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ABSTRACT

In order to plan its time-tables, a road transport
corporation needs to have reliable information on the load=factors
on various bus—trips that are currently operated, Existing
information does not permit determination of load-=factors on
segments of trips, but provide only over=all trip-wise load-factors,
This paper outlines a system for estimating segment-wise load=
factorse Such load=factors negd to distinguish between local and
through traffice The conccptual separation of these types of
traffic is discussed, An approach to estimating segment load=
factors is described which includes development of results for

simultaneous confidence intervals feg the estimat. se
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LOAD=FACTOR MEASUREMENT FOR ROAD TRANSPORT

/

CORFORATIONS

- Nitin R, Patel -

Introduction

One of the principal items of information required by a road
transport corporation is the' load=factor experienced on its various
tripss Load=factor estimates form a vital component in the information
needs of the carporation in determining its time=table. In this
context the main use of load-factor computations is to support the

following types of decisionss

1 to add extra trips on a given routeg
2 to drop trips from a given routeg

3 to add trips over a segment of a given
routey and o

. '

4 to break up a trip into smaller tripg
by eliminating operation over a
segment (or segments) of a given
route,

This pape¥ arose out of an information—system study
conducted at one of‘the largest State Road Transport Cérporations in
Indias The corporation currently operates over 20,000 trips daily with
a flest of about 5,000 vehicles, One of the objectives of the study

was to examine ways of improving loadefactor estimates for decisione



makinge. This papsr analyses one approach that could lead to substantial
improvement in the quality of information available to decision=

makers,

The nature of the problem

For purposes (1) and (2), the load factor as measured
presently Zrl.e. Actual Earnings / (Number of seats x Start to Finish
Fare);7 is adequate., It is a reasonable approximation of the ratio of
seat kilometers utilised to seat kilomsters available, especially in
view of the fact that the fare is proportional to the distance
travelled above a minimum value. (The minimum fare was 30pe and the

charge was Spe per km, for distances above 6 kmss)

However, for objectives (3) and (4) the load factors can
be misleading., For instance, thers may be a segment of a trip which
is heavily overloaded, but the rest Qgg be lightly lcaded, yet the
load factor may seem reasgnable fur the.trip as a whole. To assess the
implications of adding an extra trip over a segment‘;f the route or
breaking the trip up and dropping a segment it is necessary to know

the through as well as the local passenger traffic on the segment

separately. This is illustrated in the examples given below?

Example 1

Let us suppose that a particular trip operates on a route

consisting of three segmentss Ffurther suppose each segment is 50 km



in length and the bus has 50 seats (total capacity). Then the

available seat kilometers in each segment is 2500, Suppose load

used seat-~kme
available seat=km.

segment) are 0.5, 0.9, 0.5. Prima facie it may appear that we should

factors for each segment (defined as for the
consider adding a trip on segment 2 to bring down the excessive
crowding in that segment, However, the following may be the

composition of seat kilcometers utilized:
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The effect of adding a trip on segment 2 will simply be on the local
traffic (150 seat—km) and not on the through traffic (2100 seat—km).

Thus, adding a trip would probably only reduce the load factor on



segment 2 from 0,9 to

Example ”

2100
2500 *

i.U.

0.684.

Suppose in the previous example,

D043, 047, it may seem prima facic that the

into a trip over segment 1 and a trip over

operation ovcr scgment 2.

However, supposc the composition

belows

the load factors were 0,7,

trip should be broken up

segmant 3, dropping the

of utilized seat=kms is as
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Thus ideally for any scgment we need to know not only the
total seat=kme. utilized on thc segment, but alsoc the through secat=kme
(i.c.’seat-km. on the ssgment due to passenger boarding or alighting
or both boarding and alighting outsidc the sagment). The local seate
kme is of use in making decisions of type (3) above, and the through

seatwkms, are of use in making decisicns of type (4) above.

