject to elicit his subjective probabili-
ties is by far the most common procedure in most real life studiss. Huber
[737 reviews various direct interrogation methods and cites numerous empiri-
cal studies., Savags [53 Pe 227, along with several others, has criticized
this method on the grounds that verbal responses may not correspond with
a person's behavior in the face of uncertainty. The only reaseon for its
popularity lies in its simplicity, or the complexity of alternative theore=
tically sound aoproaches. Huber 1727 sugéests that betting methddS'rehuire
complex information processing, and thus should be avoided. UWinkler ZEQZ
suggests that direct interrogation in conjunction with betting methods
(using betting methods or scoring rules to check the internal consistency)
is a viable alternative., Winkler [317 has used various direct interroga=

tion methods in the experiments to assess subjective probability distri-

butions.

3. Procggure for Eliciting Subjective Probabilities in_the

Context of Decigion—-making

In this section we shall examine which method or combination of

methods are suitable for .the elicitation of subjective probabilities in the

context of decision-making.,
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Thers are two distinct strateéies fo.elicit subjective probabilitigs
The first strategy is to seek verbal statement of probabilities from the
decision=maker. In this strategy, the decicion-maker himeglf translates
his feeglings of uncertainty into probability numbers. Both the direct
interrogation methods, and the scoring methods employ this strategy. The
second ‘strateqy 'is ta poseg some simple cholce situations to the decision~
maker and infar his judgmental probabilities from his choices. Betting

methods employ this strategy.

Because we are concerned with making decisions in the presence of
uncertainty,‘we should infer a decision=maker's feelings of uncertainty
as thegse influence his choices. Therefore, in the context of decision=-
making, the second strategy is a better way to elicit subjective probabili=-
ties. However, if for some reason the first strategy is to be usedy then
the decision=maker must be trained to understand as well as possible the
necessary correspondence between his own belisfs and the numerical probabi-

litiss into which.they must ‘be translated (sse de Finetti [g, pp.89-997).

In many decision situations, however, a combination of methods
employing the second strategy may be more appropriats than any single method

alone. Below, an example is given to demonstrats this point of view.

Example

In a centrally planned economy like India, foreign exchange alloca-
tions to various industrial sectors are decided by @ Planning Commission.
In a simplified situation, assume that these allocations depend on hou
much foreign excﬁénge would be needed to import food grains. If rainfall is
bad, a major portion of the foreign exchange is to be kept aside. Thus, to
arrive at an optimal aIlocatibﬁZﬁian, the planning commission nesds the
d'éugjéctiva probability of rainfall (guod or bad) of the policy-maker, say
the Planning Minister. We examine different procedures to elicit the

subjective probability of ths Planning Ministcr,



Direct Interrogation

Analyst (A) ¢ In your opinion which is more likely, good rainfall or
bad rainfall?

Planning Minister (P.M.): I suppose good rainfall.
A ¢ What would you estimate as the chance of good rainfall?

PuMae I do not know. UWhy don't you talk to a metesorologist?
Scoring Msthod (After explaining ths scoring rule, its implications ete.)

A Now, what number bgtween U and ¥ do you chooss for good rainfall,
Remember you have to maximize your fs. (Indian currency) gain.
And, money will actually change hands once we have observed the
gvents.

P.M.s o is your boss? VYour salary may change hands after this event!

Bgtting Method (Monetary reward)

A Sir, choose one of the following two lotteriest
lottery 1% If good rainfall occurs you will get Rs.7000;
R otherwise nothing,
lottery 2: If in a tess of a coin, a "hsad" comes up, you will

get Rs,1000; otherwise nothing.

P.M.2 Why don't you play this game with' my son? He likes gambling anyuway.
Betting Mgthod (Non-munetary reward, hypothetical gambles )

Analyst discusses with the Planning Minister the implications of
. rainfall on grain output. The Planning Minister already knows a laot about it,
and they agres that guod rainfall would result in 100 million tons (MT) of

grain output, whsereas, only 95 MT would be produced if rainfall is‘Sad.

