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A NOTE QN'(S,S) INVENTORY POL ICY

N. RAVICHANRAN
ABSTRACT

This érticla obtains the stationary distribution of the stock
level of a Continuous review (5,s) Inventory policy with the follou=
ing characteristics, The demand.rate is a constant A and unit
guantity is demended whenever there is a demand. When the stock level
reduces to .s an order for (§ - 8) units is placed wbich materialisas
after a random time ; the lead time is assumed to have distribution of
PH ~ type, Ffurther, it is assﬁned that the demands that arise when the

stock level is zero are lost.
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1. Introductions

This article studies the stochastic procsss induced by a eon-
tinuous review (5, s) inventory model with poisson demand and non—
instantaneous replenishment, More specifically, the stationary distri-
butiﬁn of the stochastic process {X(t), t >0}, where X(t) represents
the stock level at any time 't of the (S, Q) ordering inventory policy
is obtained in an easily computable form for a class af distribﬁtions
.governing the lead time, It is assumed that unit quantity ié demanded
at constant rate ) , and the demands that arise when the stock level
is zero are lost. The inventory system is contiruously reviewed and an
orﬁar for (5 - 8) units is placed immediately when the stock level
reduces to s, The order thus placed mator ialises after a randon time
interval whose distribution is taken to be of PH - type / 2 7 represant-
" ing a fairly wide class of distributions including the generalised
Erlangian and mixtures of exponsntials. The inventory level at any
time is the physical inventory available at that time. We also stipu-
late thatas - & >8 } as a conssquence of which at any time at most
onl;‘one order can be pending. Also, because of the 1o§t'salea case
assumption, the above stipulation on the recorder quantity is essential
for the dynamics of the system. References / 3, 4, 5 / discuss similar
(S, 8) ordering inuéntory models. However the present article is diff-

erent from these in the sense that it incorporates noninsBantaneous

lead time.



2. Phase type distributionss

A (continuous) probability distribution of phase type

(PH -.diStribution) oﬁ_(o, o) is one which can be obtained as that of
the time till absorption in a finite state continuous time Markov chain
with onre absorbing state and all other states are transient, To be
specific, consider & Markov Chain on 1, 2, ... m+l with initial proba=-
bility vector ( g, 0) where g € R" is such thétq_'_>_ O,q_ & =1 and
inFinitssimai generakor

T 1°

Q*:
1) 0

Where T is a non-singular m x m matrix with T;3¢ 0 and Tij' 2 for
i) and Te +I°=g where g = (1, 1, «vese 1) ¢ R, For such &

Markov Chain, the time till absorptien in (m4l) has cdf,

F(x) =1 ~-g exp (T x ) 8 xy 0. The pair (a, T) is called a
representation of the PH- distribution F(.). uWe say that the PH-
distribution is in phase j (1 g Jwmgm) if the undsrlying Markov Chain
is ip state j. For several important and useful properties of PH-

type distributions we refer the reader to [2_7.

3 Problem formulation:

We consider & continuous review (S, s) ordering inve‘wtmry policy
with poisson demand and PH- lead time, Let X(t) denote the state of

the process representing the on hand inventory at any time t. For any



fixed time t, X{t) is a random variable taking any of the integral
values from 0 to 8. Theny X(t), t 5 O jis a discrete valued conti=-
rmuous time parameter stochastic process., The points of discontinuity
of X(t) are sither time spochs at which there is a demand or those
epock® at which a replenishment occur. In the former case the stock
.lavel drops down by unity and in the later case the inventory level
increases by a guantity equal toa § - s. When the stock level is < 5
we observe that an order has been placed at the previous time spoch,
when the stock lewel just dropped dﬁwn to s and is pending. In view
of the assumption that tHe lsad time is a random variable, we cannot
predict the future behaviour of the process X(t) given that X(t) < s
without sane additional information. The additional informatimn
raqui;ed is the time elapsed since the last regrder, However, because
of the assumption that the lead time is a random variable of phase type
it is not necessary to specify the time slapsed since the last rein .o
as a continuous-vériable. on £he other hand, because of the exponential
sopjourn time in each phase of the phase type distribution, it is suffi-
cient to specify the additional information by the phase of the random
variable represeﬁting the lead time. We supplement this information for
x(t) whenever X(t} ¢ s by means of an ordered pair (s*, J) 0 4 s'¢ s
and 1, €< j< m., pDenote by vector i (D.'s. i s) the set of states
{ (i,d) 3 L g J ¢ my Hence the state space of the stochastic process
X{t), which is easily seen to be a continuous time parameter Markowv

Chain is
S' ={ 5’ S - l’ S - 2' LA N R s+l, E’ S-l LN ] i, g}



The‘ganarator of{ X(t), t 3 a}is given by a square'matrix of order

and its elements denoted by qij are given by

95 = T _ i=oand j=o0
=QT: i=o0oand j=g
=f-u l< i< sand j =1
a.AII ' lg ig s and j = i-l
= 7° l¢. < s and j = i+s
=...-..l i >s+l and j = i
= .\G : : i=s+l and j = i-1
=3 i> s+l and § = j-1
=0 Gtherwise

‘Remarks:

Whenever i¢_ s the elements in the matrix are to be interpred

.a$ blocks. They are no more single entries. For example

Bel s41 TR

%1, s =0 (mxm)
%a1, sz = AL (mxm)
T %l s =)z (1xm)
q | = (T =3 I} (mxm)

s s-1



Stationary distribution of  X{t)
We are interested in the limiting distributieon of Xx(t) if it

Bxists. For the inventory modsl under consideration it clear that the

stationary distribution exists because of the irreducibility of the

Markov Chain repressnting the fluctuations in the stock lswel. Let A

denote the vector representing the stationary distribution of
[ X(t)’ tz_ U} and lBt\‘A =[-)-SQ’ il’ iz, See 'X'S’ Xs+l senane XEJ

where X, = lim pr g X(t) =i y B gie 8
t +o0

i

and X

—i (xil' Xiz’ L ) Xim)

+ o :

The vector j is determined from the equations A 0§ = 0 and

5 .
%2 A= 1 which are eguivalent to the following set of eguations,

i=p .

(1) X TH+X 1l =0
(2) % (T=-2aD + X 1l =0 1l¢ -ig s~1
(3) ' %(T'AI)*XS_'_]_ ),-3 =.g.
‘(4) Y xi + 1"1+1 =0 S¢ic88
L0
) X1 TAXg g *AaXg gy =0
- 0 _

(6) X5 T —aXggys A %5 erisl =0 1< e
(N X, T =aXg =0

8 S
(8 2 xe+ I x =1

i=g - i=s+l

When S-s = s equations (3) - (5) in the above ere replaced by the

follow ing' squation

1
 {

(#]
X, T 9 + X (T.-;\I) + Xgp1 A



It remains to solve the S8t of equations (1) = (8) to obt

the stationery distribution of £.X{(t), t.5, 0 }

from equation (4) we easily have

(9) X;=¢C s+l ¢ i € S5-8
where ¢ = xs+l

From eguation (1) we obtain

(10)  x, =x T«

where K = - (Afsl

using equation (10) after some simplifications equation (2) resul

i-1

(11) X, =X, K m 25 i<s

i
Where M = (T =A I) K

From equations (5) « (7) we obtain

Pt SRV
(12)  Xg gpy = C=x X T
-1 1] o :
(13) Koy = Cm X X7 = X U T 2¢. 3 58
- "—l -
~1 £ iel
Where U, = " T (‘21 M), 3, 2
i= .

and finally from equations (4) and (3)
= -1
(14 X, = +€ra (T-2a1)

usin& equation (11) in (14) results

~1
(15) X, ==~ Cang N
Where N = KM T (T -3 1)

Now applying the normality condition we obtain

=1
(16) X, =3



8 .
where P = 5-5 -A x a N'-lf [{ 1+12 et} e
i=}
-z u, T -2 1Y
j=2 *

Thus using equations (9) ~ (16) the stationary distribution of
the process is complstely determined. We also observe that the sta-
tionary distribution is easily computable from the sbowe relations since
in the process we only need the inversd and powers of the matrix (T - AI),

which are poessible from elementary considerations.

Special case:

Wa consider the case of exponential lead time with parameter M

In this cass the various symbols introduced earlier are given by

Tes=wl =ytg=(1) te=(1), I= | (1)
K=mim= Aty
A A k-1
u.-—--—iil-(l‘”u i kK > 2
J A A -
-1
Vis- Ay
U P

ard the stationary preobabilities are given by

. X= 5 - A (A—}—ﬁ- )
X.= C A S-isl 1ki<s
X; (55 Riz<
X;= C s+1$1 < S-s
= r — A 1S
Xoegpl = C E(l-l-u)
= - A s-j+1 .
Xgssj = C~ C ()" 2cJ <=8
_ 1 A+
and = ey o A o 29®
v (xs3)



We furtter simplify to the special case corresponding to s=o, in which

case the constant

1
S+

cC =
A
.
anc EO-QJL

Next, we further specialise to the case of instantaneous

replenishment, which is obtained by letting y 4 oo. Thus we get,

1 P
Xi_s_s for l-—s"‘l' cedsev s S

a result in agreement with /5 7,

We now consider the special case 5 = 6, s = 3, The generator

of the Markov Chain representing the stock level is given by

g 1 2 3 4 3 6
o f1 o o Ty 0 0 0
1 fal TH1 o0 0 1 D 0
2 0 Al TmI 0 0 T 0
3 Jo* 0 r1 TAAI g 0 T
4 o g 0 aa -\ a 0
5 0 0 o o A - 0
6 0 0 0 0 0 S Y
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On solving the‘set of eguations corresponding to (1) - (B8) we get

(16) X = X, UK
(A7) X, = X, TKM

2
(18) X, = X, TKM

(19) where M = (T-) I)K and K = = ( )\I)"l ‘

Further
-1
N P
where L = T& + TKM2 (T~ AD)
-1 o
(20) X5 =A ..)53 T
-1 o
(21} X5 =x (X, + X9 T
and
1
(22) x, = 3
-1 2 o
Where P =1-g L =/ TKM+ 2 TKN_/T

-] :
=xal " (I + TK + TKM + Tsz)e
Thus the staticnary distribution of the stochastic process
{3x(t), t» O} for this special case is completely characterised by

means of equations (16) - (22).
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