The conductor's way=bill records the number of tickets in
cach denominaticn issucd at each stage opn the tripe If no combination
tickets were issﬁed, it would bs a simple matter to calculate local
and through secat—=kms utilisaec for any sogment of the trip. However,
the issue of combination tickets is substantial as can be inferred from
the fact that the nineteen ticket denominations in use were 5,10, 15,
20, 25, 30, 40, 45, 50, 60, 65, 75, 90 paise and rupees 1, 2, 3, 4, 5,
10. Mgst fares would thercfore require issue of combination tickets,
Upto 4 tickets may nced to be issued for\a fare (ege Rs 6e35)e It would
also bec possible to work out the local a;::through seat=kms utilised
if combinations werc recorded as such at euéry‘stagc oggthc way=bill,

However, expuriments with this approech have shown that it is not a

practicable schemce

Suqggested approach

The approach suggested and analyzed in this paper is
concerned with trips operated on routes upte 225 km in length, Such

- routes account for morc than 97 pcrcentage of the total number of



routes, The approach envisages a change in the ticket denominations to

the follewing values}

Paise s 5, 10, 15, 20, 25, 30, 50, 65

Rupces s 1, 2, 3, 4, 5, 6, 7, B, 9, 10, 11

We could print 5p, 10p, 15p, 20p, 25p and 65p tickets in a different
colour (say red) from the othors (say black)s Also we could require
the conductor to always issue only one hlack ticket to each passengers
Combination tickcts would be made up of one hlack ticket and as many
red tickets as may be requireds The maximum number of red tickets that
would need to be issued to a passenger would be threes Thus the
maximum number of tickets that would need to be issued to a passengcer
is the same as in theo present schcmes The purpose of this arrangoment

is twowfolds:

1 The numbor of passengors can be easily calculated
(equals number of black tickets issued)e In fact
the conductor then can b& jpared the work of
cntcring the number of passengers at each stage
on the wey=bill, . 5

2 The maximum error that can be made in caleculating
the seat=km used by any passcnger would be 10 kme
Thus, roasonably accurate cstimatcs of through and
local traffic for any segment (however dgfined)
can bu made using data from the way=bill,

~

Mathematical model for lcad=fzctor cstimation

Consider a trip which opesrates on a route with n standse
Number the stands 1y 2seessseesn with the starting point for the trip

denoted by stand 1 and the ending point for the trip denoted by



stand ne

Let Nij = Number of passengers who travel from stand { to

stand j over t operations of the trip.

Lot us supposc wc are intorested in an arbitrary segment of
the trip starting at stand p and cnding at stand q (p¢q)e If C is

the capacity of the bus, and d the distance between stands i and j,

ij

the quantities of interest are given by the following formulae:

Load factor for through passengers on segment p, q (L1)

q p=1 n q=1 n p~1
= ¥ » d . N..,+ ¥ 5. d, N,.+ ¢ s d_ N,
Jepr1 d= PO Sqmip 19N Tgy i P9
d Cat
Pq

Load factor for local passcnhgers on segment p,q (L2)

\\
q q-1 =,
= 3 T 94
J=p+1 i=p I e
d Cet
pa

These formulae are lincar functions of Nijs in other words,

N

n ne=1 (1)
L = Z z a, N, (XX R XXX 1
Vo et i HOH

n n=1
L, = )N % b, N, cesesses (2)

J=i41 4= NN ’



. 2. 0 arc known constants,

Where a,, 2 O3 biJ

ij

-

The difficulty, of course, is that Nij are not directly
obscrvable but have to be inferred from the sales of tickets of various

decnominations,

Let Nk be the number of black tickets (B.T)s) of

i

donomination k issucd at stand i (k
i

([}

1y 2 eeee K )
15 2 seee N=i

Let us denote by Sik’ the sct of all possible destinaticns
(stands) that a passenger buying a denomination k ticket at stand i can

reach, Lot = = number of elemonts in S_,. Let- %, he
ik ik

Sik |51k| .

the Smallost member Of 5. i-G. Slf = ;%. t. + 1, 6eesnccocnnssi
; ik i - ik, ik

f§ ‘.,
Bk F o =) e

i
Now if wc assume that cach passengor issued with a BT of

denomination k is equelly likcly to go'\Me any stand in the set S: ’

then . Y .
N; ! ,*1 \\N:
N aseoe : . » = '-" A
p(Nitik Tt L, T Nltik * oak oy t a1 s, !
Ty ik SiK ik /
T N . \ d
j=1t kU
ik
. : k . k
whore N,, = 0, 1, seeness N, with % N.\. = N eeoses (3)
ij- i " ij i -
J es,

(This is a spccial case of the multinominal distribution)



