253 -

Working
Paper

FULL INFORMATION BASED COMPOSITE
INDICES - A BETTER ALTERNATIVE TO
PRINCIPAL COMPONENTS
by

P.Ns Misra

WP233
| O
WP

1578/253

TIM
WP~ 483

4L L VL

AHMMEDARAL

INDIAN INSTITUTE OF MANAGEMENT
AHMEDABAD



FULL INFORMATION BASED COMPOSITE
INDICES -~ A BETTER ALTERNATIVE TO
PRINCIPAL COMPONENTS

by

p. N. Nisra

WP No, 253
Nov,.1978

-

& E&&EBEEEL &L AGAEEAEERE AEREEALL AL é&ﬁ&&&&&&&&&&&&&&&&

The main ob jective of the working paper asries
of the IIMA is to help faculty members
to test out theirp r8search findings
at the pre-publication stage,

&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&

INDIAN INSTITUTE OF MANAGEMENT
AHMEDABAD :



ABSTRACT

The problem of constructing composite indices has most often been
tackled by using principal compoments in several disciplines. The
approach, howsver, has some vital weaknescea.The paper suggests a
method of constructing composite indices based upon full information
contained 1n the data set. The method is also free from major
defects of the method of principal components. The proposed method
is amenable to simple statistical tests and provides a natural
extension of the concept of centroid to statistically dependent
constituent variables., The method is definitely a better substi-

tute of the methods of principeal components and factor analysis,



FULL INFORMATION BASED COMPOSITE INDICES:~ & BETTER
ALTERNAT IVE“TO PRINCTFAL COMPONENTS '

by

po Ne lera

“1a Introductioni

Seéeral attempts have been made to build composite.indites fre
a giuen nUmbar of variable that are supposed to constitute a cumposit
Uariata. Uses oF such indices are often made ih formation of homogenc
groups, segmentatlon and regional determinations Major stat;st;cal
methods used for building composite indices are thosse of princinil
components and factor analysis (Harman, 1967). Harman (1871) has also
suggested use of distance measure of major factors that are dptermined
by minimising residuals to classify population or sample units. into
groups consisting of most like units. As the namé'itself implies the
method of principal components or the associated factors involve use
'nbf"éevsral components that carry different levels of informatione
' Furthéfl ﬁneﬂcan obtain as many set of indices as the numbe; of compo-
hents aésbciated with a given set of data, In other words, the indices

are not unigue.

A cohmon-practice is to pick up the component assaciated with
maximum variatfon in the data. In that case the degree of the fit is
shown by Pearson (1901) to be minimum,. DbVlDUSly, a method prov1d1ng
best fit and associated with full variation in the data at hand is the
one to which one looks fors The purpose of this paper is to prou1de

a method that fills up the vaccum 1n the abnue .8ense.

Saatizn_;uo of this paper prouides.afbfief survey of results
relating to pr}hcipal components, This is required to describe the
relative advantages of the full information based composite indices
to be discussed in Section 3, The last dsction containe discussion
df the properties of the proposed methods



2. Indices Based upon Pringipal Gomponents

iet us consiler that K variables X1s #eeeey X are direct
quantifiable and represent K menifest characteristics of a composit.
character, The compogite character may represent economic developme
industrial or agricultural potential, personality of individuals,
Tespurce potential of different regions and any other similar concept
belonging to any discipline. Further, let us assume that data on n
units are available relating to all the K variables so that the same
can be expresaed by ¥p37eveees Xy for the i-th unit (i = 1, cany D)y
Apriori reasoning can be used to define compogite index for the compos:
character for the i-th wnit as

fl

(2-1) z; ay Xq4 + ‘.... + A Xgy

i = 1, s4ss.y n

The problem now boils down to determination of K weights of

the variables on the right hand side of relation (2,1), 4s one %ay not
‘be sure of relative importance of the' individual x variable in the z indi
the weights need to be determined objectively from the given data on the
variables. Any apriori fixation of weights, for example, all 4's being
equal, will amount to loading the resulting indiceé by an assumption
that could in fact be wrong. . ‘ B

