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Abstract

A s

This paper discussss minimum mateching in a
trinomial doubly-conwex bipartite graph. The graph
consista of three categories of arcs forming a doubly -
convex structure. The matching involves lexicographical
minimization in required order of catzgories. Dus to
the special structure of the problem, certain ‘greedy’

dures are found to be optimal.
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Consider a complete bipartite graph G = {(5,T, SXT} such
that ]SI = ]TI = n. Let a; and bj be the real numbers associated
with esch 1 € S and j @ T respectively. Further assume that

nodes in 5 and T are oxrdered such that

a1$324....,._. éan

-b1<b2+‘...-...4bn'

_for a given constant g, the arcs can be classified into

three categories as follows.

R o= {(4,3) ’bj - a, &8}
B = §(i,3) = # £b; -saé<g}
Y =

{(1,0) s by a3 g}

From the definition of the g:paph, following properties
are evident.

1. if (i,i)€R then (K,j) ER for all K31

P2. if (i,j)€&R then (i,K)‘ER for all K> j

P3. if (i,j)€Y then (K,j)EY for all KDBi

Pa. if (i,3) @Y then (i,K)@Y for all K >

P5. - if (i,§)EB ®nd (i,K)@B and J<K, then {i,p) €B
for all j¢pLK
pg. if (i,j)EB and {K,j) &8, and iLK, then (p,J}1€B

for 2ll ig p<€K



The properties P5 and P6 hold for categories R and Y as

well.

We shall call the graph 6 with three kinds of arcs and
properties F1 through P6 as "Trinomial Doubly-Convex Complste
Bipartite Graph". We shall explore complete matéhing in

graph G.

iet M C RUBUY be a complate matching in G such that no
tws arcs in M are incident on a common node. In general, arcs
in M can be partitioned in terms of the tﬁree categories
MRQR, MB < B and My €Y. There will be situatia.hs where we
. would like to achieve a matching which is lexicographically
ﬁihi@yy in the sense that |MR|’ lMBI and IMY[ are minimised
in a Hiatarchic31 manner. Incidentally, in view of the complete
matching, IMYl.geté detéimined as residual effect once we

minimise IMR] followed by IMBl.

The prototype for our problem is vehicle scheduling problem
with maintenance constraint. In this problem we have to match
n arriving trips with n departing trips at a terminal such that
fleet-size requirement is minimised'and number of vehicles getting
maintenance is maximised. Let S denote set of arrivals, T denote:
set of.departures, 2 and bj denote corresponding timings, and
g be the minimum time required for maintenance. Then MY would
be the sot of matches where vehicle can undergo maintenance in

between the two trips. MB would ke the szt of matches whszre



a vehicle takes another trip after finmishing the arrival trip,

but does not have enough idle gap to go through the maintenanca.
The matches MR indicaterthat departure in this category takes
place even before the matching arrival, since bj —_ai<lﬂ. In

this case, the departure can take place only if additional

vehicle is provided for the purpose, and the vehicle available

on atrival of i would remain free for rest of the day, passibly
catering to the demand for additional vehicle on the next day
and.su on. The sum of ‘MRI over all the terminals would determine

the fleet-size required to operate the set of trips.

- Algorithm Development

The assignment tableau for the matching problem has a blocek

structure.as shown in figure below,

1 2 ‘ +« & s a s ) ) n

i
2

£

Matching in category R

It is clear that if cells of category R do not figure among
the diagonal cells, (1,1) ......{n,n) then, it is possible to

reduce ]MR‘ to zero, since we can simply adopt diagonal matching



solution. Minimum number of matches in R is given by follawing

theorem,

Theorem
Minimem number of matchas in A is given. by

lM‘;l = max{gr,- J - i+l {i,j)eRS

Froof

Let (i*,j*) be the extreme cell satisfying j*¥ - i*+t =
max {’j - 1+1 : (i,j)eﬁ‘}
Case 1, j*¢i*

In this case all the cells belonging to R are confined to

area below the diagonal, Then ths diagonal matching would ensurs

that ]ME] = .