Az / Sir, would you choose a plan?in which 100 MT of grain would be
produced if rainfall is guod, and 95 MT would be produced if
rainfall is badj or a plan in which, irrespective of rainfall,
there is a 50% chance of producing 100 MT and 50% chance of
producing 95 M,

P.Mas What is the second plan?

Az . Sir, it is a hypothetical plan.
(A briefs the P.M, on the purppse of such hypothstical guestiuns)



P.M,:

Az

P.M.t

At

I would choose the first plan.

Sir, would you still choose the'first plan if in the second plan,
the chance of producing 100 MT is 60%7

I never was too good in statistics at Oxford. But, if you still
want my opiNiONesscscaascs

(wvonders whether P.M. missed the point).

A Goad Mgthod (nc hypothetical gambles and no monetary feuards)

A

plm.‘
At

P.M.:
As

P.M.s

Sir, which one of the following tuwo plans would you chuose (the out=-

put of each plan under the two possible events is shown)?

Good Rainfall Bad Rainfall
Plan 1 100 MT 95 MT
Plan 2 98.75 MT 98,75 MT

Plan 2, . o
Now sir, if I replace Plan 1>by the following plan what would be
your- choice?
Good Rainfall Bad Rainfall
Plan 1 (mogified) 99.69 MT 97.19 MT
I would now choose Plan 1.
Sir, could you please give yuwur choice one moras time betwsen the
Plan 1 (modified) and the following plant , .
Good Rainfall Bad. Riinfall
Plan 2 (modificd) 99,29 MT 98.04 MT
I would still chuuss Plan 1. It looks good.

S0 sir, among the foilowing plans which we considered just now,

you would rate Plan 1 (nudified) as the best.

Guod Rainfall Bad Rainfall
Plan 1 100  MT 95 MT
Plan 2 o875 MT 98,75 MT
Plan 1 (modified) 99,69 MT 97.19 MT
Plan 2 (mudified) 99,29 MT 98.04 MT

1 certainly think so,

It can be seen that in three judgments we have established thot the

subjective probability of P.M. uf good rainfall is betwecn .69 and .75
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(sec the Appendix 1). Ue smployed a combinaticn of a betting method, a
scoring method, and an interval bi=-ssction direct interrogation technique
to elicit the subjective probability of the P.M. This egxample illustrates
that an ¢ @lyst should use the combinatiun of methods which makeg the mast
sense in a specific situation. It can also be sewn that successively more

difficult judgments ars needed in specifying the prubabilities with precision,

In the next section we show that in many .decision situations such precision
is not required in identifying a preferred alternative. From fow on in our
discussion we shall assume that subjective probabilities are elicited using

an appropriate procedure,

4. A framegwork for Identifying a Preferged Alternative with Incompletg

Knowledge of Probabilities

In this section ws develop a framswork for Identifying a preferred

alternative when the exact estimates of the probabilities are difficult to
obtain. In section 4.1., the problem staﬁement ig given, In section 4,2,,
‘qecision-making modél‘j is conSidered.} In ﬁhislmodel it is assumed that the
brobabilities of' uncertain gvents are not ;nflmencaa“by the alternative
chosen. In section 4.3., the reéuits of section 4,2, are generalized to the
situations in which ﬁhe pfqbabilities of unceptain egvents are influenced

by the alternative chossn,

4.1, Problem Statement

A single decision—maker wants to seléct an alternative from a finite
sagt«8 of N available alternatives. The cutcomes of the alternatives ars con=
tingent on thg occurrence of one of the uncertain events Ej from m possibls
guents £1. EZ"""’ Emd The deéision-maker does not kndw which of tze
uncertaip events will cceur, Huwever, all»N x m cutcomes, in which Oj is tha
outcome that occurs. if the decision=maker selects alternative k and the svent
E. occurs, and the utilities of these outcumes, f(D?), can be accqrately

c s ]
specified .

