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£T: fMany optimization problems ars formulateo as nenlingar
mixed integer programming problems. (ften practioners, as well as
thepreticians, are interested in finding an ypper bound on the
-objective minimum as Tast as possinle. An upper bound can be found
by locating an integwr feasible solutian first and then evaluating
the corresponding value of the objective function. UGiven that an
algorithm u exists uwhich can generate integer feasible solutions, this
paper supyests a heuristic so that the computational sfforts are reduced
in lnecating an integer feasible solution. Using thae branch and bound
procedures, this heuristic ls tested on a numher ot test problems and
ths computatlonal results are reported,

1. INTRODCGCTION

Mathematical programmin, technigues have long been of interaest
to management sclentists, systems amalysts, enginsering designers,
applied mathematicians and many cthers. 4 numbar of applied optimization
problems can be formulated as nonlinsar mixed integer programning
‘prahlsms. Tha‘oUerall interest in the arez of nonlinear integer
rhrogramming has recently grown up dus to ics wide applicability.

The following is a small portion of the long list of apslications:
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resource allocation problems (5, 10, capacity expansion problems (VR
inventory planning problems (i1), engineering design problems (4,7,12)
and system reliability problems (10, Several attempts have bsen
made tc solve nonlinear integar progrénntnihg problems,; more specifi-
‘cally in the case of problems with some special structures_  Survays

on such procedures can be seen in (3,9).

In general, a nonlinear mixed integer programming problem ED

can be statec as follows:

Minimize fixJ x:(x.l, X, ......xn) e g (i)

SMUWtfugJ(x)Z_% 1152y e eep NI, (ii)
he$xi = 0, k=t,2u0.0,NE, (iidi)
X is an integer; J =132 eesep m £ n {iv)

1t should be noted that out of the n decision udmable Xq9 xz toey
'xn a total of m variables are identified as integer variables and
these integer Variables are indexed first. This/done only for the

sake of convenience and cauts nNc loss of generality.

. n

In the above statement of problem Py a vector x ¢ R is callsed
3 continuous feasible splution if it satisfies constraints (ii) and
(111). If 2 continuous feasible solution x also satisfies {iv), we

would define x as an integer feasible solution (IFSY to p.

/is
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Wuite often one is interested in finding only an upper bound

on the objective as fast®™hossibla. Onhe way / sccomplish this is /to
‘by first locating an IFS to the given problem. The purposa of this
paper is to prasent such an uppar bounding heuristics

2, UPHAER BOUNDING HEURISTLE

We will assume that thers exists an algorithm A which can
gensrate an IFS to the problem p. The basiec idea of this hueuristic
is to find an IFS to/ relatively small size problsm and then [a
extend it to an integer feasible solution to the given problem.
K sequence of smaller size partial problems is constructed whersin
.the'number of intsger variables iﬁcraaents by ong/ ws move from /as
one partial preblem to aznother. Once a partial problem is
constructed, it is solved by the algorithm A to locate an IFS
to it. ue can now carry out the hsuristic in the following
stops.
For the sake of notational convenience, let us assume that
a1l the variables are integer variables.

1« Solva the nonl;i.ne.;e.r continuous problem.

u

2 9 vs ey an) be the continuous optimal solution.

y
Let x=(x1,x

[ V.
“Find the integer y; Nearest to Xg for i =1 ,2, .+en3 ano form

a Wactor y = (y,i, Yos ....yn). Also initialize a countsr, say

i0.
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2. If y is a continuous feasihle sclutisn, yo toc step 4, Dthemisa,

go te step 3,

3. HReset the counter i to i+, and replace the value of tha variable

G , o, 0 7]
xi_by xi ¢ Hlso ruplace the vactor v and y = (x1 ’ x2 s ....xI ’ Yiﬁl.q

¥ }» and retuen to step 2,
4e If y is integer feasibls, stop. OCthorwrse, go to step 5.

3« Constryct an i~dirensicnal problem Py by substituting the variables
Kia? Fiap o seees X by the mtega_r values Yigq oo ¥y 40 the
objectave and the constraint functions of the given problem. Thus

an i-cimgnsional partial nonlinear integer programming problmn(,gi) is
constructed with Kps Xy ewsseX; as its integer variables. spply algoe

rithm A to get an IFS to Pje if an IF3, say ><=(z1, Zyseeens 7i ) is

Dbtainﬂd, Stop. The vestor x = tz,) 3 22 .....zi, yi_r,} 9|.-oynj would be

an integer solution tec our problem p., Otherwiss, returtn to stap 3.
It should be noted that in the beginning the problems ara
similar in si®, and hence they may be solved quickly. However, as

one moves along the sequence of the partial problems they hacome
larger in size , and in th. worst possible situation the original
problem itself would be solved. Therefory, if the original problem
has an integer feasible solution, it certainly would have basn

discovered by this heuristic.
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Se  CUMPUTATIUNAL RESULTS ANU ANAL YSIS

A computational study was curriud out to waluats the utility
of the heuristic devaloped in the pPrevious sectione Branch and bound
methodology was implemented in solving nonlinear integer Rrogramming
problems. A éumputer Code BENLFIP was developed. The code BBNLMIP
uses computer program OPT, developed by Labriele and Ragsaell (&),
te sovlve nonlinear continuous pProblems. Readers are urged to rafer
to (B) for uetails on the branch and bound application to nonlinear

Anteger programming problems.

