T. R. NO.94

Technical
Report

Wp 1915 /321

ll( ?k‘ =

FaRBRdoniemn

AHMEDABAD

INDIAN INSTITUTE OF MANAGEMENT
AHMEDABAD




INTFRACTIVE EVALUATION AND BOUND
PROCEDURE FOK SELECTING MULTI-
ATTRIBUTED ALTERNAT IVES

by
Rakesh K Sarin

T. R, No. 94
Nov, 1975

Indian Institute of Managerment
Ahmedabad



To

Chairnen (Research)
ITMa

Technical Report 2. /.
Ak PB’L.M&".\_

Title of the repert L+ “*O‘/f"dk;"‘ﬁ : &—N .E‘ ﬁm » J\auj&i. ak.kmc;{‘)ws

@52 8 60 0a 008 R0V sOscsP LA aRUOLOINOELOGabessaaades s

Nare of the Author ..... o DAREN. ... s

& Nt %
Under which area do you like to be classified? .. P .7?4{ Xz, .&..“:‘a‘f’%t'. Me the ‘L:)

ABSTRACT (within 250 words)

e ek d v oo fond e

v o iR, Bralnakion. sad. bownd . precedure. je.developed . wideh. ... v ven et
offers substential improvemmat over conventional spproache

o i..I0s. daprovemmt . is. ppasureld.in. torns.of . the. simplicity.of . ths. . .
Juignents and the mmber of judgments that are required from

... . fvom, $he, dociciu-paker. in. idemtifying .o .preferred decisicn. . . . .
alternative. in extensive experimental study is reported.

.. .. 0P, e eTinentelly. yegifiod . Tules. for . izp lenenting . ths . .. ......
procedure on an interactive camputer are discussed.

@ B 05605060803 0000045>0ssNB0a0 000008 Eye0aB000cae0cntusBOacssassBsessas
®Sq 0 0000 g st R EYTSELS @ ® 0 0 84 % 0000 B 6 0g 0 e e eg s ane e . e e B esGsE s .

.I‘O‘ﬂ.l!l.‘....'II.-..'.ll‘0..0.!.!..0’..5.'..lb'.l.l... AN AN NN N LN N

B OB OODLOAOALCHOBG o o0 EEEERER ) o P8 68 s vaessr2P s 8 8 ar s @800 20 B0 °
@gapsectsscnann @ess s ecngdenrcrsvacn AR P N R R I A S A I easrseeseee
L X BN Y LR I I L R N N N A I L NN SN AP S A S SR S WP ST AP B 6 e e asg e aa e

LA B R I I S N R
Saccirvvcastoertatrssetratecaninasanses

Please indicate restricticns if any that the author wishes tc place
upon this ncte

L)

...... PPATON LN Signeture” of tHe Author



ABSTRACT

An evaluation and bound procedure 1is developed which
offers substantial improvement over comwentional approach. The
improvement 1s measured in terms of the simplicity of the
judgrents and the number of judgments that are required from
the decision-makér in identifying a preferred decision alter-
native. An extensive experimental study is reported, Some

experimentally verified rules for implementing the procedure

on an interactive computer are discussed.
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In this éaper an interactive procedure for the evaluation
of mglti*attributed cilt-rnativss is developed. The procedure is
interactive in the sense that it progresses by secking certsain
informtion fromﬂthe decisionnaker, The contribtution of.the
evaluction and bound procedure is in reducing the information
burden on the decisfiommaker, and thus pfoviding‘practicgl
assistance tc him, The reduction in information hurdén is
measurcd in ﬁerms of the simplicity of judgments and the number
of judgments that are required from the decisioﬁ;mak;f in identify=-
ing a preferred alternative. Dyer, Lientz and Sarin [5) discuss
an application of ;he proposed evaluation and bound procedure in
the comntext of Criminal Justice Project Walustion. In section 1,
we define the multi-attributed decision problem; A couQent;onal
apporach (see Raiffa £123) is briefly described in secticn 2,
The evaluation and bound procecdure is described in section 3 and
an example is given., In section 4, an extensive experimental
study is reported. 1In these experiﬁents the evaluation and
brund procedure ::ls aphrlied to randc;:mly generated simulated
decision situations, Some experimentally verified rules f&r
implementing the procedure on an interactive computer are also
discussed, In section 5, concluding remarks are méde and some

