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Abgtrmet

In this paper we study continuity properties of bargaining

golutions which are defined with respect to a criterion
function. Sufficient corditions are obtained for the
solutions to be continuous amdl the exercise is carried out

in a fairly gereml framework.
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4, Introduction 1~ In this peper, we will study the contimuity properiies of
solutions to bargaining problems, as defined by Mash (1950), which are obtained
on the basis of some given critexia, Ve res{rict our attention to two-person

bargaining problems, Formelly, e (two-person) barpaining game S is 2 proper

subset of the non-negztive orthant (TRE ) satisfying 3
(1) S is compact and corvex,
(2) 0 (= (o, o) )ES anﬁ.x?o forsomexGS;

(5) S is comprehensive, i.e, for all xe'S amd y¢ [Kf s if ¥y < %, theny gS' .

Let B demote the family of all bargaining games. When interpreting an S € B ’
#he must think of the followirg game situation, Two players (bargainévs) may
cooperate anl agree on 2 feasible outcome x in S , giving utility x 5 to player

i =1, 2, or they may fail to cooperzte, in which case the game ends in the
disagreement outcome O, So far any S € B, the disagreement outcome is fixed at
0. To facilitate arrivirg at a concensus, we zssume the existence of an

fmpartial arbitrator, Thus S consists of all the compromises that an arbitrator

deciding the case may choose,

Compactness of is vequired for mathematical comvenience am:intuit ively
plausible in most barxgaining situations; cpnvexity stems from allowing lotteries
in an urderlying bargeining situation. Thg requirement x > o for some x

serves to give each player an incentive to cooperates Not all of the restrictions
in (1) - (3) are necessary for 21l of our results, but assuming them simplifies

matters and, moreover, none oi" them goes sgainst intulition,

Followirg Keneko {1980) a (two-person) bargaining solutivh is a set valued

map F 3 B-»lki assigning to each S € B a set of outcomes F (§)eS and such

that Axiom O holds 13

Axiom 0 ¢ P {$) dere~"5 only on {the shape of\’\l( .
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Aniom O states explicitly that F does not depend on an urderlying bargaining
situation (l.e., a set of lotteries and 2 pair of-ﬁtility functions mappinz
these into the plane), By most authors, this is implicitly assumed or
taken for granted (however, ef, Shapley (1969), Lahiri (1989) ).

| e (possibly) fictions arbitrator that we have assumed, is supposed to be

: equipped with a criterion function, Using this criterion function the

| arbitrator can order atternative compromises that is available in the game

under consideration. A griterfion function is a real velued map R ¢ B

b1
R:Bx TR,2—.—>[R 7, satisfying the condition 1

‘VSGB ¥ x.?eﬁ(f- xyy= R (IS’X)> R (s, y).

The intuitive interpretation of a créterion function R is the following
given a game S € B and outdomes Xy Y€ [R2 ’ h (S» x)2 R (S, y) implies
that the arbltrator considers the outcome x to be atleast as good as the
outcome y, under the prevailing game situation, R (S, x)> R(S, y) has the
interpretation that x is preferred to y by the arbitrator given the geme S .,
R itself defires for the particular game situation unler consideretion
the preferences of the arbitrator over altermative compromises, A hemfristic
aml elegant discussion of bargaining solutions defined with respect to a
criterion function is available in Wittman (1975),
et S¢ B, We say that

1) x € S is an urenimity (ideak efficient, or ideal maxima dpoint of S
1fx> yforevery ye S '

~ The set d&f mhaniminity points of S 4s demoted by I Max$ *

2) x GS is an efficient (or Pareto-bytimil, or nondominated) poimt of S

ify2 xforsmeyeS , thenx) y;
~
The set of efficient points of S'ia denpted byk!axs 3
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3} x is a yeally Bfficient (or weakly Paretd - optimal, or weakly

popdominated ) point ofs if there does not exist ye S with YD X
The set of weakly efficient points of S is denoted by W Max S .