We will now consider tho problem of estimation of L1, L2.
s s
Reasonable estimatorT s L1, L2 would be
T o~
— A — \
L1 = E(L1,, L2 = E(Lz,
To work out E(L1) it is useful to rewrite (1) in the
following forms
_ n=~1 K
L == d -~ .
Z, Z 7 a N \
L iI=1 %=1 \§ €8y i 4§ \
n K
This is truc beccause X a,, N,,= 3§ 2 N, .
jeier BN g Ges, WA
ik
’ -1 K
[ ]
e L, = E(L,) = ¢ v % a,, E(N,.)
1 1 S ij i
| i=1 k=1 JeSik
Y
-1 K - ~ net K -
= : z /% NN =gy a, N
=1 k=t jes, T i=1 k=
K ik /
. 4
wherc ;, = 1 ¥, a, . " eeees (4)
ik a jes iy
ik ik
Similarly
AN - K - K - (5)
L. =3 % b N where b =1 > D,. esse 5
2 54 k= ik i ik o ij
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We will next develop confidence intervals for the estimates
AN A

L1 and L2. This is useful in itself but is even more important to

guide the choico of sample size. The number of trips operated per day
is 24,000, s0 that if load factors arc estimated monthly without

sampling the volume of processing becomes very large, To develap
N
confidence limits for L1, L2, it will be necessary to know the

variznces of L L. and the co=variance between L, and L2. We first

1?7 72 1
-derive Var (L1).

The first point to note is that

e

Var flz

i=1 k=1 o' jes

™
i
o1 x|

Var ¢ = N
ar \L1) aij 15
ik

- i\\_ -

This assumes that the distribution of the destinations of
passengers issucd with denomination k tickets at stand i are independent

of destinaticns of othsr passengers, i.c. passengers issucd with other

dencminations at stand i and passengcrs Jﬁhginating at other stands,
»

e shall next develcop -~ result that will be uskful in

a
alculati Var / . N,
calculating ar / ; . aiJ ij X
IE R !
“ /‘
Sy )1’ 1}
Rosult 1 - -
—_— v 1 ] « i
If x = ; x1 i is a multinominally distributed
172
B
. ‘|
:



1"

random ve&ctor with paramctors n and Pys Py eessees p = i
m
. . n
(iece pr(gg)=n! . (1)
X,l! X2 ! noooxm! m

X, 9 X9 scsesasee X = 0, 1y eossssees N
1 2 m

and x1+x2+xm=n)

and ¥y =3 e X where as= (a1, 2, _eessse am'), then

2
3 2 1
; m ).*'m \, i
Var ( ) _n a 2 / s \ ?
e 5L 11 g )
] omoos

= n x variance in clements of 2 .

The result is straight forward onge it is rcecognized that the

co=variance matrix of x is

~
"""" |
i '
| _’l(1"1_ ), ‘&_ sssoey "‘D__
| m m m2 ' n2 X
! =nl-=pn_ u
m 2 -
m

n_» 2(1'.'.1. )s sevey = D
2 . m m ‘ 2

where U is an mxm

3
3

! < © matrix with all

clements = 1,

Ny sscsencasconcescae I (1"_1_ )

2 m m
m




Var ( a x )

Applying this result, we cbtains

Uar(E
'eS
J K]

where Vv.
ik

!

]

o
~~

3
(o |

]

3|3

aele.l'a where

I

l-\
]

— e 0 =

n

- 1 L 1

m  i=1 2 =

m i= /.v
\\ /
= n x Variancec in elements of a .
+*
e

k

is the variance in the elements of the sct

! i
' g5 | J €5y, .

-

12
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This gives us the following main results

Var (L1) = ;-1 .ZK Nik V-l sssnee (6)
i=1 k= L

Similarly we can show that

n=1 'K K
Var (L.) = ¥ ¥ N, w, ~uwhere w,_ 1is the variance in

the elements of the set

-

s

‘.
}\'bi\j ' stikO ‘ .».0... (7)
i

-~

We next obtain an expression for Cov (L1, Lz), the co=variance between

L1 and L2. This is rcadily dorived using our earlier results for the

variance and the following identitys
e

2 Cov (L, L) = Var (L, + L,) = Var (L1){ Var (L,)

//,l"l-'l n ) \\
Now, Var (L, + L, ) =Var ' ¢ % (a,, +b,.) N,,
L Lim yeie MWL
P _ o~
lal | ( y PN
=Var’' § % iy a,, +b N }
T L i3 s ij ij ij
Gt e, iV,
-1 K . —
=y 7 Var
i k=1
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whero ¢..=a,. + b
1)