extensions are suggested,



1, Problem Statement

We define S as the finite set of N decision alternatives,

hereafter termed only alterpatives. The performance of each

altcrnative in S is peasured oh n attributes (eriteria or
objectivés). The outcomes or 2y offs of the mul€f-attributed
alternatives are represented by the elepents in 2n n~dimensinnel
outccre space X, The set of values or scores that an alternative
. may possibly cbtain on the 1“‘ atctribute is denoted as Xi.
’Ifberéfore, the outcome space X is the cartesian product of the !
X denoted X, x Eyp eco p X Xn' X 1s an element of X denoted
by x = (x,, Xy see s xn), where xiéix:l for 1 =1, .., , nis
8 possible score on the 1th attribute, We shall denote x! b >
if the decision=maker cither prefers x1 to x2 or is indifferent
between xl and x2. Our interest is in assess ing the utility
function over X dencted ‘L.l(xA) » The utility function is assessed
to facilitate the comparison among mriri-attributed altermatives,

2

Suppose, U(x) has been specified and x1 and x° are the outcomes

of the alternatives 1 and 2 respectively. Then, by acdopting
' 1 :

the proposition of utility theory that x >, x2 if and only

if U(x ) Z U(xz), the choice between two nulti-attributed

alternatives 1s recuced to & single dimensional utility compariscn

(See Detrue {37} for conditions which guarcntee this propositfon).



A mjor portion of the work in the litercture has concentrated
on the estipmation of additive utility funeticns, Sowe real
life anplications of adritive utility functinns are discussed
in[lj ,CZ] , 4y, (61, anc [14] o A utility
functicn is said to be jgdditive vﬁleﬁ there ex’l,st fum!:ir\m

U @ =@ ..., n) such that the fcllowing holdss

(1,1) U(x) = Ul(xl) + Uz(xz) + seee "'Un(xn)

¢ i

is c.ailed a- nunerical utility fui\ction

i
for the 1th attribute, For the utility functicn toc be additive

for all x in X, where U

certain assuwptions about the decision-maker's preferences .over‘
X must be satisfied,

In uncertain choice 's'ituations‘, the criterion
"exjected utility" has been derived as & guicde to acticn under
Von Neumann and Morgenstern's [153 conditicns or an equi-
valent set of axioms., In the context of expected utility the~ry,
Fishburn ¢( €7} . tg-j ) has derived nccecessary and sufficient
canditions for a utility function to be additive, Simply stated,
Fishburn's condition (commonly known as _I:he "mirginality assumption')
ig that the desirability of any lettery cover X should only depend

on the marginal probability distributicns over the X, and not on

i

the jrint prcbability distributicn. Several tests are cCiscussed



in ( 1;7'! » “8:} ) to velidate the m.rginality assumptinn,
In thie paper, we éons:lder the identification of a
preferred alternative in the context of the expected additive
utility rocel, However,'-the pracedure c'avelcpéd here is also’
aspliceble to mltiplicative model as in Keemey {10! (sec

Sarin r__13?! ). Speeifically, the nr-blenm can be stcted as

follows:
Choose . k€S such that E (U (§_k)) ?_2 E U (§Q ) ) for all Q.ES
where, A ‘
k o 2k
(E §=1 =1 3 Ui (xij )]

for all k€S and §k= =, a_z_‘z‘ » see 5: )
is a risky alternative which has outccme x_l; ( an m~vector ') when

the random event E, occurs with & proba'bility p?. xij is the

]
th th
score of the alternative k on the 1 attribute when the }j
: th k- k) o
event occurs, the 1 component of the vector 5_1' Eulg :
is the expected utility of the altermative k, .-md U1 is the

single dimensional utility function for the 1!;.11 aettribute,



2, A Ccaventicnpl Approuch

4 preferrod alternative can be identified 4f the probability
dictrilution over the ~utcomes _:gl; anc the additive utility function
sn the attributes can be specified: e assume that the srobability
distributions fo:i- the gﬁtcomes of each al}:;xj?etivg are kpown.
Raiffa- (12) hos desceribed an 2 proach for specifying an
additive utility functicrn, Below, we describe this a»nproach,

