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In this paper we study tne optimal maintenance policy and
1ifa of machines with time varying decay rats of quality.
Many management problems invclve the datermination of the
1ife or horizon of an activity in combination with the
management of it. We study a‘particular class of such
problams, and obtain solutions for optimal maintznance

policiss and life of machines.
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Intoductiont-

Many management prohlams require tha determination of the life or
horizon of an activity in combination with the management of it.I
An example of this is the maintenance of a machine. If expensss
for maintsnance ars high, then it 1s likely that tha machine wili
fpn&tion better and therefors last lenger. If we know that it is
going to be kept for a long time, it is necessary to spend largse

amounts on maihtsnantca.

In the follouwing analysis we shall consider a maching maintenance
model, with time varying depreciation rate of machinery to solve
the problem of detarmining both tha best maintenance policy and
the optimal lifa of machines. We shall first review the history
of the theory of optimal replacement . decisions, bafora we presant

our analysis,



2. g;gv;nus wopk, on the gagLacement decisiong=-

‘The analysis of optimal raplacement policy was first diracted by
Yaylor(1923) towarts detarmining the service life in such a fashion
that unit cost of production ﬁaé minimizad. Hotalling(1925) modi-
fiad this view by maximizing the pressnt védlue of the machine's
ouiiput minus its costs. Thus, T is datemihed to maximize

T
ar; = ¥ (t)expl-it)cts(Tlexp(=1T)y (241

where 3(T) = the present ualué of the machinae, T = ths service life,
4 () = net operating receipts at time t, i = the rate of interest,

and S(T) = the salvags valus at tima To.

Preinrich(1940) extanded eq.(2.1) by including tha chain of future

peplacements. That is, hae maximized the expression

oo T
i) = z : exp(-ikT)( «E(t)exp(-it)dt-vs(r)axp(-—i'r)-l),(2.2)
k=0
0

ghere 1 raprssants the cost of each naw machine in the replacemant

chaine.

The pI:Oblam of cbsolescencse has been dealt with by several authors
in connection with the problam of optimal gorvica life (ses, for
uuph. Bain(1939), Ballnan(1955), Liljablad(1936). and Terborgh

(1949)). The beat known of these formulations 'is the ong due to



Tarboréh(1949) which assumas that an old machine will become inferior
compared with modarn aquipment at a constant rate called the inferiority
gradicnt. The effact of taxes on the replacemsnt decision is discussed
_ b} Johansson(1961). For an pverall review of replacement éea

Johansson{1961, p.24) and Smith{1957,1961).

The:olio oftap a problem in distinguishing batween initial investment
and rapalr cost. By repairing amd extanding o0ld equipment, nothing may
be left of the initial investmamt, but it is not possible to identify

a single time peint at which replacement takes place. Whan a complete
replacemant does take place, one frequently finds (as was mentionad
b.fbre) that it is influenced by the repalir undsrtaken. On the othsr
hand, how much one should repair a machine partly depends upon how

long it is going to be used. The simultanesous optimal detarmination
of these two factors, rapair and ssrvice lifs, has been discussed in
Messe'(1962). The importance of this problem for the invastment

decision after tax has bsen strassed by Johansson(1961, P.133).

The model we study is a generalization of the modal prass=nt2d by
Kamien and Schwarti(1981). Their model has been devalopad :long

the linas suggested by Thompson(1968).



32

Maintenance expenditurss are assused to be subjact to tha consbraints

ogv(t) € v, (3.4)

" where v is a constant upper limit on maintsnance expesnditurss.