cres 2.y T S
. . ] YASTRAPUR. AHMEDABAD-350 01#
Consider matching in rows i* to n, There are n - i*+1 such
"f;owé. By property P! and P2, all the cells in the block formed
by-rnwﬁ i* to n and columns 1 to j*, beleng to category R.
Thercefore, there are at most n - j¥ columns aveilchle for rows
i* to n for matching in categories other than R. Thus,
] 2 (n - *+1) - (n - §*)
23 - it
Now we have to show thét ,MEI can be in fact restricted
to z¥ = j* - i*+1 |
Suppose we restrict z* matchings in a z* x z* block consisting

of columns 1 to z¥ and rows n - z*¥+1 to n. Thzn in the resulting



residual matching problem of n - 2% x n - z%, all the célls
belonging to categDIyIR will fall below the new disgunal.
Because if we cross-out first z* columns and last zZ¥ rows, the
new column numbars of all the remaining cells would reduce by
z*, whi;e rowlnumbars will remain intact, Theareforz, for the
extrame cell,

(j% - 2*) = i*+1 = ¢
Thus in the residual matching problem, we nead not have anymore

matches in category R.

The matching in R as indicated in the proof of the theorem
nat orly results in mipimum IMR” but also renders the residual

problem capable of bzing optimised {minimised) in EMBI.

To exploxre further optimization, we shall use prefsrence

operators - and £ as follows.

Let M* and M be complete matchings in G. Then, M*-{ M

1. fuei < M|

or 2. (Mi] = e | and e} < Mg

Likewise, we can extend the abové to individual matchings, Thus
(prg) (z,8) 4 (t,u), where (p,g) &R, (r,s) &8, (t,0)CY
Using doubly-convex propertics,
(4,14 (k) iF §d K

(i, )k (kyj) 3F DK
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Thsorem

Let 2% = max {j - i+t (i,j)C—R} and z*> @ and M* ig
the matching oEtainable by restriéting matching in category R
within a z* x z¥ block BD consisting of columns 1 to z* and
rows (n - z*+1) to n. To show that if M is any othar arbitrary

matching, then M* M.

Lreel
From previous theorem, |MR| >
We assums that IMR] - z*, since otherwise M*<{ M. Though
IM;I = IMHI = z¥%, MR differs from ME in that at least . one match

in it belonging to category R is outside the block By. Such e
match can be in one of the three blocks, namely

B1

rows 1 to n - z%* and columns 1 to z*
BZ ; rows (n - z*+1) to n and columns z*+1 to n

B3 : rows 1 ton _ z* and columns z*+1 to n.

Case 1: {(p.,q)& MR’ 1_$p_$_n-z* and 1$q$z* (Block B1)

< s Since column gq does not
p # : contain a match in BD there
B1{ B3 must be a Tow r within BD
n-z¥ containing match (r,s) in B,
r \ BO} BZ. A outside BO'

Suppose we modify M to delaté {p,q) and (x,s) and add {r,q) and
(pys), such that matck in Bt is brought inside BD’

MY = M = (p,q) = (xys) + (x,q) + (pys)s



We seas that . 4
M'\J\\ M oince {p,q)ER, (r,q)ER and (p,s):‘,(r,s)

Case ii: (r,_s)eMR n -~ z*+i€rgn and z*+1.$s\gn (Block B2)
Similar argument holds if we bring the match in B2 inside BO.

Casa iii: (p,ql¢ Ma 1€pgn - 2%, ¥+ Lagn {Alock B3}
) ¥*

_ - : - . 9ince block BO containes less
* than z* matches, there must be
t i at least one rau r and one
i column 8 spanning BO not having
P ‘B1 33 a match within BO. Let
n=2% 52 . {t,s) €M and (r,u) EM be the
r 50 ] corresponding matches in
column s and row r respectively.

Mo.difying M to replace (p,q), (t,s) and (r,u} by .(r,s), {t,q)}
and {p,u) |

M' =M ~ (p,gq) - (t,s) - (r,u) + (£,s) + (t,q) + (p,yu)
We see that

M %M since (p,q)(.:ﬂ‘, (r,s) &R, (t,q)%(t,s), (p,u)\ﬁ(r,u)-

Matching in Category B

Having minimised IMEI with least deterioration in the
residual problem consisting of block B3 of ths assignment
tableau; we now minimise IM;'. The special structurs enables
us to do it using simple heuristic which is optimal. In the-
procedure we minimise [Mgi by avoiding matching in Cstegory B
as far as possible, and when the matching in B is inavitable,
we choose the one which rgsﬁlts in least detefioration in the

fegidynl preblem.