let F B-HW&, be & bargalning soluémn. We say that F is nhanimously

gentrated by a criterion funciion R if F (s):= SL xeS /R(S,x)> R(S,¥)v y € S}

€ IMaxS , whenever I Max$ #¢ . We say that F is gentxated by the

eriterion function R if F(S) = %xesi"\' / R(S,X)IR(S,y)¥ y e s}s Maxg,-vSeB
We say that F is weakly generuted by the criterion fumtion R 4f P(8)a{x

-irnifF(S}:{ xeS /R (Sy,x)2 RBR(S, y)¥ y:S}S W Max S

The meaning of the concepts defined above is quite obviours. Thus we are
assuming that the solution to each game i1s obtained by the a:rjbi.tra.tor, after

he solves an optimization probleni,

3, Exemples of Solutions generated by a criterion functdon z-

(A) Msh's Bargaining Solution (ef, Mash [1959] ) + ¥ Se¢s,

R x)exyx, ¥ x=(px)e RE.

(B) Ealed Smorodinsky's Bargaining Solution (ef, Kalai-Smorodinsky [1975] )s

¥ Se 3, 1etMi (S) = sup f:ie[R/J x-(x4, 12)20, xes} for i =1, 2,

{* 2 2
Let R(S, x) = mm“%s), %, (5) ¥ Se Band¥ xeR°, x = (x,, 12).
In both (A) amd (B), R generates F,
(c) The get-valued egalitarian selution’

Let R (S, x) = min {x1. x é}fSeBaxﬁh#x e‘ﬁj_x- (11, 22’.

In (C) R generates F weakly,
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() The Yu p-solution (ef, Yo [1973] ) s For f:e (1,»), Let
R (S, x)= -{[(:1- K ,(s) ) . - %, (S))° and for p moo, let

R(Syx)= = mi]x1-u1 (S)l,l:a-l(z(s)l},Here once egain, R Is
defined ¥ S € B amd ¥ x = (x,, x,)e Rf

In (D) R generates F

4e Sot - Valued Maps 1=

In this section we recapitalate some preliminary concepts on set-vzlued

maps Which will be required in the sequel,

Suvpose that E,I and Ea are two real topological vector spaces, Let C{ b2 a
set valued map from 31 to ,32- which means that G(x) is a set in E2 for each
x € E,. The foliowing motation will be used for set - valued maps @

domc-{xe E1/G(:t) ,HP_}
Grat G = i(x, y)e Eff,/y €e¢ (x)y x e dom G}.

Definition 1 1 let X be a subset of dom G, We say that

1) ¢ is: upper seml - continvous at x, € X if for ezch neighbourhood V of
¢ (x,) InE,, there ic a neighbourhood U of x, in E, such tnat

¢(x)G V, forall x¢ Un dom G

2) G 1s lower semi - contiuous at x ¢ X if for axy ye © (xo), any neighboarhoe

Yof ¢ in 32' there 1s 2 neighbourhood U of x, in E, sucu tuat

1
¢ (x)~nV4 P , foreachxe Un dom G,

3) G is continuous at x, if 1t 1s upper ani lower semi - contimous st that
point; and G is upper (Resp., lower;ee.s) semi -~ continuous on X &f 1t is vpper

(resp., loweTyeees) semi = continuous at every polint of X

4) G 1a cloped it zrof 6 is closeds
o ’
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5) Whenever "N* denotes some property of Bets in E,, we say that G 18

"N" - velued on X if G(x) has the property "W, for every x e X.

Good somrces ox information on set valued maps are Aubin and Ekeland (1984) or

Berge (1962)s Ve develop here only what we require in the sequel.

