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STOCBASTIC POINT PRCCESSES IN A STORAGE MODEL

A. Rangan and A, H. Kalro

Abstract

A warehouse with a storage capacity of n units is con=
sidered, While the units of input arrive according to a
general stationary point process § (t), the stored items are
cleared with the arrival of a bulk order which is assumed to
arrive according to another general stationary point process

t). When the inputs exceed n, there is a cost associated
with an emergency clearance, Further there are costs
associated with shortage when the bulk order arrives to
find the store empty and costs of maintenance of the n undit
warehouse. The techniques of statiomary point processes ars
employed to study this selective interaction and to arrive at
the total cost function at any time t. This total cost
functicn 4s used to obtain the optimal warehouse capacity n,

1, Introductjion

The inventory problems arising in different disciplines have re-
ceived considerable attention in the past few years and 2an enormous
amunt of literature has appeared, stimulated by the ploneering papers
of Arrow, Harris and Marschak _/__1_7 , and Dvoretzky, Kiefer and
Wolfowltz /:2_7 ’ i_.‘:l_-/-. A sy.stematic study of the mathematical theory
of inventory and production has beén made by Arrow, Karlin and Scarf
[.4_7 . Useful reviews have been given by Gani 1_5_7 and Vienott _/_—6_7.



A variety of models have been developed to represent inventory
problems in different contexts, but the basic structure of any
inventory problem rerains unchaﬁged. Ixogeneons and endogerneous
demands rede upon & system is satisfied by outputs from imventory, and
the imventory in turn is replenished by inputs. 1In general, if for
an item during time period t (discrete time units being considerad),
the input is Xt and output is Yt’ then the accummlated imventory

1. at time period T is given by

L. =1 + .. X, -¥) (T=12,...) (1)

whera 1 = imvestory at time O (reference point). I may be positive,
denoting stocks on hand or negstive denoting unfilled orders (in the
case of back ordering). If time is considered as & continuous variable,

we have

P s

I¢t) = 1 (o) + ¢ [xw) - v (Tﬂ dT (2)
(o]

where X(7) is the input rate and Y (t) is the output rate.

One must however identify the difference between the outpu£ rate
Y ( © ) and demand rate ¢ (7). The two are not identical in all cares
if we take into account shortages or stockouts, The objective in any
given situation is to take that set of decisions (order rules, replenish=-
ment guantities, reorder points, etc.) which Qill minimze total costs
or mximize profits (their expectation or some other criterion in

stochastic cases) and still provides am zcceptable level of service.

Most of the mpdels studied hitherto develop these aspects attich-

ing costs and penalties for different quantities of interest. Further



they either assume the inmput to be random while the “output is deter=
ministi¢ such as in grain storage and dam theory models} or
the input to be deterministic and the output stochastic as in most

production and irwventory models,

In this article, we assume both the input and output processes
as two general statiomary point processes. Using appropriate penalty
and meifitenance costs, we have arrived at the total cost function, This
has been optimized to obtain the optimdl warehouse capacity. It is
interesting to note that such a model has been employed to study the
mechanism of format;on of neuromal spike trains on the basis of
selective inteiaction between two processes, excitat:oi‘y and inhibitory

—-—

77,

2, The Storage lModel

Consider a warehouse with a storage capacity of n units, Inputs
to this warehcuse are assumed to arrive :ccording to a general staticnary
point process ¢ {(t) and bulk orders are assumed to arrive according to
another genereal stationary point process ¥, The arrival of a bulk
order completely takes away the accumlatéd units stored., It is

_assurmed that eech bulk order ‘riggers off a sequence of inputs end
stops the sequence initiated by the previous bulk order, If during the
course of accumulztion, more than n units get accumulated, an emergency
clearance is called for which results in some additional cost for
eech such clearance, When a bulk order arrives to find an empty store,
& penalty cost is incurred. Further there 1s a cost gssociated with
the minterance of the n unit warehouse. Since we wish to use the
total cost function to obtain the optimal warehouse capacity h, the
various components of the total cost function over a fixed time.

horizon are first derived,



Consider the time origin at a point where an emergency clearance
has taken place. Since there are pemalty costs associated with the
shortages and emergency clearances, let us obtain their mean number

over a fizxed time horizon,

Let hl(t) dt be the probability of an emergency clearance in
(¢, t +dt) . Since the emergency clearmnace in (t, t + dt) sheculd be
the first one or the subsequent cne counted from the time origin)hl(t)

satisfies the equation,

(n) 1 € (n)
h,(t) = g 1 (t) ¢ P () du = 2‘, F(u)}((t-u) g (t-u) @)
where)ﬁ?t) = } QKu) du, v
t .

g{n)(t) = product density of cegree ome of a renmewal process
whose interval distribution is the n-fold comvolute
of 6(t)

F (u)du = product densitj of degree one of a bulk order arriv-
ing in (u, u+du) starting with an emergency clearance
at u =0,

i

p (t) = probabjlity frequency function betwean an emergenecy
clearance and the next bulk order

and 0_(t) = n-fold comvolute of §(t).