Optimixation for a Pixad time T

Lat us first find tha optimal maintenance policy for a fixed valus

of the resale timse. This amounts to maximizing

T .
'3:_(\;(.));+ j[{ (x(t))-\_i(t)] axp(-it ) at§S(x(T ) exp(-iT) (3.5)
/ ',

subject to x +ek{t)x = v(t)

x(0) = X e

The Hamiltonian is

H - Y_i(x)-\a + }\(-.,L(t)xj = t:i(x) “ AKX (t)& v(-1‘+)\(.t))

The Hecessary conditicns include (3.6)
L‘:-)Mx=-+’(x)+>\o<(t)+i)\ (3.7)
0 >
v = . shenevar -1+ 2 (t) : 0 (5.8)
v
A(T) =+ s'Tx(1]] ‘ | (3.9)

The nacessary and sufficlant conditions arae {(aufficiency as aluays

comes from the convexity of the problem)



% +Ok(t)x = ¥ (3.12)

x{o} = X
SN+ (ok(E) * DN F =0 . (3.8a)
A1) =+ 8'[x1)] |
| . <
() = J.undetermined ie A () = 1 (3.9a)
| - >

The bsst maintenance poliéy is 'beng=bang'. In order to discuss
more explicitly how the above system of equations can be solved, we
nake some, further assumptions about the paramaters in the next sec-

tion.

Sglution in a garticular casgt-

Lot us assums that.
I

S(x)

{ x - (3.10)

Kx (3.11}

and

)

uhare K and }a:ecconstanté, K<,

The constant { measurss now a unit of quality nets trinsiformed

into oparat\ing receipts per unit of time.

The adjoint equation becomes
S ORI P < = 0 (3.12)
A(T) = K (3.13)



Tha soluticn of .nich is given By the follosings

t t .
(- f(,.csm)ds) (.. J(ok(shi)dé i- j(o{(s)-l-i)ds)
N 0 ~
Q 0

-e X<t>+e (o< (£)+1) Alt)-e J -0 Goa

[' l(oﬁ(s;ﬂ.)ds (t)} & } (o&(3)+i)ds (3.15)

I(of-(s)+1)ds
(4 (3) )d
> -9 A(t) +X(0) t{ J’ j viles
. ] t t T R
or - axp.[- J(Oﬂ(shi)ds Nty N(o) =Tj axp.[—j‘(ok(sﬁi)ds] dr (3.16,
o © o o

Now A(T) = +K implizs

T
-K axp. [- I (o((s)«n.)dﬂ +)\(o, ewp.‘.— S (A(s,+i)es) dU (3.17)

[+ ]
I
'\D’--;s}-i-i}:;\ (3.18)

' ./\(o, E[exp." j‘(oﬁ-(s)-t-i)da d(,+ K exp.[ _ 1

P
(~
|
)

o e = axpe f (0‘-(3;1-1)08]/\(1:) +¥f 3D {_

’+ K axp.[-—v((&(s)ﬂ.)dﬂ =-if axp.L-JLo((s)&-i)és dL
o o o



T T T

)\(t\?gxp.[ J(ﬂt(s)i-l)dj - 2 m.‘ - j (vi(aﬁi)d;j -ﬁaxp (_ [(o(@)i-:.)da dr

o

+TJ axp.[ J(Oﬁ(s)ﬂ.)ds dt (3.19)

A(U) > 1 implies and is impliscg by
T

T T
} f axp.[-j (Ks)+4i)ds | ot + K exn-[-}“(s)-i-i)d;] 71
0 5 T

» \ (o) < 1 irplies and ie implisd by
T T T
{ J'axp.y_-‘[ (o¢(s) + i)da dat + K exp.EJ’ (oL(s)u)isJa.
0 . ' .

1t than PnllousLthat the optimal policy is g:l.uan bys

if Jexp{j( 'l(s)d-i)ds] dl + K expe J(&(s)+i)dag1

then v(t) = 0, 0é¢<T

1("%“. va.‘j. l (K(s)-o—i)da dl. + K axp. [ ‘((f’ﬂ(s) + i)da] >1

Ve u$t§e
than v(t) =
Oy et ST

where X (@) = 1.