Theorem 1 3 Assume tnat X is a compact set in E; end G is an "N" - vzlued, upper
semi - continuous mzp rrom E, to E, with X £ dom G, where "N" may be closed,

bounded or compacte Then G (X) bes the property "N in E,

Proof = First let "N" de closea and let {a.dxn(e I} be a-met from G (X)
with lim a, = a, We nave to prove that there is some x ¢ X such that
a € ‘ (X).

I,etxdg X, a'«é G(xd ). Uema.ya.ssumethatlimxd =x¢ X,

ror eny neighbourhood V of G(x) in E,, there is some Fe I suck that
¢ (x, )¢ v,rorallo()_% .
In particular,

a € Vv, for all & 2?

A
Since V 1s arbitrary and G 1s closed valued, we conclude toat a € c(x).
Now, let "1™ be bounded anl let V be an acbitrery neignbourhood of zero in E2.
¥We have to show thet there is some t % o such that

¢cX)c t v,
To this end, for every x ¢ X, consider the set

Ux)=fyexf c0)c oG4V
Waicn is open in X due to the upper semi ~ comtimity of G, By toe compactness
of X, there are a finite number of points irom X, say Xysreencees Xy sach

that {H (xi'o 1 - 1..0.-00’ n} covers | X. Thnﬂ,

e(x) c i G(x’_):!.-‘l, .....2‘1}4-::7.
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Remember that G is  bounded - valued, which means that there are sume

t; 2 © BO that
Glx,) c ¢, V.

Toke t = 0 4 t, + sessveet t to get the inclusion c(X)c t V.

F?m:ther,let " H "™ be compact and suppose that % v deI} where V, are
open is a cover of G (x). We have to draw a finite subcover from that wover.
For x € X, denote by I(x) a fintte injex set from I whish exists by the
compactness of G(x) such that ﬁ.v‘ 1ol I (z)} oovers G(x). Again the set

U(x)= {ye X & c(y)c U{v“: o € I(x)}}.
is open and we can obtain a finite cover of X, eay {U(x;) TR SN PO n}. Fhen the
family slv“' *dc I(z,') [ T I(xn)l forms a finite suboover of G(X)

Definition 2 3 (Pemot (1984) 3 «= C 18 said to be compact at x ¢ dom G if any mot
{(x S A ) from graf G possesses a domvergent submet with the limit belonging to

graf G as soon as {:g,} convexges 1o X
Whenever this is tyuie for each x € X ¢ dom G, we say that G 1s compact on the set X,

Definition 3 t- Set now E, and Ez be metric spaces and let G be compact valued on
Eye ¥e say that ¢ is Lipsenitz at x¢ dom G 4f there 15 a neighbourtood U of x in
B, and a positive nuzber r, called a Yipsenitz constant, such that

h(c(x) oly) ¢ r & (x,y), foreach ye U, |
where 4 (o 5 % ) 1s the metric in E,, and b (., .) is the Hansdoxff distance

between two compack sets in 32.

Proposition 1 3~ If G 1s Lipsehitz at x € dom G, then it is compact anl continuwous

at that point,

Proof = The continuity of the map at x is obvious, We prove that the map is

rent P ey § 3;()} be & ot fx¢m gref 6 with {x,}ecmversing to
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x € dom G, Consider the net d (yq s G(x)) of real numbers. Since G is
{ipschitz at the point x,
1im d(;:‘ s G(x)) =0,
By the compactness of G(x), there is a met {g‘} from G(x) such that
iy, » 6 =0, » 3, )
and this net may be assumed to comverge to some % e ¢(x). We have then,
a5, + P S Ay o } )+d% ' %)
and { ydE converges to 5. completing the proof,.
Yow suppose that E3 i a real topological vector space, H 18 a set - valu__

gayp from E2 to 85. The composition HeG is the map from E, to B, defined

1 2
‘&8 follows

(0 6) x) = U {H(y) tye G(z)} .