e shall let p? denote the probability of the occurrence uf the svent
E. when alternative k is implemented. The probability distribution (g‘:,pz.
..p5) is elicited from the decision-maker. We shell also let F (k) be the

expacted utility of alternative k. Then,
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Flk) = gg‘

K
5=1 Py TLOY). (1)

The decisiom=maker desires to choose an alternative -k“€ S such that F (k»)

Zr (k) for all k 5,

4.2, Decigion=making Model 1

In the decisiun-making model I, it is assumed that the probabilities
of occurrence of the randum events are independent of the alternative selec-

teds Thus, in this model p? = pj for k = 1 to N.

4.2,1. The Two or Three Event Situation (1&m&3)

In the two or three svent situation, the regions in probability space
in which various alternatives are preferred can be easily identified. For
example, if m = 2, the value of p1 at which F(g) = F(k) for any g,k&8 is givel

; ] g k k
1vi f (U + (1~ = - .
by sclving p,f(U7) + (1 p, ) (03) = p, £ (0)) +(1 P, ) (0,)

p, = (f (Og)-F(Dg))/(F'(O? Y-r (GIHr (0 e (5)). (2)

Thus, between the interval p1and 1 alternative g is preferred, and, betueen

the interval 0 and p1 alternative k is preferred.

Similarly, the three svent situatiun, an altcrnative g is preferred
m
if F{g) zF (k) for kgS. Thus, by plotting a line J_s_"ég P f‘(O?) = j;1‘:p ¢ (X)),
= =T

we can identify the regiuns in which alternative g or k is prsferred.

Once the regions in which the various alternatives areAprgferred have
been identified, the analyst can frame meaningful questions to seek judaments
from the decisiun~maker. The unnecessary infurmation is thus avuided, and the
decisionmaker is asked to make choices only to the extent necessary for
identifying a preferred alternative. These chuices may be much simpler
than are required to estimate the probabilities with precisicn, Below, a

simple example 1is given,
In Table 1, the utilities of the outcoumes of the three alternativcs
under sach of the three random events are given,

Suppose the decisiun=maker reveals p1>,p2§§p3; then the regions in which

each of the three alternatives are preferred can be plotted (sce Figure 1).
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It can bs easily seen that exact estimates of the probabilitles are not
required. For example, if the decision=maker reveals p12;7/9 then alternative

1 is preferred, similarly if p, £ 13/30, alternative 3 is preferred. For

1
13/30 L_p1<,7/9 the relative magnitudes of p, and P, havs to be considsred.

For example, if p2;13/30 than alternative 2 is preferred.

4.2.,2, The Multiple Event Situation (m»3)

Fur m 3, complex infurmatiun processing task is required tu select a
preferred alternative if the approach of Section 4.2,1. is employed. This is
because, for & given range of values for say p,y an alternative is preferred
depending on the relative magnitudes of other p‘j values, Thus, tua mény
combinations of the values of the different pj_need,to be examined, and then
arranged in an orderly fashion so that meaningful gquestions can be asked to
the decision-maker, We thercfore prposs a framework in which information
processing is simplifiud considsrably, but the decisiun-makér may be required

to render a few more judgments,

In the suggested approach the decisiun-méker isﬂasked t0 provide sume
infourmation about his subjective probability distributiun; Based oﬁ this
information tests are perfurmed tou determine whethef some alternatives can be
. excluded. * If a preferred alternative is not identified, more information is
"sought, Spwecifically, suppuse tﬁa decisiun~maker's choices reveal the

following ordinal ranking on the probabilities?

p1£92% -.--..I‘;Dm.
Now, if we show that F(g)zF(k) fur all probability vectors (p1, Ppresecs s
{(p_\satisfying the ordinal ranking and the requirement " p. =1, then
m) =r P50