In (1.1) the additive utility function was represented as

n
U = I U &) for all
i=1

An zlternative represent .tion of the additive utility function is

n
(2,1) Ux) = T Wy fi‘xi) for all x€X
where,
e
(2.2} UGe,) = 0, Ux) = 1,
( ‘ - *
2.3) fi(xi*)" 0, fi(xi) = 1’
n
(204) 151 Wi = 1' _,"’i i 05

and where £ (xi) is the conditional utility functionm for

attribute i scaled according te (2.3), and vy is the scaling



factor (importance weight) for attribute 4., (2.2) and (2.3)

usc the following notations:

* k
Xy 0> X4, kes

k

Xy Ego kes

* * *

X 2 (xl,xz,...,xn)

2 & s ees ).
X 1, xzk * xn.k

To obtain v, the decision=maker is asked to mke certain

indif ference judgments between a sure reward and a lottery;

e,8, determine n°  such that a decision-meker is indifferent

*

between a sure reward (xl* s ses » xi-l* s Xy x:l+1*’ ere xn*)

%
and a \lottery in which x has w’ probability and x, has

* ’
(1= ") probability of occurrence, denoted (x » X3 T ),

4
Thenw, = T "o

Simé larly, to obtain the f-i's the following indiffercnce
judgment between a sure reward anc a2 lottery is sought:
Determine T such thzt the decision-m;'.ker is indifferent
k )

between a sure reward (xl* s wes o xi-l*' x5, xi+]*. cee xn*



* R,
and 2 lottery ( (x= , xi), X,y T)

1,

x ).

wmrex- *.,-.... ’xi-l*.xi+1*’ .n.‘? n*

i -~ "

Then, £, &) = n” . 1t shaeld te moted thut tie velues

i i
of zl1 attributes ‘bt‘@?"tbdﬁltﬁ’ ith a

tirfbute can be fixed
at any level, anc not necessarily at the worst level, By
secking indifference judagments for different xi‘s the crmplete
functinrn f1 can be specified,

The utility function comstructes above can now be used

for protabilistic combinations to compute the expect.d utility

for each altarnative,

3. Evaluation and Bound Procedure

In this section we shall cdevelop an evaluaticn and bound
procedure for selectin: a multi-attributed alternative, First,
the evaluiti~n and bound procedure is deseribed and an exaﬁple
is given., Tn simplify the exposition only a single event is
comsidered, Next, some gener~lization of the evaluation and
bound procedure are discussaed, Finally, iﬁ is shown that the
sroposed orocedure is equally applicable £or multinle event

situations,



3,1 Evaluaticn and Bound Procadure

The motivation for developing the evaluatirn and bound
px-:'ocedure was Provic‘.ed by the cbservation that in the conven
tional a-proach, such as cdescribed in sectirn 2, the information
burden on the decision-maker is ccnsia,‘;cra’\‘tle. The decision-
naker has t-> nrovide & lerge nuober < f indiffercnce jucdgpents,
Such judgments place eonsiderable cognitive burden cn the
decision~maker., The number of such judgments is approximctely
on the order of n+n(N-2), where n judgments arc needed to
estimate wi's, and n(N=2) judgments are needed to estimate

£ (x}'()fork=1tnN,i=1tr}n.

i
The 1dea of the evaluatirn and brund precedure is to
simplify the type of judgments as well as to reduce the
nupber of judgments required from the decision-maker,
Specifically, the procecdure requires only range for the
orecbabilities thut determine the wy and f1 (xi). For exanglalef
to determine vy the decision-maker is 'asked whether he preferé

*
a sure reward (_xl*, cee s Xyl s Xy, xi+1*, ees 3 X_) OT &
*

n,
* .
lottery (x , x, s’ ). Suppose the (ceision~maker prefers
the sure reward. Now, ¢ similar question is asked in which

d i /4 '
the chanee of getting x  in the lottery isn” , 7 > n’.



Su oSS now

‘n’ﬁ

for the evaluation and bound orocedurs,

w

i

the deeisicn-rcker prefers the lottery, Then,
< ﬁ” , and this informiti~n my te sufficient

The indifference

judzrments needed in the comwentionmal aphrecach my requirce

o szries of successively pore difficult pailrwise judgments

like these.