Proposition 2 $=- Suppose that the map G is compact at X € E1 and H is compact

on G(x)e Themp B oG 1is compadt at x.
Proof ¢ Immediate from the definition,

5) Continuity of Solutions' 1~

Let T be a topdlogical space. Let us be glven the following map 3
8 3 T9>3,
Where for each t ¢ T, S(t) 1is a bargaining game,
Given a eriterion function R ¢ B fo—»I'R s this map determines the
following solution 2

PG50z { ze 58) /2 (5(2), 12 R(S(), 1) ¥ ye 5(6))
{
With the above motation we obtain the following theorem 3

Theorem 2 1~ The sot valued mp R(S(.), S{( )) s 2> R 15
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1) Closed if
1) m (8(-), * ) 45 contimwus
11) 8 is compact, closed

2) Upper semi oontinuous if
341) R (8 (), ) 1s comtinuous,

iv) S 1s upper seml - contimous;

3) Ilower semi-continunous if

v) R (s (), + ) is continuous,

tv) S 1s lower semi - contimuous; VINRAS EARANHA! LIERARY
) AMIAN INSTITUTE OF MANAGEMBR®
STHARKR, AHMEDARAD-IE00S

4) Compact valued if
vii) B (s{t),-) smf—y R is upper semi - continuous, for every
fixed t T,

viil) S is compact walued.

Here R (8 )y + ) 3 Tx IKE-» R 4sa paramet'zlzed eriterion function,

Proof s~ For the first statement, let il( t, s X )} be a net from the greph
of B (S (+)» § (+) ) comverging to (t,, ¥ )s some t € T. We have to show that
y, € R (S(to), S(to)); i.e. there exists x_ ¢ S(to) such that y = B(S(to), xo).
Let y, =R (5(t)s x, ) where x € 8 (%), By conition (&), it
[+]
y, =B (8t ))s x ) '
Pon the second statement, let V be a nelghbourhood of R(S(¥ ); S(t;)) tn K .

can be assumed that {x‘} cornverges to some X_ € O (to). Since R is continnous,

Ye have to rind e meighbourhood W of t, in T such that
R (S{t)y S(t)) S V, for all te W,

In view of (1i1), for sachx € S(%), therelnetetbourhoods A(x) of t, in



T, €(x) of x in fﬁf such that
(Jr(s(the(x)eg v.
tea (x)
31;103 s(to) 1s compact, one can find a yumber of points, eay X,yesess x, In
3('*50) such that {C(X'I)"'"' C (xn)} is an open cover of it, Denote by C the
un"ion of C(x1},.....f C(xn). It ia an oren neighbourtivod of S(to) in ﬂ?_f . By
the upper semi continuity of § (), there is a neSghbourhood A of t InT =
such that

s{a) ¢ ¢

Take now, || = A A4 (11) A oeseseend (xn),
RGE{),sE)ec v, forall te i,

Further, for 3), let V be a nelghbvourhood in I} * with
VAR (S(,),5(t ))¢d ., 1. e
k(5 (to)’ X, e Vv, for some X, € S (to)

By comdition ( V ), there are neighbourhoods A of % inT, and € of x_

in mi such that

R(3(t); x) e ¥, for all ¢ € 4 s XeC_.

Since § {(-) is lower semi continuous, for the given Co there is a

reigtibourtiood 4 of £ in T such that

¢, ~ 3(t)#¢ , forall t € &,

Take u,zinﬁo and obtain
v .-. R (S (t), S(t))# 9 forallte W,

l.ec R(S(),S () ) 15 lower semi ~ continuous,

The last statement ig trivial.
We are now in a position to state and yrove an importanmt theorem of this pa

Theorem 5 8~ Let F 2 B-H!lﬁ be a bargaining solution defined with respect t
criterion function R 3 BxTRf-,!R y l.ee ¥ S € B,

F(S) ={xeS/K(S »X)2 B (S, y)¥ ye S}
Then, the map P (8 {*)) 'r-nli is
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1) closed £ R (S (-)y S () ) 15 closed anl lower semi contimous
\
2) Upper semi contimuous #f R S (), S (+) ) 45 continuous amd (hence)

compact valued.