Procedure A

while matching is not yet sobplete -do '
1 €&—lagt row yet to be matched
if{(l,k] : (l,k)GrY} is not empty

then
p €—any ctell such that {(1,p)EY
else
pé-min{l(: {1,k E B}
endif

Mé"" My (l:PJ

strike off row 1 and column p
endwhile

endprocedure

Theorem

Pracedurs A results in optimal matching in the residual

.problem consisting of block H3,

Let M be an optimal matching., Starting with last cow,
we chzck M for itgs confermity with scolution obtainsble by the
procedure A, striking off corresponding rows and columns if
conformity is established. Supposs the solution dous not
conform at row F. Né will show that optimal solution M may be
suitably modified io maké it conform with that of the procedure A
at row P, and the modified solution M' nan-conforming at the
most at row p' where p'& p-l, will hc optimal matching. By

induction at woeuld then fglliow thot the prosgdure is ootimeld,



Let (p,q) &M and let {(p,r) be the matching indicated by
the procedure A. e need to consider two cases, namaly (p,r) &Y
and (p,r)& B.

Case 1. (p,x) &Y
q T

Non-conformity with the

procedurs A suggests that

_ {p,q) GB, since otherwise
+ ;ﬁ' (psgq)} would have conformed
" with the selection criteria
P b of the procedure.
(p,q)& B and {(pyz) &Y implies
that qr duc to block

structure properties.
Since matching is to be complete, every now and svery column
must be matched. Tharefore, column T must have a match (s,r) &M
for some s ¢p since the rows p+ly p+2, vveee D and corresponding
matched columns Hava heen already crossed out due to conformity.
Suppose We Now modify M to makeo it conform with the procedure A

in row p as follows.

M o= M - (p,q) - (s,z) + (p,T) + (3,9}
We find that

MM since (s,c)CY, (pyr) €Y and (s,a) K (psa)-

Case 2. {(p,r)&B
r

Non-conformity with the
procedure A suggests that
s

+ (p,q)&B and rq, since

P T

otherwias {p,q) would have

conformed with the selection

critezia of procedure As

s bofoxe, {(s,2)GM for somc s<pe
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Modifying M to make it conform with procedure A,

M' = M - (p,qg) -.-,‘(s,r) + {pyr} + {s,q)
Qe find that

M'_A\l‘M sinca (p,q)l¢& B, (p,r) & B and (s,q){\(s,r)-
Thus, in bﬁth the cases M' is an optimal matching non-conforming
with the procedure A at the most at rew p', whore p'sbp-1.
Successive modificafion will eventu=lly leave us with optimal

matching fully conforming with the procedure A.

Having exploresd the lexicographically minimum matching
for the hierarchical order (R,B,Y), we shall now explore it for
the hisrarchical orders (R,Y,B) and (Y,R,B). Prototype problem
of assembly of two parts within specified tolerance, relating
to these orders was reported by Glover (1967}, where he proposed
8 greedy procedure to maximise the number of asscmblies within
specified tolerance, corresponding to matches in B. In lexico-
graphically minimum matching version of the problaem we extend it
to the issue of salvaging of the parts matshed outside the
spacifizd tolerance. Depending upon the relative cost of
salvaging matches in R vis=a-vis those in Y, we need to pursue
one of the two hierarchical orders, namely, (R,Y,B) or (Y,R,B).
The éuestion whather lexicngréphically minimum matchings in these
orders also give maximum cardinality matching in B, will be
answered in affirmative following a greedy procedure to solve
the problem. In fact, the procedure sesks to maximise mafches
in B, leaving a residual problem capable of being optimised in

either of the hisrarchical orpdere.
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Maximum matching in Category B

We follow a simple greedy procedure which Jgrabse-the-
nearest-~-B! for every row starting from row one. The procedure

may bs formally stated as follows:

procedure 8

far i =1 to n do
if {_(i,j) : (i,j)C’.B} is not ampty
then e '
P < min {j: (i,j)GB}
M€—MU (i,p)

strike off row i and calumn p

endif
endfor

endprocedure

The residual problem leftover by procedure B can than be
solved by mefhnd devzloped for matching in category R if
hisrarchical acder (R,Y,B) is desired. The same method can
also be adopted for the hisrarchical order (Y,R,B}, wherz we
compute z* = max {i-j+1 : (i,j)EY’,ET} ant restrict matching

in Y to a block formed by rows 1 to z* and volumns n-z*+1 ts 1.