Tha value of @ is definad by
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—

8 T T 1 .
exp.i (&(s)ﬂ)dﬂ {K exp.[-J(n((s)u)de] +TS exp.(: S(O((s)-a-i)d;] ut)I
o o ) o

) T T T
axp{j("( (s)ﬂ.)da {{J axpe [:j(&(shi)ds] dL + K axp.{-[ﬁv((sﬁi)dsj} |
o . 4 0 o ' |

8 T 1 T

3] =‘[(0’\(s)+i)ds + log{}jaxp.(:-j( M(s)ri)da dl + K axp{:—\‘.(b((s)i-i)d;j} (3.20)
. o
o o o

Optimal lifstima in the particular case:=

In addition to tha previous necessary conditions, wa now need to imposs

the follouing constrzint to crioosa an optimum value of T3

fE(x{T)-u(T)a» T EI(T)- .((r',x(ﬁ] = 0, (3.21)

(39e Kamisn and Schwarz(1981)).

in o.r particular casz, this rzducas to

T -umenfum —am x @] so. G

Liloua suspesa Tic.i that T satisfies

T T r
f \[axp [‘i (‘(S}i'i)dé] df, + K axp. [’\‘! ("<(‘3)*"")‘:‘:?2'7l

i.s. a switch does occur at an intermediate point.

‘e YV (T)=o0.



e Fx (1) = k(T x (T) = 0.
o x (1) =0 ox ] - keAT) = 0.

AgSuUm3, E - KK(t)% g v t.

Nows

$ +ot(t)x = v(t)

implies

D . () o
8 ' x +o((tle x =8 vit)
t
ja&(e-)ds L
HAslda
d o (s}
or (e x(s, V= e v(t)
t 1
é-& (s)ds ¢ s"“(s)ds
. ’ x(t) = %y = e’ w(T)dC
o
t L }
Als. 3 A (s)ds
v )T e
- o

Se, the life of the ~aching is infinite.

1f howgygr, there exists T such that \y - Kol(T) = 0, then this T gives

tha Dptii.‘.a'l life of the machina.
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be

:_EJ:((”J e j&( )uﬂ Euf axpLjK( jaa) o a\

o T S
IF%X axp.[— f (L (a)ri)ags ) dT + K axpo[‘-g(&(s)«rilds -1
5 o o

and t;‘: Kek(t) for =11 h? g, then the macnine hzs infinite life.

Zonclusions | 1n this paper we have givan an introduction to the
determination of optimal managsment and lifa (norizon) of a typs
of activity which recups in practice and involves timae varying
depreciation., Closed form solutlons could not be obtained.
Howaver, approximaticns to optimal soluticns car; be r2=trisvad

by methods of numerical integration.



1e

2.

3.

4.

5

o

Te

P

Refersncesai=

Bzin, 3.(1939), "The Relation of tha Zconomic Life of Equipment to

Reinvestment Cyclest, Tha Review of Economics and Statistics, 21,

No '2, 79«88,

Ballman, R.(1955), "Equipment Replacemant Policy™, Journal of the

Socisty for Industrial and Applisd Mathematics, 3, Noi3, 133-6.

Hotglling, H.(1925), "A Ganeral Mathematical Theory of Depreciation®,
The Journal of Thae American Statistical Association, 20, No3150,

34053+
Johansson, S.E.(1961), "Skatt - Investering - Vatdening®, Norstadte .
Kamizn, M.I. and N. Schwartz.(1981), "The €alculus of Variations and

Optimal Control in Economics and Management ,* Worth Helland.

Liljablad, R.{1936)1 'Om Avskrivning av Fasta Productionsmsdal',
Nordisk Tidskrift for Teknisk Ukonomi, 2, Nos.1-2, 129=37.

'
Masse, P.(1962)3 "Optimal Investmant Decisions™, Premtice Hall.

Smith, VeL.(1957)% "Economic Eqdéipment Policies 3 An Evaluatioen”,

Managemant Sciance, 4, Not1, 20=37.

Smith, V.ke(1961)3 "Investment and production”, Harvard University

Prossa.



10« Tarborghy, Gewo(1949)3 "Dynamic Esuipment Policy A MAPT study,

¢ Graw Hill.

11. Thompaon, G.Le(1968)s MOpti.al v3int.nancz Policy and 3als

Date of a Machina," Nanaéemant Scicncay 14, NO3F, 543=50,

2. Taylor, J.5.(1923)s "A Statistical Thaory of Depraciatiom,

Basad on Unit Cost," The Journal of the American Statiatical

Association, 18, No.144, 1010=23.