In the svaluation and brund -rocedure, lower and upper

brunds ~n the utilities nf alternatives are estallishad, These

bounds on the utilities of alternatives are obtzined fron the

weighted sums of -lower an¢ upper bounds on the utilitics of

scores on the varicus critoria,

Lower bound con the

alternative,
Upper baund on the

alternative,

Lower bound on the

alternative!s seore on the

critarion,

of the kth

of the kTP

of the kth

th

th

Upper brund rn the utility of the k

alternativels score on the

criterion.

1th



Then,
n
(3.1) e £ow. £ &9,
= i =1 i
1=1
n —
(3.2) = 3w, E G5,
i=1
k k =, k kK -
where, £, () < £, &) < f,). & eon2 B ara

comuted for all alternatives k = 1 to N,
Given the bounds the procecdure tests whether a certatin

alternative can te ruled.out, 1If
£
(3.3) B¢ B, thn Tk

Simply statéd, the test determines whether the lower bound of
an slternative & 1s greater than the unper beund of any
altamafive k., If sc, the altermative e i preferred to
the alternative k, and the alternative k can be drop-péd from
consicderation,

In order to wbtein -ﬁk and gk » we need to estimate
Wy _ﬁi(x}_c) s, and Ei (x};). w, 1s estimated as illustratod in
section 2, Latern, in section 3.2 we shall cderonstrate
that exact estimtes of wi‘s are not required, T.n estimate

£ (x:) and Ei (xl;), proceed as follows:
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Initially, "

*

‘

J1, k
;i(xi)

L]
ek
[y
[
x Yy

]
L

(¥4
-

(3.4 = 0 otherwise,

E&@hh b if x? = X
o &*

= 1 stherwise,

-
That is, if a score is the best score on a given ecriterion,
than the lower bound nn its utfility is lj ctherwise, it is O,
Sinilarly, if o ccore is the worst scorc on o ziven criterion,
than the uwer beund on its utility is O; otherwise, it is 1,

Having oltainecd f -(xk) and £ (xk) we can cogpute Bk

g o SRy anc L {7 e id e B

and Ek using (3.1) and (3.2) respectively. The test (3.3) can
then be used tn deterrine whether cirtain altermatives are ruled
out,

The bounds ars next rovised by evaluating the utility
of a score:

£, 65 (ew) = £ &9 = F, &) (new). The process is

=1 i1 1740 b
repeatzd until a preferrcd altermative is identified or all
scores huve been evaluated,

The stens of the procccdure are described telow.
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Step = 1 Initinlizaticn

In the first step, the w's cre estimated and x, anc
*
*

Xy are identified,

Step = 2 Bounding

Ek anc‘.Ek are ecmutad using (3,1) and 3,2) resgectively.,
k - k
Initially the _f_i (xi) and fi (xi) values needed in the computatir

are cohtained from (3.4),

Step = 3 Testing
The test in (3,3) is used to rule out certain alternatives,

It i5 determined whether the procedure should be continued or

terninated,

Step - 4 Selection

/7

4 score is sczlected for evaluation by the decisionmaker.

Sore rules for selectins o score are discussed In section &4,

Step = 5 Evaluation

The sulected score in step~4 is evaluatd by the decision=
maker and new bounds are computed in step-2,
We Qill now dermonstrate the evaluation and bound proeedure

in the context of a ~eapon system decision problem (Tatle 3.1),



Heapof System Deecision Problem

LEtributes Bysten X - System Y System 2
_ - fhlter- T Glteres Glter=
) i b Watgye 1) “putive 2)  native 3)
;.1;:3‘:‘!?‘}“ . - ' N ,-A .

1, fange (000 miles) 10 . 8 5

2. DItvery time (hr.) 5 S5 S |

3. Total Tielad (M) 100 50 80

4, Accuracy (High=Low) Average Low High

5. Vulnerabd lity ~Average - High Low
(Eigh-Low) ’

6, Payloacd delivery Hizh Low Average
flaxibility -

{Hin=-low)

Reforarcet Rand Corporation Memo. RM-ABE-AREA, December 1968
(MacCrimmon, K.R.)