Optimality of procedure B is proved in the following
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Theorem

The procedure B achieves maximum cardinality matching in
Category B and rendesrs the residual problem capable of being
optimised such thet overall matching is lexicographically
minimum for either of the bierarchical orders (R,Y,B) or

(Y,R,B).
._Pzgof:
‘We follow 2 similar proof technigque as in previous theoren,

where we assume an opdimal solution and modify it to conform

to our solution procedure. =

Let M be an optimal matching. At this stage we are not
concerned agbout the nature of the optimality,,namely, maximum
cardinality mafching‘in-category B, lexicographically minimum
“-matching for (R,Y,B) or for (Y,R,B). We shall analyse the impact

of procedure B on =ach of these cases.

Sterting with the first row, we check M for its conformity
with the solution obtainable by the procedure B, striking off
corresponding rows and columns if conformity is established.
Supposa the solution does not conform at row p. We will show
that optimal solution M may be suitably modified to make it
conform with that ol the procedure B at row p, and the modified
solution M' non-conforming at the most at row p' where p';;p+1
will be'optimal matching. Continuing the process for all rows

would Bstablish the proof.
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Let (p,g)EM and let {p,r) be the matching indicated by

the procedure= Bf Due to the propertiss of doubly-convex

r— . ' structure and the conditions
R,Y Y Y
implied by procedure B, wa can
b R B B,Y make following obhservations about
R B R,3,Y the cells arocund {(p,z).

() GB

2. (1,5 @Y for igi<p and TLign
3, (i,j)E&R for i_s;:én and 143 4r
4. {i,j) RUY for ié1<p and 1£j«4r
5. (i,j)¢CRUB for p.(‘isn

6. (psj)€BUY for rign

7. (i,j) &RUBUY for pg isn and r(j$n

$Since matching is to bz complete, svary row and every column
must be matchsd. Therefore, column r must have a match (s,r}&M.
Suppose we now modify M to make it conform with the proczdure .B
in row p as follouws,

. M1 = M - {p,q) - (s,x) + (pyx) + (s,q)
Let §o = Mol - Imgl, §p = Iyl - Mgl and &y = Iy | - ugl
Dopending on rzlative position of 8 and g with respsct to p and x,
the cells participating in the modification of ¥ could assume
various values as enumerated in Table 1. A key aspect of

this table is that there is no Tow in which &g andgy difrer

in sign.
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Table t
Positi f f -
0osition O
s and q (prq) | (syx) | (pyx) | (84a) | B4 85 Sy
(a¢ pl&(ger) R Y D +1 -1
R Y =1 +1 0
(s ¢plalg>r) B Y 0 0 Y
| Y Y B y | o +1 -4
(s>plalqgr) R R -1 +1
' R B B R 0 G 0
{s>pl&lg>r} B R B R 0 C 0
Y R B R 8] +1 -
B R B B -1 +1 )
Y- R B B -1 +2 -1
B B B B 0 0
Y B B B +1 -1
Y R B Y -t +1
Y B B Y B 0
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It is clear from the Table 1 that modification of M forcing

it to confarm with a solution obtainable by the procedure B

_leads to one of the following.

1. Number of matchings in each of thz cotegoxries remain
unch angad

2, Number of matchings in category B increasse with
corresponding decreass in matchings in category R
and/or category Y.

Therefore,

i) if we assume M to be optimal with respesct to thez maximum
cardinality matching in category B, M' is also optimal,
if not better.

#i) if we assume M to be optimal with respect to the lexico-
graphical minimum matchiﬁg for order (R,Y,B}, so would
be M*',

iii) if we assume M to be optimal with rasspcet to the
lexicographical minimum matehing for order (Y,R,B),

s0 would be MY,

Hence the proof,
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Conclusion:

The special structurz of the trinomiasl doubly~-convex
complete bipartite graph cnables us to achieve lexicographically
minimum matching using simple greedy procedurss, that are
optimal. The procedurss work on heuristic idea thot if matchings
in a certain categorizs ars inevitable #hen choose them in such

‘@ manner as to cause minimum deterioration to tha othar cate-~

gories in the residual problem.
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