Proof 1~ For the first statement, let’ {(t‘ ) Y, )} be a net from the graph
of F(S()), converging t9 (t;. yo), t < T.l- ¥e have to prove
v, ¢ F(S (t)) Jx.¢
Trdeed by the closedness of R{S(+),S (+))y; n(s(t?o). s(toj. such that
x, =R (S (¢, F (S (8))) 1 yof F( s (£,)) there i some Ze¢ B(S(t ), s(t,))
such that %5 X, Since B(S (- )s» S (+)) 15 lower semi continuous,for '
e R ( s(t)s 8 (t)), here 1s a net {i} » JeR (s (¢,), s (t,)) such that
1t § = %

Tt follows fr om this limit, that for o large z> R(S (%) g )
cortradictirg the fact that y ¢ F (s ()

For the secord statement, suppose to the contrary that there is a
neighbourhood ¥ of F (S (t_)) mrkf and e net {( & ;;)} from the graph
of F ( 5 () such that

nt = t e T ;”I Ve

Owing to the fact that B { S (+)s 8 (+)) is compact valued we may assume that

e el |
(§{t}y)converges to some R (s (to), yo) = ?ro , vhere {yd} converges to y» It 1s
easy to verify that R (S (-), 8 (-) ) 45 closed, hence so 13 ¥ (s () ) by the

first statement, Consequently we arrive at .the contradiction
y,¢ F (s(¢))e V.

Combining theorems 2 ard 3, we obtain the main theorem of our paper,
Theorem 4 ¢~ Let F 3 B—»mi be a bargaining solution defined with respect
to a criterion function R 3 Bx I'Rf—,"R 1, e.¥yS¢ 3,

*(8)= i:e /JR2(Sex)2R (S, 7% )% yeS}.

Then, the map P (S(-) ) 2 ?-»Rf is
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1) closed ir
(1) B(SC):) s szf"’m is continuous

(11) S s > B is lower semicontinuous, compact, closed

2)  upper semi~contimous if
(12¢1) R (5(-), . ) aTunE_nR is contimous

{(iv) s 1 T+R is contimoss

Proof 3~ Follows imediately by combining theorems 2 and 3,

2
"The conventional theory of bargaining treats F 3 B> TR+ as a point valued

. ‘ 2
function (see for instance Kalai (1986)). In such cases we write F 1 B IR+
anl have the following significant restatement of the above theorem,

- 2
Theoren 5 3= Jet f‘ t B>, be a bargaining solution defined with respect t0 a
eriterion function R s B x &2_, R i.,e. ¥ Se¢e B,
F(S)na.rgmax K (S,x).

xeS

2
Then,the map P(S(-) ) @ T+|R+ is continuous if R ( S(-),» ) a7 x R
+
is continuous and $3 T B is continuous,

Proof 3 Follows immediately from Theorem 4.

6) Conclusion 3= The comtinuity properties amalysed above are fairly generel.

some comection with related literatore deserve mentionirg.

.‘. X ) -
In Forgo [1981] sgame theoretical treatment of milticriteria decision mking

problems have been amlysed using a framework which ouf -
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paper generalizes. Our analysis would be valid in that

framework too.

Continuity propertiss similar to the ones we have
established areandcessary first step to more substantive
analysis. Now we can rightly pose the guestion: By how muéh
does the solution set to a bargaining problem change if

the game 1ls perturbed slightly ? We have merely shown that
small perturbations yield small changes. DBut a measure of
this chenge would be desirsble and hence a pessible ground

for further research.

A possible aspplication of the results discussed above arisss
in problems of fair division of a fixed supply of resources
amongst two pleyers. By varying the resources continucusly,
we could trace out a path of allocaticons between two agents.
The conseguence of such a procedure is now obvicus in light

of the above results,
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