" The performance of each of the three available weapon systems
is mecsured on six attributes. The onerformnce or score

k A . R
(xg) of each of the weapen systems on these attributes is
known anc is siven in Table 3.1, Fcr example, weanon systen
X hns 10,000 miles rannze and averase cceuracy. The evsluation
and bound nrocedure can be used only 1f attributes are valuewlse

indepoendent, that is, Fishburn's mirginality assunpticns are
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satisficd, 1In this example we assume value~wise independence
apcn; the attributes,
tie shall now apply the evaluaticn ané Wund precedure

tc i entify a preferred w.ancn system,

: k - .k '
v - L] -, ¢ 9 =
Step = 1 The wy's and -f-i(xi) ancd fi(xi) for 1 =1 to 6
and k = 1 te 3 are shown in Table 3,2,
k -k
Sten = 2 3 and B are shown in Table 3,2.

Sten = 2 It can be Been from Table 3,2 that the lower bcund
on the utility of System X (1_31) is greater than

the upper bcund on the utility of System Y (?), and

henece System Y can be drooped from further consideration,

Sten = 4 Average payload delivery flexibility is selected
for evaluatirn, This selection is crbitrary in

this example,

Sten.= 5 Suppose fg (average ) = .5 is determined by
secking judgments from the decision=mker,

Step = 2 The revisced Qk and -ﬁkare shown in Table 3.3,
The circled nurbers show the new bounds obtained

from step = 5,

Step = 3 It is noted that neither System X or System Z

can be ruled cut,
Step = 4 Average w)ulnerability is selected for evaluatin,

Sten = 5 £5(average) =.6.

—————



“Initial Iteration cf the Svaluaticon and Dound

15

Talle 3.2

rrocedure

wi~ Lttri- System X Svstem Y System Z
wtes Lower Upper Lower Upper Lower  Upper
Brund BLound Sound DBound Dbund  Brund
i £ " fi £ f { £ i E i
2 1 1 1 0 1 0 0
o1 2 0 0 1 1 s 1
A 3 1 1 e} C (v} 1
.1 4 o ° 1, o .. © 1 1
2 5 L0 . 1.7 o 10 1 1
3 6 1 1 0 :0 o 1
s _B_l ‘;1 §2 = 23 33
.6 .9 .1 .3 .3

Evalu..te f6(avg.)

‘ Sﬁtem Y is ruled aut,
S (say).

§6(new) = 5§ = Es(new)

Table 3.3 )
Piret Iteration of the Bvaluation anc Bound Procedure
Wy Attributes Sz'stemfjt ' Systen 2
Lower Upper Lower Upner
Bound Scund Bound Bound
i £ £ £ £
22 1 1 1 0 o
.1 2 ¢ (¢) ¢ 1
W1 3 1 1 G 1
.1 4 c 1 1 1
o2 5 0 1 1 1
.3 6 1 1 (.5 5%
2‘1 'ﬁl '1—3-3 ‘%3
N .9 W45 .65
Inconclusive,

Evaluate fg {wg,) = .6

(say) .
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Step = 2 The revis.c l}k and -I-‘:k are shown in Takble 3,4.

sten = 3 It con b2 ¢ ncluded that System X is the
preferrcd alternative, as the lower bound cn
the utility of System X (,72) is hisher than
the upper brund cn the utility of Systum Z
(.653,

Table 3,4
Sceond Iteraticon of the Avaluation and Bound Procedure

wg Attributes System X , System 2Z
i Lower " Unper Lower Upper
—_— Bound Bound Bound Dound
1 & £ 5 £
o2 1 1 1 a} s}
.1l 2 0 O (] 1
.1 3 1 1 0 1
o1 4 o) 1 1 1
2 5 &es {6} 1 1.
.3 6 1 1 5 o5
,7-_‘*1 El' :‘:{3 733
.72 .82 45 +65

Systen X is preferred,



It shrulcd be

utilities of.

For exarple,

1ies between
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emphesized that the exsct deternination of the
sccres in stap~5 is not required in our . preach,

in Tablz 2.4, suopose we only tnew that f5 (average)

S5 and .8, instaad of being exaetly estimtec as

1

.5, and -f-; = 8, The 5" anc T will now be

.J7-and 86 (Tabtle 3.5). And, again it exn be

conclpded thut System X is oreferred,

_ Table 3,5
3ccond Iteration of the Bvalu:tion and Lound 2rccedure
~(xavised)
vy Attributes System X Systen 2
: Lower  Unoer Lowzr - Upper
— fnund = Tound Bound Teund
i ii fi -’-E-:l £ 1
W2 1 1 1 0 0
.1 2 - 0 0 ‘ 0 1
.1 3 1 1 G 1
1 4 . © 1 1 1
.2 5 O € B 1 1
o3 6 1 1 S .5
1 =1 ~3 =3
L R = O
7 .86 A5 .55