4 »
: o > i
alternatiw k can be excluded. F(g) = F (k) if 23k 2.0, uhers

. k _
Zsk = Min fa. Dj(f(ﬁ?)‘f(Uj))s.t- Rjgg Dj+1 for j=1 to m=1,
= G)
)
Z- P.i =1, DgpjéA for j =1 to m.
=

The m feasible extreme. pouint solutions of the lirear program (3) are:

(1‘0'0'.‘.0)’ (",/2, 1/29 DD‘ OQ-D), esg e (l,,mg l,/m;o-.l/m} (Sed Appendix 2).
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Therefore, z;k Z 0 if the fullowing holds?
2_ (%) = L f(Gk) fort =1 tom ()
3=1 3= i’ "

Note that the above result is similar tu that in Fishburn ZEZ Z?Z:

Fishburn has discussed dominince with several measurss on the probabilities,
Abréﬁian [17 studies the dominance with inequslity sets on the probabilitigss.
However, the framework of linear prugramming is much more general and flexi=-
ble in incorporating information suught from the decision=maker. For
example, supposs the decislommaker can pruvide only interval estimatss on

DJ. 'p-j§pj.$;j' the follmfing lingar program negds to be soulvads

9

. n
= Min I ;:3j (f(ﬂ?)—f(ﬁ‘;)) g.to Ej‘:‘: pji_;.Ej‘ for j=1 to m,

2"
J=1

gk
| n
j{‘f pj =1, O&pjé__l for j=1 to m. 5)

» . A
ifr ngg;o, then alternative g is preferred to altaernative k. -

" Notice that N(N=1) versions of (6) necd to be solved for all possible pairs,
gyk 8. Fortunately, these lincar prugrams can be solved by inspectien

since (5) is simple "knapsack" problem.

If the ordinal rénﬁing of' probabilities is used in conjuncticn with
the intarval estimates, or sume other infurmation (ranking of fir;t differ=
ances, etc.) is incorporated, then the aboue.linear prugram may havs to be
solved with standard algorithms. Hdwaver, the solution of such small linear

programs by computer is efficisnt and inexpsensive.

If a prvéferred altsrnative is not idenﬁif’ied, ang if the decision=
meker dogs not wish to reduce furthsr the uncertainty, by tightening the

bounde on p.'s, one of thg foiiodwihg-secondary.-criteria can be adoptgd:

1. Choose the alternative with the maximum of the maximum (max mas
or with the maximum cf the minimum (max min) expected utility.

. X =k |
In "max max" strategy the alternative with Max Z is selscted

where “
ik = Max '?Fm p. f"(O‘f) sete p.a. P,
i=L 7 J =y= ]

N

n.; O .~ 1y foOr
Dj’ ép‘]; ’
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In "max min" strategy the above linsar prugram is minimized to

. k .
obtain the value of 2, and the alternative with the maximum gk

value is selected.

2. Roy ZEZ, p.26§7 suggests that if themax min strategy is used,
the associated probability values should also be presented to
the decisiun=-maker, If the decisiun=-maker is not satisfied with
some values, the apprupriate constraints can be used tu gxclude
such values, and then the process can be repesated using the max mi

criterion,

3. Present tu the decisiun-maker a table of the maximum valueg, the
minimum value and the associated probability values for each
alternative. Ifnthe number uf alternatives is large, the
alternatives with relatively low minimum and low maximum values
can be excluded. The decisionmmaker can chouose from the

remaining "guod" alternatives.