The method of principal components provides one way of deter-
mingtion of the weights. Mcionald (1968) provides a survey of other
related weighting problems of almost similar characteristicg. However,
we will restrict ocurselves in what follows to detai}s of the method of
principal components only. 4ccording to this aﬁpfoéch;@the weights
are determined by considering the following feéﬁricted optimisation

problem:
(2.2)  Optimise o'X'Xq . = z'n

subject to "~ q'gq = 1



'The matrix X represents n x K observations on n units with K
verisbles relating to each unit and the n x 1 vector z represents vector
“of “indices correspending to n units. The conatraint o'a = 1
-_%&:ovide's a.normalising rule for the wéights_ because otherwise in
‘,the absence of. such a restriction, one can optimise z'z by any arbitrary

choice of vee™vector.
Optimm solution is provided by the characteristic equation

(2.3) X'Xa = )a

where A can assume as mény values as the number of nonzero characteristic
foo‘bs of the mé.trix X'X and o is the characteristic vector corregponding
to each characteristic root. Supposing that n3K and the columns of
._matmx X are linesrly 1ndependent the matrix X'X has K characteristic
roots, say Nqs e+, and K characteristic veetars Ay sossenslps
reapect:.vely. We may compute composite indices or principal components

by using estimated vector oy in relation (2.1) as follows

() 7y = Ry
# jzl’-lo-.o..l., K

;Aﬂ;these principal components can be represented together as
(2.5) Z = XA

where

(2.6) (1) z

('le R ERRRRRLES'Y)

(ii) A (al,..,-.....,GCK)

It is well known (Johnston, 1972) thet the principal components
;;ut:.sfy the follow:.ng relatlons




(237) (i)
(i1)
(iii)

(dv)

Z'sz _AJ’ j= 1, ey K
aj'dj :19 j 219 s 08y K
a"jaj! = D; j # j.' = 1, oco-,K
72'2 = A'X'XA = A3 A being diagonal and
contalnlng \i at the
i-th place.‘

(v) Tr (X'X) = Tr A'X'XA = TrA

(vi)

{vii)

(viii)

(ix)

(x)

(xi)

K n 2
£ L X, = TN = I z'.3,
. . 1 . . ’ >
j=1 i=1 91 37 3y 9
S p, o= 01
3!
S __1
Dy = (g %j) )j; P being nroportionate

comtribution of J-th princinal component to

total variation of the x's

K 2

jil rjk =1; k¥=1...., K where rjk
trepresents correldion between

zj and Xy

z'jzj = _a'j X'Xaj represents squared sum
of deviations of observed vpnints.'from the
plane x'a = O passing through the origin
(Anderson, 1972, pp.278-9)

X = 72A' = 2 A'l-+U

where ;L is subset of Z and the model is
called factor analysis model.



It is obvious from the above results that in actual practice
ons faces the problem of_‘ choosing a Zy from’ amonrrst 'K components
defined in (2.4) to obtain the compasﬂe indices. If one opts for the
canponent corresponda.ng to meximal \ ’ one is in fact opting for
maximum 'pJ defined in (2.7, VII) and at the same time opts for maximum
sum of squared deviations of the observed points from the fitted plane,
Thus, choice of any one of the principal components is linked with two
conflicting ob;ectlves. Begides sum of squared correlations of all
the components with a chosen xX° varisble is unity in view of (2ed,y VIII).
This indicates thet none of the principal components are related complsetely
with any one of the vx varisbles. In other words, none of the principal
components provide fully valid composite indices of the congtituent
variables. Further, the method of principal components does not enable
us to easily test as to which of the x variables should be considered

on the basis of significant statistical evidence.

3, Full Information Based Compogite Index

Iet us consider the problen of fitting a plane x'a “to any
obgerved scatter of n observations on each one of the variables
contained in K x 1 vector x. Taking deviations around the sample means,
the plane can be made to pass through the origin though it is not

necessary. LJeviation of any. observed point X from the plane x'q is

given by xé o« . Therefore, gun of squared denatlons is glven hy
(3.1) 2 (x'ia) = o'X'Xa
i=1

= ‘zl"z

in view of the notations in the precedn_ng gection. Since minimisation of
z'z ig afforded by any arbltrary choice of o , we propose to consatraint the

glements of as

(3.2) 'L = 1



where ) represents a £ x 1 colum vector each element of which is unity
and the conatraint (3.2) mpl:.es that sum of we1ghts is equal to me.
Iu fact, the a,sstmptlon that sum of the welghts: is equal to one is more
natural. than the assumptlon that gun of squares of the weights equals

to one,

This is a constrained optimisation mroblem, We may use a
legrangian multiplier A and specify 2 fumction as