System X 1s »r.ferred,



3,2 Some Gencralizatirns of the Bvcluation and Jound Procecure

In this scetion we shall show how Bk and Ek can be

nbtoined when the exact estimstes of wi's are nrt -vailable,

Yo 2lsc shall show that tighter bounds or the utilitles of

scores can be established if cortain acruupti~ne abrut the

shone of the fi functions are satisfied,

3.2,1 Cophutaticons of Bk and F»k vith Interval Estimites on w

i

In some situctions the exact estimates of wi's my be
hord to «lLtain, In the estimstion of the wi's, sunpos2 the
/
decision-mker pjrefers the sure reward for © and the lottery for

V7 ’ | - 17
n . Then, ¥y =T and w, =T are te lower and uer

1
bounds, respectively, on the r-'ative weight for the ith ettri~
butc., The still finer judgrwents tc obtain indifference may be
difficult tn make, but an interval range for each Wy is known,

n
and we still require z w, = 1,

Tc cbtain Ek and -x‘::k in step=2 of the evaluaticn and

b-und procecure (secction 3,1), we can snlve the fcllowing

linear programses

h e e k n -
(3.5) D =Min I wy gi(xi) s.t. L w, =1, y—ii W, é v,
i=1 i=1
for all 4 = 1 to n,
(3.6 B = Ma:piz_,l wy fi(xi) s.t, 1=21 w, =1, y_ii wié Wy

for al14 =1 to n,



19

k L= ok \
Note that £ (x,) ar~ £,{,) have been obtained by cvaluuting

1 i1 =
a scorc im gtep = 5 as ‘‘escribed earlier. Thus, ot ecch

k\
itaraticn we my rodédfy the values for the constants gi (xi)
-k
and £, (xi). Fortunatzly, the above lineur srejrams can be
solved by insooction since (3,3) and (3.%5) are sirple "knapsack!
ot PPS S ST B !}
~reklems, Delow wo - deseribe the s~luticon sroceadure in steps
5% Vaz—:_‘} c oy
of an algorithnm.
1, In (3.5) and (3.6), assign the
i= 1 to n.

v, weizht to all Wy

2, . In (3.5) successively allocate taoc romaining available
n
weight (1 - I v, ) to the snallest f (xk) and then
i=1 i

k
to the next larger ;i(xi) until the¢ constraints
tecope bindinz. Neote that in the final s-lution at

least (n-1) wi's wiil take values W, or ;i’

3. In (3,6) suceessivuly allocate ﬁhe remeining aveilable
. " n ‘
weight (1 = ¥ w,) tc the larcest f (xk) ‘and then
< 1=1"-1 —_— 1 71

- k
to the next smaller fi (xi) until th. crnstraints become
Lincing.

+

It can te exsily seen that the sclutions of (3.5} and (3.6)

mey have different values for the wi's. dowever, the sape

values of wi's should ¢ »ly in the conwtations of both the



lewor and upper brunds, IDased on this ~bservati-n, = strcnver
tact t-. rule cut eortain altern:tives is as follows:

S¢.lve the linesr Hrogram

(3.7; Min g w, (f (xk) -f (xi')‘ = Z¥
* : a4 1 =i i 71
i=1
n
s.t. W gwi -<; W, for a1l 1=1 t: n, I w, = 1,
1=1
If Zx > 0, then alternative Q- can be axcluded, The
lin_xr program in (3.7) computes the miniium possible difference
between the lower and upper bounds on the utilities of the
altzrnetives k and & respectively, while satisfying the re-
quirements on the wi's.
(3.7) is still a simple "knansack" oroblem and can
be sclvecd using the orocedure cdescribed earlier., Howzver,
tc test all pairs of altermatives, N(Nel) lineir prosrams
necd to be solved as compared with only 2N linear programs