F(u) satisfies the equation
. oo,
F(u) = p (u) + | p(t) f; (u-t) dt 4
0

where fl(t) is the product density of degree one . of a bulk ordar
ziven that a bulk order has arrived at t=0 whose transform soluti n is

. T(S)*
given by %’W



=Se

To obtain pi(t) we observe that the origin is not an arbitrary
point for the bulk orders ir view of the fact that the event at t=C
is an emergency clearance th reby implying that the previous bulk
order has arrived prior to n prior inputs., If the earlier bulk ordar
arrives at x units before the origin (this event occurs with

probability - _1 in view of the stationarity where‘UI’(O) is the
L

<o)

derivative of the L.T. of U (x} at s = 0), an emergency clearance
takes plece at t =C with protability ’.;;1 (x} where G?(x) stands for
the modified product density of degree one of =z remewal process whose
interval distribution is the n-fold comvolute of¢(t) . Thus-the joint
probability that the input at t = O yields an enefgency clearance and
the next bulk order arrives between (t, ¢ + dt), t being measured

from the origin is given by
¢

- 1 Iy e 6T 6o dx,

‘QPI ©) c

p(t) is obtained by dividing this by the probability that an emergency

clesrance takes place ct t = 0 so that

~

o
4 n

{ _ OS Ly(t+x) G1 (x) dx (5)
oj)( x) G, &) &

G;(t) is obtained from the equation
t

G:(t) - ng (w g (t-u) du +

N

t

Ver ) g (tmu) du. 6)

where VF(u) is the forward recurrence time of the inputs,



licw if Ny (£} reprerente the nunber of emergency clearances in (0,t)
then o . £

- S t { —y —

g ? hl(t) S = h1 (T ) dtT.

L=t kl (t) dt Dbe the probability of a shortage in(t, t+dt). Keep-
ing in mind that a shcortage occurs because a bulk order errivas to
find the storz empty, which can hap-en in one of the following thrze

mutually exclusive ways:

i. the bulk order arrives after am emmrgency clearance, not

intercepted by any input;

ii, it srrives after a hulk order, not intercepted by any

&

input; and
after
iii., it is the first bulk order/ t = O, not intercepted by

any input,

Thus
i H 1
ky(£) = pT(e)M(t) + | h () p” (t-u) “}(t-u) du (N
i S 1
t
+ | F(u):p(t-u)'v (t-u) du,
0 f

where‘?(t) = f\?(u) du,
t

1f Nz(t) represents the number of shortage- in (G, t),then the

mean number or shortages in (0, t) is given by
{ &
E ﬁNz (t)} = OJ ky (T)y df .



Cost cf & single emergency clearance

e
m
"
)
n

Cost of a shortage

NC')
It

C, = Cost per unit of operation for . warehouse of size n/unit time

and F (n, t) = The total cost function over the fixed time horizon,

C ey = { f
F(n; t) =¢ E_ znl (t)} +C, E 4‘ Nz(t)} + G, nt (8)

/

o

Since the optiuum warehouse capacity n* is sought for, n* is obtained

gs the solution of

F (n*+1 ; t) - F {n*; t) 2.0

e’ N’ N

F (n¥-1 5 t) = F (n*; t)

W
()

3. A Special Case

The total cost function when both the input and output form two
interacting stationar)!r point processes, have been obtained., The
equations reduce considerably in length in the special case when both
the input and output processes are Poisson with parameters A and M
respectively, The Lapluce transform of hl(t) reduced in this spocial

to T N
N

A I
1

——— e e .. ———e e ———

_ e e
L VL e R GG o

and tha laplace transforo of k ft) reduces to

k*() = /T 4 / h*(3) =+ H
A +S A +3 s ( AL/L)

11)

* /1 1
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We wish to observe that resort to numerical methods for the foregeing
model with the analytical solution obtained may yield interesting

results,

4 ° Al'l &alﬂele

Eefore concluding this article, wa would like to cite an
industrial situation whercin the above mpdel mey be used with sujtable
podifications, Consider a m_chine with I components, ezch one of which
is subject €o failure which occurs according to any gemeral point
process, The rachinc can function withi=-n+l) components and there is
a total failure of the machine with the failure of tha nth component,

The servicing mechanism which can service the defective components

Wl

of the machine is made available to the machine at various instants

of time deperding on verious factors like the muuber of machines

it has to service, thc number of machines in operztion etc. and thas
is taken to arrive according to another general point process, ‘= can
allow upto (n-1) components to fail and still have the machine

oper _tional, (ne must determine the optiral nu: ber of standby

components in a machine such that total relevant costs are minimized,
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