(3.3) VB = ' T'%x ~Na'h - 1)
First order conditions of optimigsation are given by

(.3'.4) £X ' Xa

fl

Ay

La = 1
These relstiong give the fo}low:mg golution for y and 3

it can be easily verified that

R
’(K rx)*IL'(HJ| (er)‘lb] i

(3.6) Ls'fr" =
) =1
- The Hessisn of QF in cagse of constrained optiuisation can be
written as
2X'X ’J!
(3.7 H = ‘; 0

1

o] ey



in view of relevant result of the determinant of partitioned matrices.l
It follows from (3.7) that de’germinants of all the principal minors of
the Hessian are negative and therefore the solutions in (3.5) imply
minimisation of the residusl sum of squares in (3:1)-subject to -
congtraint (3.2). Thus, the solutlon of weights of the composite

index zi in (2. 1) is anidue and provides full mformatlon baged solution

to constrained minimisation,

4. Properties

Properties of the estimated weights and the underlying model
in Section 3 can be analysed in different contexts. We propose to do
it under the following headings: '

Polynomial Functions

‘The estimation procedure proposed in Section 3 holds godci when
the relation (2.1) contains a constant term or terms of ;hi‘ghef degrees
of x variables as in polynomial specification, Acc'ommodat.ion of
a eonstant term would require specification of one of the variables,
say X, to be such that it asgumes the value unity for ;all the sample
units. Polynomial specification would require addition of more variables
by defining a new variable corresponding to each one of the added térms of
- higher than one degree. ~ . .. Thus, if Kl such terms are added, |
the specification (2.1) will contain K + K, weights to be estimated.

The number of units of observations n will have to be made large
enough so thet n-K-K, is positive to ensure existence of (X'X)"l.
Taking deviations of variables in (2.1) around their respective sample
means would eliminate the problem of séparate inclusion of a constant

term. In case of polynomial specification, the means have to be

L The result is given as
' A1 Aie

lAl = A,y A
! |Ao1  Agp

)
= |ez| tAll"A12A22 Azl I

M2l Ree- T 412



of each one of the new variables defined instead of the means of the basic

variables whose higher powers provide the additional variables.

Dimensional Changes

et us consider two alternstive specifications of (2.1), namely,

(4.1) zlif—— ocO+ccl x1i+.... +aK XKi
and

where ag represents the constant term and 4y,..., dy - represent- the
dimensional costantg of the scale type associated with yariables Ky eeo Xy
respectively. fstimtion of coefficients in gpecifieation (2.1), (4.1)

and (4.2) in accordance with the method proposed in Section 3 would

require the following constraints to be satisfied, respectively..

(4.3) O 4 eeetop =1

(4-5) (xo“f'cxl dl+-.o.-+aKdK= 1

| It is obvious from these that the eétimates of weights will be different
in the three situations. Thus estimates of @y eeesnsQy from
specification (4.1) is not gsimilar to estimates of Ayyeesceny ap

_ when G has been eliminated after taking deviations around the sample
means. Similarly, use of different scaling factors of the dimension of
the variables will affect the estimated weights. The weights are thus
affected by shifts in coordinates of linear as well as scalar types.

The choice of the specification has to be made from a priori conceptual
considerations and the composite indices are affected by these in each
case, It is natural to expect the :ll‘.ndices to behave like this becauss
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it has to repregsent the variables in a joint fashion and therefore depends
upon the way these are spscified,

Orthogonal Variables

Let us consmde,g_ the s:.tuatlon where x variables are standardised
in the sense that they are measur“?;d-ﬂound thelr sample means ‘and divided
By their standard deviations ard the wen.ghts are estimated in accordance
with specification (2,1). Let us assume further that the standardised
ﬁariabl% are orthogonal so that their cross products are zero for the
given sample size, In' that case

(4.6) X =1

where I is tae identity matrix of size Kx K. Using (4.6), we find
that the estimates of weights as in (3.5) can be. obtained as

(4.7) o = (L)t

so that each element of @ ig equal to K—l. In this case, therefore, the
compos.ite index is simply the arithmatic average of the consgtituent
varisbles. The weights as in (3.5) are therefore natural estension
of the centroid concept in the presenteof correlations ip the conatituent

variables.
Total Veriation of Indices

Given the value of estimated weights, the composite indices of
all the n units can be éxpressed in n x 1 vector form

(4—08) Z = Xa
Sum of squares of these compogite indices can be &pressed as

{4.9) z'z = q'X'Xq -f

-
b (x )
[

I



0

where use has been made of (3.5). This shows that total variation in
compogite indices ig based upon all the elements of X'X which includes
total variation in the x variables as well &8 .covariation in them.