4.3, Decigiun—making Model II

In the decisivn~making moﬂel I1 the pussibility is allu@ed that the
selection of an alternative may influence the probability of the occurrence
of the random svents. Decision=making moudel I is thus a special case uf this
model. The framework develupad in sectiun 4,2, is also applicable in this
situation. For sxampls, if the iﬁterval est imates of probabilities are

»* »*
available, then g;k if ng‘;‘;D y whers ng ig given by:?:

* . k k
Z, = Z.. Y ¢ (0%)-p; £(0"
gk = (pJ (3) P (J))
m
v g _ g - . ;
Sotc .'{‘- 1 J- A for =] tom Dg ,él
f Py T bRy gP; J » Ogp, 4
for j=1 to m,
ok =K ,
e p. =1, E Z P P. for j=1 to my, 0<p, <1
j= J j J =) =
for j=1 to m, ()

The abové linear program can be simply decomposed intu two linear knapsack

problems, one of uhlch is minimized and the other maximized. Here, only
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"~ 2N knapsack problems need toc be sclved tu do all comparisons, as compared
with N(W1) in the decision-making model I. Huwever, the test in (6) is
weaker than in (5) since in this mudel the probabilities of uncertain events

are not the same for each alternative.

Similarly, if only the ordinal ranking of the p?‘s for each alterna=~

tive k is available, then g k if the following holdss

Zg’_’,: .iko whe re

9 omin B 8¢9 g _ g o
Zz Min jgi pj f(Dj) st gj g;pj ey fur j=1 to m-1,
< 9
Siopy =L 0% p? < 1 for j=1 tom,
and m
-k _ k k K k
Z = Max =1 pj f(Dj) s«te pj z ‘3j+l for j=1 to m1,
Sk k .
¢ _p, =1, 0£p, < 1 for j=1 tom,
Using the results in (4) we ubtains
S
Zg =Min ¢ = f(UQ). and
k toy T
z = Max E S f‘(D_), t=1,2540045m.
t =

Thus, an alternativc Kk can be excluded if thefollowing insquality hulds§

lb‘ - ’,ll- N

1 -
min | £ Z— ¢ (c®) Max | = 3 k =
t Lt j=l ( R} { 7 zx [ t j=l f(oj) ’ t 132. eos e allly (7)

———

In general, any additiunal infomaetion can be incorporated in ths
constraints of GS),_and the linsar prugram can be solved. However, whenevsr
pussible ths spacial‘éfnuctura of the linear pruogram shuuld be exploited as
in (7) above. Une more special case is cunsidered. Suppuse, after
specifying the ordinal ranking of probabilities for each alternative k, the
decisivn=maker is willing to provide the rank order on the probabilities of
the same event under two diffsrent alternatives, This is given by the
relation p? g;p? for g, kK €5, Now, the inequality in (7) beccmes a stronger
condition because the additional constraints render some combinations of
extreme point solutions infeasible. Thuse infeasible combinations are

gasy to find,.
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For example, supposu the wtility matrix for a choice situation is

given in Table 2,

The ordinal ranking on the probabilitius is as follows$

1 - 1 1 1
PLE Py = 3 27y
2 2 J2 2
3. 3 3 3
PR Z Pz =Py
4 p4 Da 4
PaZ M3 22 ")

By using (7) it can be seen that alternatives 3 and 4 are excluded, but
nothing can be said about alternatives 1 and 2. Now, suppose that the

. 2 2 s
decisiommaker reveals pig;pl_;and Pz Z pl. In Table 3 it is shown thab

alternative 1 is now prefarred tq alternaiivu 2, In Table 3 the extreme
point solutions for both altwrnatives are given, and in feasible combinations
of the solutions are marked X. To the laft of the inequality;;, the

gxpected utility of alternative 1 is given and the expected utility of

alternative 2 is given to thu right,

5. Summari

In this paper, coxisting muthods wers examined critically to determine
the best strategy for eliciting subjective probabilities in the context of
decision-making. It was argued that 2 combination of msthods for eliciting
subjective probabilitivs is more appropriate in the context of decision=

making,

A framework was daUulop;d ?o seeK information from the dscision-
maker about uncertain events, und to usu this information for identifying
a preferred alternative. Two situations which frequently occur in decision—
making under uncertainty were considered. In the first situation, it is
assumed that the probabilities of uncertain gvents are indepundent of the
decision alternative chosen. In thu secund situation, the possibility is
allowed that the probabilities of uncertain gvents may be influwnced by the
choeen alternative. It was shown how a preferred alternative can bu

identified with less than parfect knowledge of the probabilities.
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Tabls T