The code BBNLMIP was wsud to solve a saf of 22 test problems.
These tast problaems consisted of both real=life and randomly generated
pfoblems (13« The test problems ranged from two to sixtesn in number
of variables, and zero to erght on number of constraints. Eight ean
of the problems were of pure integer typs, and the remaining four
of mixod integer type. ndditional Problems of greater complexity
were conéidarsd, but were droppeu dus to ¢. mec ‘v computational
coste A detaileg FURTaN listing of the test problems can be seen
in (8). These test problems wsre solved on COC 6500 with and without
the heurist;c to obtain integer feasible solutions. The solution
times and the numbor of nonlinear continuous problems solvad wers
recorded. Table 7 presunts the solution times wdtﬁ and without tha
heuristic and their ratio. Thasu ratigs fanga from a low of .08%

to a high of 1,000 with mean «578.



7
Table 4

Comparision of &Solution Times {Seconds

Problem Witin Hauristic (Y} dithout Heuristic (i) Ratio: Y/N
1 +634 $632 1.000
2 o207 2.541 . +081
3 .478 479 1.000
S «095 - 170 «559
5 14585 2,397 244
6 +105 «529 198
7 « 307 » 563 +663
8 1677 14681 1.000
g 2247 2,528 .098
10 +534 ' +5219 1.000
11 819 1.406 +583
12 1193 2.829 ‘ 0422
13 74219 74223 1.000
14 3,154 3.173 1,000
15 «159 <981 v162
36 «187 ' »428 : 437
17 54497 61 069 090
18 324725 324494 1.000
19 86.939 89.728 002
20 40.599 _ 40.599 1.000
27 «453 - o 46 1.000
22 " «562 5.98 094
- Sum 12,723

RV erage « 578
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Since the solution time often dupends on the type of computer

used, and ths art of programming itself, it was ducided to use an
altarnate method to evaluate the performance of the hwuristic. This
mathod comparos thoe number of nonlinear continuous problems solved
instgao of the solution times. Tho continuous problems which are
solved uﬁder a branch and bound stratugy in fact define ths corres-
~ ponding branch and bound trues and thoerefore these problems remain

the samo irrespective of the computur system and the art of programming.
The total number of nonlinear continuous problums solved with and
without the huuristic and their ratios are uisplaywd in Tabls 2.

Tha results arec somewhat similar to those obtained earlisr. On an
average tha heuristic solvad 62.5% of the nonlinwar continuous iroblems

uhen compared with the number of problems solved without it

Table 2

Comparison of Number of Nonlinwar Continuous Problems Solved

Problem ° with Houristic (Yy Without Heuristic (N} RatiosY/N
1 S 5 1.000
2 1 1 11 «091
3 4 4 1 .000
4 1 2 «500
5 3 4 «750
6 1 5 +200
7 3 3 1.000
8 4 4 1008
d 1 11 .091
10 4 4 1000
11 4 7 «57%
12 - 4 9 « 444
13 12 12 1.800
14 9 g 1 .u00
15 1 4 250
16 1 4 +250
17 4 44 091
18 30 30 1.000
19 26 o8 « 448
20 & 6 1.000
21 2 2 1 .000
22 1 17 +059

Sum 134745
AV@ragu 025
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3¢1 yYualiby of Heuriétic Bounds

It was felt that the quality of bounds obtained by the
heuristic should bu comparud with those cbtained without the
heuristice Therefors, an attempt was madc to measurs the @p

batwzsen the bounds and the optimal valuyces,

Definition: Lot ZOPT denote the optimal valug, and let ZFIRST
danote the upper bound corrssponding to the first integer Feasibla
solution by a branch and bound stratwgy. The absoluts Porcentage
Gap (AFG) of the bound ZFIAST is dofined by:

ARG = (LFIRST = ZOPT) x 100/Z0PT

The absolute percentags gaps were comput wd for test problums
with ano without thu heuristic. The number of problums for which
the APG was within various specific limits aru shouwn in Table 3.
The rusults indicats that ths numboer of problems solved within a
given spocific APG limit do not suem to giffor significantly. It
may therofore be eoncluded that tho guality of tho bounds provided
by the heuristic do not ciffoer significantly from thosoe provided
without tho heuristice

Table 3

Numbuer of Test Problums Solved within variocus ARG

ARG With Houristic Without Hauristic
0 9 14
1 | 15 17
b 16 18
10 16 18
25 17 19
50 18 20

100 _ 19 21
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4o CUNCLUUING REMARKS
We have reported a heuristic procwedure to find uppuer bounds
to the nonlinear mixed intogur programming probloms. It has boeen
shown that on the average the Neuristic takos about 60w of the offort
in locating integer feesibls sclutions tham without the houristice.
The gualaty of bounds obtained by implumenting the heuristic did

not differ significantly than tho quality of bounds obtained

without implomenting the same,.
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