that need to be solved for computing the individual alter~

native bounds (X and T as n (3.5) and (3.6). & good

n

strategy could be tc first compute _Iék and Sk for k=1 to

N using (3.5) and (3.6) rasacctively, and then do the additional

¢ k

test in (3.7) for the pairs with seall B~ - B9, Of course
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1f this apnroach is irolerented on o tige <haring comptiter
systun, the additicncl tmrcen of sclving the ¥(-1) voersions

of (3.7) may not be significant,

o
fo

~ . :. {- k\ b l('\
o2 Computaticn of iilxi' and ffxi) under Certain
s

Assuipt -ons on the

So far, we hove mack no ussuuptions abont the shape
of the £; functions, Thus, whenever the decision-maker evaluates
a score x1; , only ;i(xl:) ancl“zi(xk) are revised. If the £,
ar. momotapde, the lower andi;u{’pé“r brunds of several other
scores x: » t # k, can be revised simltanecusly. Suppose,
for scme 1, f:l. (xi) is cither moretrnic non~increasing or
mnotonic non-decre.:_tsitlagv in x_, and the utility of a sccre xlz

i

. k, - %
is avaluated (gi(xi) are deterninced where _f_i(xl;) = fi(xi)

i1f the cdecision=maker pives an indifforence judgnent)

Thcr, the bounds for all alternatives € for which x > %y
and the altermatives t for which xl.; < xi can be revised

as feo ilows :

G.8) £ (xf> = £ &, .
for non=incrcasing £, .
Eo&s = oK '
g &) = £ i)



and
3.9 &) = g «)
for non-decreasing fi’
¢ - ok
fi(xi) = £ (xi) 5

Similarly, a r©rior knowiedge ebout the crmcavity or the
comvxity of the f; functions can b used to obtain tighter

bunds. For example, su.:pose fi is concave and ronotonic and

4 t Wk R
£, lxi) and £, (k) have been obtained, then f‘i(xi)' X, e_‘:xl; 5_

can be obtained by linear extrapolaticn between the twe values

€ t
Xy andxl.
» o - 22y, @ &b - £ alyy
k _ 4 i b § i1 i 1
£, &,) £, (x,") + -
-1 74 i 1 t ¢
(Xi-xi)

- k
1f £; is convex and momotonic then fi (xi) can bc similarly

abtained,
_ oo, w6 - aly)
k, _ e i i i 11
£, (x) = £, (x;, ) + 7 o
i i i t &
(xi - xi)

Note that we cannot obtain both the lower and the upper bounds

with these properties at the same time,
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3.3 Ivaluation and Boupd Procedure and Mulfiple Everts

The generalization of th. valuation and bound procedure
for situationis with miltiple events should be cbvious. 1In step=2
of the ‘evaluatior and bound procedure the lower and upper bounds
on the utilities of an alternztive are obteined under each of
the possible events, Thae m.% then we:lghted with the respsctive
probabilitiks“’tb ‘bbtdin Tower and upper b: "nds on the expectecx
utildtles of the alternatfves. Specifically, let Ej and B;‘
bz the lower and upper bounds reSpectix;ely of alternative k under
event j. Then, & lower bound on the expected utility of alternative
k (E(ﬁ‘)) is ; p?. Ek. timilarly, the uppc.r bound on the

=1 : ok, X
expacted utility of alternative k(:.('ﬁk)) is j ’_’-,j o« In step=3
._., T

of the cvaluation and bound procedure these bmunc‘s are used to

eliminate scme alternatives.

4, Experipental Rgsuilts

An extensive experirsntal study hacs becn undertzken to provide
empirical evidence ¢n the evaluation and bound approcch with tha
following objectives. First, it was desired to determine the
averagé ‘savings in information requircment that can be roalized
by using the Evaluation and Enumd procedure, Seennc varinus rules .
were tested for selecting a score for evaluation., The second
objective is relevant particularly for implementing the proc;adure

on an interactive computer,



L & x &4 factorial design ~f exseripents was adepted by
varyiag Both the murber of attributes anc the number of alter-
n:tives from three to twelve in stens of three. For cach of
the sixteen probler siges, three distinet expericonts were
conducted. In first ex-erinent, the relative weizghts (wi's}
for each criterion were rand-mly generated for each of the 40
randermly gemerated problems., In the second experim:nt, the
wi's ware assunmed to be uniform (rcughly same value for each
criterion) and were held constant for each of the 30 randemly
zenercted problems, In the third experiment, the wi's
werc assumed te be skewed (some attributes have consicderably
ﬁigher value that others) and were hcld constant for each of the
30 randonly generated problems.