An _OQutcomes Matrix

Alternative/Event E E E

£ (o) £lu,)  f(oy)

-
O
N
S

SO
S

16

Figqure 1

Regions _in which an Alternative is Preferred

-
ol
N
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Table 2

An Outcomg Matrix for Decisicnemaking Modyl II

Event E E E E

1 2 3 4
Alternative £ (ol) f(,) ¢ (03 ) (04)
1 16 8 6 16
2 12 10 8 12
3 8 12 4 2
4 10 12 4 4
Jable 3

Feagible Extremg Point Solutiaons

Alternative 2
Extreme Point

Alternative 1 (1,0,0,0) (1/2.1/2,0,0) (1/3.4/3,1/3,0) (1/4,1/4,1/4,1/4)
Extreme Point F(1) F(2) 7)) F(2) F(1) F(2) F() F(2)
(1,0,0,0) 16 > 12 : X

(1/2,1/2,0,0) 16 Z.11 12 2 11 X

(1/3,1/3,1/3,0) 16 = 10 12 =10 10 2,10

(1/4,1/4,1/4, 16 2 10.5 12 » 10.5 X 11.5 2 10,5
1/4) -
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"Footnotg"

10? is a single dimensional outcome. However, the results of

this section ars'equally applicable if the outcomes of the
alternatives are multi-dimensional, provided the utility functioun

over these outcomes can be accurately specified.
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APPENDIX 1
PRUCEDURE FOR ELICITING SUBJECTIVE PROUBABILITY OF PLANNING MINISTER

In this Appendix we shall show how we used a combination of procedures

in section 3., to elicit the subjective brobability of the Planning Minister.

The first question to the Planning Minister was to ssek his choics

betwesn Plan 1 and Plan 2, The outcomes of the two plans were as followst

Goad rainfall Bad rainfall
‘ Plan 1 100 ‘ 95
Plan 2 88.75 98 .75

The Planning Minister prefar;ed‘blan 2 and:therefore the expected utility of
plan 2 is greater than thes expécted Qtility of plan 1*.

(1) 98.75 p, ¥ 98.75 (1—p1); 100 p, + 95 (1-p1),
where p is the subjective probability of good rainfall, Solving (1), we

obtain p1 £ .75,

In the second question we askad the Planning Minister to choose from
Plan 2 and Plan 1 (modifiasd).
Good rainfall Bad rainfall
Plan 1 (modified) 99.59 97.19

His choice of Plan 1 (mudified) revealed that

(2) 99.69 p, *+ 97.19 (1-’;31) Z 98,75 p, + 9B.75 (1-p1).
Solving (2) we cbtain p, = +625. Thus, we know that .625;—;;1 g +75.
In the last question the P lanning Minister preferred Plan 1 (modified) over
Plan 2 (modified).

Guod rainfall Bad rainfall

Plan 2 (mudified) 99,29 98 .04

Hence,

() 99.69 py *+ 97.19 (l‘p,‘)g: 99.29 p, 4+ 98.04, (1?{31)
The solution of (3) gives p1 4 .69. Therefors, the subjective probability

of the Flanning Minister is betwsen .69 and .75,

Notice that the inequalities on p1ara obtained using betting method
2 (eesction 2). Also nutice that in each successive paired compariscn, the

\
{ i
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interval in which p’ livs was halved. This is analogous to the interval

bi=-section scheme in direct interrogation methods.