Corre;gtiog of Indices with Ccngtitgmg

let us consider the gituation when x variables are messured
around their sample means. In that case

) n n
(4.10 b Z, = b3 X a, X._ .
O i=1 x K ki
since
(4.11y 1 X5 = 0, k=1, ......, K
k

Now correliation between z snd X} can be obtained as
412) R o ()l (e 2 (er )2
- . : - ‘. k "k k
) -1
= Z'-Z ('X-*k xk)
Necause

-1
Xz = a&:FX(XWIJb[[;Qﬁﬁ)JU}
- fron]

= z2'2

(4.13)

where vector 2, is defined to consist zero ang unity such that

{(4.14) X, = Xak'

and use has been made of (449),



Single Common Fector

Iet s express each one of the constituent variables in regression
form as '

(4a35). X = Bz + uk

’ 'k =1,00000005 K
where least squares estimator of coefflca.ent of z is unity in view of (4.13).
Using (4.13), we observe that

‘ A
(4.16) zt w =0

where ‘:J.\k is least squares estimated residual. The relstions (4.15) and
(4.16) together show that the variable x;,. is broken int> two orthogoral
componenta., Further, we can write sum of squares of observations on x, as

Ao ‘
(4.17) Xy X = zz -+ ukuk

' :Ln view of (4.26). Thls shows that proportlon Jf varlatlon explained by 2
of jck"is given by rk:3 defined in (4.12).° Re}atlon (4..15) also indicates
that 2  is least square estimate of the systematic part in each one of -
the constituent werisbles., In fact the model (4.15) repregents a factor
analytic model in the same sense as in (2, 7, XI) with a single common
factor z for all the constituent variabiles and factor loading is unity

in each cass. We may algo write sum of residual_,s_quar._es as
' A ~ - ! .
(4.28) . w' o= (x~z) (x.-2)

which’ shows that 2z is that common point for all the xk variables
about which uk'uk is minimum for each k =1, .,....,K. Thus, the

point z is centroid in the multivariate sensece



Distarce Measure of Indices

. Use of the indices may be made to form homogenous groups of n
units. OChe way of doing this 15 to rank the n units in ascending or
descending order in respect of magnitude of the composite indices. dny
such reordering will not disturb the estimates of the o weights. These
ranks together with reasonable judgement in respect of separating points

may be used to group the sample wnits into homogenous groups.

Alternatively, one may obbtain distance measurs >f elements of-

z  as

2 _ 2 ! ! \
(4.19) di; = (zi-zj) = (xi—xj) o (xi~xj;
where
(4,20) zl:: Xj'_oe

is i-th {i=1, ...., n) elsment of z and x'i is i~th row of matrix X. The
distance measure as in (4.19) preserves the distance in terms of the original
data because ag'remains invariant over i,j =1, viese,n. The distances in
(4.19) may be used to group individual units into appropriate number of
grbups. In most ceses, ranking and distance methods would lead to

similar groups. '

Testing of Significance

In order to test as to which one of the constituents of 2
make statistically significant contributiocn, we may make use of the re-
gression model implied by (4.15). This is equivalent to two variable
regression modsl and we may define . & % atatistic with (n-2) degrees

of freedoni as folloﬁs:
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!

(4.21) ¢ rk(l.—rkz )_% (n—E)%_
k = l, ssr 3 K

The factor 2z can be sald 19 ke correlated s:.gm.ﬁcantly with %, if

camputed % as»:-Ln (4 21) is greater than the correspond:l.n:, tabular value
with n-2 degrees of freedom.

This test procedure may be used to ascertain those constituents
that are found to be related with the composite in;ﬁgés at ‘a specified
level of significaﬁce. This provides a con;rénient cr:iterion of deciding

as to which-of the several compéting.- vamables have appreclable
“statlstn.ca.l evidence to be included in the get of cmstltuents of a
composite index. In other words, the test procedure can be used to
determine statistically valid composite concepts -such as development,

personality and resource regions, etc.
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