The results showecd that the percentage savings in the
number of judgments requirzc from the decisfon=mker is sub-
stantial in all three situations (see Sarin C}S} ) for details),
The highest savings are realizec when the distribution of
relative weights 1s skewed and the lowest when it is unifomm.
The veariation in the number «f judgments requitea is least when
the waights are unfform and the greatest when the weights are

skewed,
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Tirce rules for selecting a score for wvaluatien by the
decision-_nﬁaker were exapined and c.mparec experimentally, In
rule 1, the unevaluete attribute with the highest rzlative

waight wy is scannec, 4n arbtt;;ary senre xi‘ which has not yet

leen evaluated is selected for évaluation, Chee all of the
sted e Sqfpckec fr graluatipn.

scores,}tﬁi' }/xf's,‘ on Athis Lttribute have been evaluat..c, the
g
process is repeated for the uneveluated attributes with the
next. lower rclative weights, Scanning terninmates when either
a proicrred alternative is iden};f}fied, or all scores have been
svaluated, In rule 2, the wedghted differenc. DiC between the
uzper and lower bcunds on the utilities of scores is computed,
where DS = w,. (£, 5) =g (xk)). The unevaluated score
1 V1 1 g0 TR % ! '
* with the hizhest Dk is cvalwated next, Rule 3 is bosed on the

i
lincar extrepolations of the functinns, the fi's, to» deterpine
which éccre weuld yield the reximun tichtening cn the lower
anc v >zr bounds on the utilities of the altérmtives.

The evaluaticn and bound procedure was a-nlied to several
randouly generated problems to determine the relative nunber of
evaluations required for the icdentificati-n of a'preferred
altermtive when each nf the threc sclaction rules are used,

It can he ccncluded fron the experiments that rule 2 is

stevicr te the rule 1, However, there is no significant
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difference between rule 2 and rule 3. ule 3 requircs
¢ nodderably mre copputstions in sslecting a senre than
rule 2, ‘e thercfore recrmrend thet rule 2 be used in

selecting a score for evaluaticn by the cecision-maker,

5. Suomry and Some EXtensicns

An evaluation and b.und procedure for the s:lactiom
£ multi=attributer altermtives has been developed., The
orocedure s~licits additional information <£ror the cecision=
maker sequentially, thrcugh an interactive prccess, until a
final cholce 4s determined. This sec\luential evaluation process
involves two phases., In one ohase the analyst (or comuter)
calculates bunds and performs tests tc; exclude sope altérnatives.
In the other -hase, the decision=maker evaluates an -utenme and
su-~3lies his evaluatinn to the amalyst. DJasad con this infrrmmtion,
the anclyst repeats phase ~ne, The procedure terminates when a
proferred alternctive is identified, The progress of the
sequential evaluation a>rocess is guided by a scheme {rule) for
sclecting a criterion score for evaluation by the decision~ -
naker, It wac cdernnstrated that this procedure reduces

considerably the nunber of judgments needed from the decision—

moker in identifying-a preferr.d alternative.
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The major research direction $s the developrent of a
conputarized rdn=-r:chine interactive s yste’m, and experi-
mentudicn with subjacte on some real life problecs, It would
zlso ©2 desirable to incor-orate sensitivity amalysis into
the systen, so thut the decision-raker is provided with the
flexibi ity ta:revigi&sore of his evaluations. The system
should also include the crnsistcney chiecks to detect and
éuery the decision-iaker about incrnsistent judzments.

The contributinn of the rescarch reported here is in
reducing the information burden on the decision-maker, and thus
providing practical assistance to him., It is hoped that this
reseerch would bridge the gap betwesn the theoretical advance-
ments in the milti-attributoed utility theory and its apoalications
to real 1tfé decision situations, Potential ap:lications of
this rESéafcﬁ Ean be in criminal jurtice project evaluaticn,
rasecrch and development project evaluation, evaluaticn f
certain class ~f education nrojects and scme projects in health
systems, The procedure developed here is equally applicable for
the galection of plans, strategies, acti-ns, research proposals,
new »roducts, and for many other decisiSn situations in both

private and public secctors,
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