The four hypothetical plans in our example were derived by
using a quadratic scoring rule. In scoring mcthods, 5 subject is asked
to specify his subjective probabilipy of an wvent E1, say P,- If a
quadratic scoring rule is used in rewarding the subject, ther his score in

case E1 OCCUTIS, Rq(p1), and his score in cuase E1 does not occur, Ritpq),

are computed as follows:

2
1

20-p,) = o2 = (1-p,)°

_ _ 2
R, G,) = 2p, p

R2®1)

- (-p,)

In Table 1, the scores corresponding to four values of p1 are shown, Since
a positive linear transformation of these scores also maintains the
properties of a scoring rule; the transformation 97.5 + 2,5 x is used,

whers x is ths original score. This transformation is necsssary for meaning=~
ful interpretation of the rewards. The transformed scores shown in Tablg 1
represent the outcomes of various plans under the two events, good rainfall

and bad rainfall.

TABLE 1

Computation of Ruwards for Planning txample

2
Score Transformed Score !
/ / '
Plan p, R (0) RG,) R, () R, (P, )
(nillion tons) (million tons)
Plan 1 1,000 1.000g ~-1.0000 100.00 95.00
Plan 2 .500  .5000 .5000 98,75 98,75
Plan 1 (modified) .750  .8750 = .1250 99.69 97.19 |
Plan 2 (modified) 625  ,7188  .2188 99.29 98.04
vy
= 97.5 + 2.5 R, (p,).
"R/(p,) = 975 ¥ 2.5 R, (p,)s Ry(py) ‘ 2P

‘Lundad ta _two decimal places. L _
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APPENDIX 2

EXTREME POINT SOLUTIONS OF THE LINEAR PRUGRAMMING PRUBLEM
WITH ORDINAL RANKING ON VARIABLES

In this Appendix we shall prove that ons of the m feasible solutions
(1505 000es0)y (1/2,1/250500es0)yna; (1/my1/my...51/m) provides an optimal

solution to the following linecar programming problem:
m

M
(1) ax jz_—_“, Cj tp‘} S:.t. Dj ‘-; pj"l"[ for j=l to m‘l,

o~
<

p.=1s O “"D

j:a j é1‘for j=1 to m,

J
Proof: Let pj = aj, j=1 to m be any feasible solution ef the linear
program (1). We show that this solution can be represented as
a convex linear combination of the proposed m solutions, and thus
at least one of the proposed m solutions is at lcast as good as

(31' azocacyam)-
m

We wish to find =%, 20, j=1 tom, with i:; €ﬂ=w, such that
J 3=1
m
(2) '%C M B (c,+ C.) + oo + i A (C+C, +eae + C T .
2 2 1 2 * m m 1 2 m’E = .

1 J
To demonstrate this, we may show

"’( 2’- A + 1 A -
c, (3 + T e ) -~ C,a

i E m . 171

1 Lox .

c, ( 5 g T eea 25N = L3

[ ] .
1

Cm ( m‘ m) Cmam

We construct

(3) xm = m am

Nt (m=1) @m-1‘am)
Km=2 = (n-2) (am_z-am_1)
X2 = (a,=25)



m
3 x. 20, j= i - : i X, =
In (3) we have 5 80 d 1 to m, since TR 2 0, and & i
m
rdi a; = 1, Substituting thuse values of 1'5 into the left hand side
j:“] A
of (2), we obtain jg-— Cjay which is equal to the right hand side of (2).

Henee, any feasible solution can be represented as a convex lingar
combination of the proposed m solutions, and therefore in order to obtain
a solution of the given linsar program (1) it is sufficient to examine

only the proposed m extreme point solutions,

-

"Footnote™

‘It is assumed that the utility of the Planning Minister is linear

in the amount of foodgrain production. This ascumption may be appropriats
as the range of outcome values (95 MT to 100 MT) is small. However,

if the utility is nonlinear than a schume as in Raiffa[?g7 or Winklerlggz

neuds to be used.