Using thc earlicr results on variances,

k . .
'} = =V t
ar ( ?G . %3 Nij ) N,Tug, wheze ug, arianco in the clements
ik .
of the set Cyyo J GSik
n-1 K K
¢ [& - '\;
* s Var (L1 + L2) ; hX li uik
i=1 k=1
-1 K k
— N - -
o a 2 Covar (L,, L )= T v i (uik Vik L”:i.k)
1* "2 ‘
=1 k=1
n=1 K K
= 3 £ NS 2Cov (e, ,b, | jes, )
i=1 ket & i ij l ik
n=1 K K Tu.
Cov (L s L ) = X LN, Cov (a.., b, . 'QJQS ) eosan (8)
1 2 i=1 k=g T i3? Tij 7ok
- .
e’ If the covariance matrix for the olements aij’ bij’ 3 esik is
denctcd by Dik’ and thc covariance matrix for L1, L2 by D,
-1 K
D= N
§=1 2'(:—‘-‘1 i Dik ‘ oseae (9)

ZTIn fact this result can be rsadily generalised to any arbitrary

number of load factors L1, L2 cecessscsase Lﬂéz
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From the multiuariato Cocntral Limit Theorem, it is reascnable

I to be distributed according to the

P j

bivariate=normal distribution with mecan M=

to considoer the vector

variancc matrix 2 = D. If we make this approximation, we can usc a
result derivcd by Morrison* based on a procodurc suggested by Roy and

Bosc@ for cbtaining simultaneous confidence intervals for any linear

combinations cf L1 and L2. We will be interested in such simultancous
confidonee intcrvals because we will be intcrested/mainly in cstimating
L1, L2 and L1 + L2 (the total loéd factor ovcr the scgment p, q)
simultancously.

The spccial form of the reosult that we will use can be

summarized as follows?

7l
\i.
If xs [ i is distributed ¥§cording to the bi=variate
{ .
’ !

. g
normal distributlon with mean u and covariancc matrix £, and if

9 = Q31 ,92) is any two=dimension (row) veocter,

2
Pe (Lo (xu) 7 < as2) = 1=-u
6 'I6

Uhcro Tza $2 is thc upper g percontile point for the x2 distribution

with 2 degrecs of frcodome
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/
Applying this result we get the following simultancous

confidenee intervals for L1, L, and L1 + L2 at the g level of

2
confidconcce
:‘/f\ 'n-‘l I(. k \ z ) :
L L b ‘, 2 N &2 Z . . ’\T
1 /i..1 k=1 i k’ as2, 1 k=1 1 lk) a:z/. eee{10)
rd
/f e e R — ‘
Yo K I K
L, nby = "2-1 z Nik e T 2 /':‘2*' ‘n-‘l z Nik w, )Tz 2 (11)
\ -\’r' 1-‘-1 k“ LK. as ’ \" i=1 k=1 lk o e X XY
//\ i TS
) A i =1 K
‘ - k 2
L+L, ¢ ( L+L, - iy v N \
1 2 \1 2 \/i=1k___11 ik ) g2,
- \
‘
/ = i
AT =1 K .
Lyt by + /3 3 Nik by 2 .2\ o (12)
i d=1 ket )l ) \

In fact it is possibloc to construct a confldcnco intorval
for an arbitrary combination 911_1 4-62L2 which will simultancously
hold for thc ¢ lovel of confidence for any arbitrary number of € 1?

6 5 pairses The gencral confidencce intcrval is
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av / a

oL 4oL = /(a,0,00 1] .12

11 22 1?92 e, T as2,

AN v -

—t
04bq * o5l + lopp e, 1 0 0,1 o7 a:z)"'“s)
L ,

Conclusion

The rosults dovcloped in this paper, nzmely formulae (4), (5),
(10), (11) and (12) allow us to estimatc the local, through and total
load=factors for any scgment of a trip. Furthoer, they cnable us to
asscss the reliability of these estimatos by mcans of confidence
intervals around these cstimatess Although the results lock complex,
they are not difficult to computc since they involve basically

calculating lincar combinations of the Niﬁ's e« The various 'weights!
o
E.,B‘.’\V’w ,U
ik® "ik® ik ikT ik

calculating means and varianccs c¢f scts of numbers which are pro=

involved in the formulac, namely involve

computable in the sensc that theoy do not depend on the variable data

namcly Nik’S e Oncc these 'weights' are calculated, they can boc

Ky

applicd routinely week after weck to the pertinent values of ~the Ni

in a straight=forward manncre
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