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ond sufficient conditions for optimality

In this paper we cbtain nececsery

in dynamic optimization problems governed by integral state equatiions.
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Introduction 3 In Kamien and Muller (2), the prototyps nptimal control problem
wat generalizaed to incluce dynamic optimization problems with iniegral state
ejuation:z, A formal sclution of the problem baced on the maximum principle is
svailable in Bakke (1) and Vinokurov (5)¢ Kamien and tuller (2) cite extensive
references of the application of the above méntioned model to praoblems of
economics snd menagament, However, in the last mentioned paper what was provided

was g heuristic argument in cupport of the nece-ialy ano eufficient conditions,

Qur purpose in this paper is to pres=ent an escily acCessible cevelopment of
slternctive necessary anu eufficient conditions bated on the methoos of dyhanic

progremning,

2. Mocel : Formally, the general problem is to maximize
b
J I (tyx(t)yu(t))ar + F(x.‘rb) (1)

a

subject to

-

)t

x(t) = J F{glt)yx{s),uls),c)de + x(a) (2)
2

x(e) = x, (2

wt)e £ v te fa,n) (4)

(xpp0)eT 5 R 2

r

where x{t)e¢ Wn v tﬁ:[a,bjyflgjg . Further we rejuire that the Stgte trajectely

{x(t)j = tx(t)e-mp/ a«gt.ébj i: 3 continugucly cifferentianle function of time,

gtarting at the initigzl state x(2) which it yiven ano encing at the terminal state

x(b)=x1, which must be determinec. At each point in time 't' the cecisions to b

made are Characterizec by the vector u(t,;e £1 calleo the centrol vaiigble, It i

e

s

rejuirea that the contrpl trajectory iu(t)j = iu(t)éf1/a ¢t £ bj is a pistewi:e

cohtinuous function of time. Equation (1) ic the ejusticn of motion and T the

. . . n . . ‘ .
terminal surfaces The function 1 L;,D] xR X {l>Ric calleo the intermeaiate
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function anc the function F 3 ﬂ\nx [ﬁ,b]*’ﬁi is called the termingl functicn,

we ascume that I, F and{lare such that buth I and F are continuously
gifferentiable functions of their respective arguments, In aodition we assume
that the function g1 [a,b5]-» R is continuously oifferentiable and the function
'F! admnits continuéus partial defiuatiues with respect 'g', (Kemien and Muller(2)
tensicer the special case where g(t) = t ¥ t € [a,@). we alsp acttume that \

f satisfies all the conditions rejuired to generate a unigue stote trajectory for

eacth admissible tontrol trajectory on [é,b] .

Assuming a colution exists for the general control problem(1) - (5) let

S 3" (x,T) {6)

be the gptimgl performance function, the maximized value of the cbjective

functional for the problem staerting at the initial state x at time 't',

- n : . . . . . .
auppose J* 1 R X ﬂ&—ﬂst a etingle valued and Continuously differentiable function
of the n+1 variasbles, Then the funcamentel recurrence relation of oynamic
programming, Called Bellmants ejuation, it summarizec in the following

5% (%, ¢ ) = max [I("’U(t):f)+ 23*(xy T) ;‘(()] (7)
2t Wtle 2 X

3*(X1,b)‘ "‘TF(XT'U}. (8}

{7) anu (8) are valid in Our context owing to the form of the objective
function anc the priciple of optimality. The follpuing theorem summarizec

& main result of our analysic,

Thecrem 1 ¢ If {x*(t): attd bj be an optimzl state trajectory anc
iy*(ﬁ): 2 £t4:€} be an optimzl control trajectory which together colves the
problem given by (1) ~ (5) anu if J* is the Optimal performance function for the

problem, then

-23% (x%(T), )= 1(x*(2 ), u(2),2
¥ T,Z’i;w[(”( Jyu(2),e)

_
Y% (x*%(2),T) f(g(‘t),x*{r),u((),t){f r,(g(t),x*(&).u(shs)oe] dalz)
Ux a _ ot
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lo@,emero - -

222 (x(2)5%) Ifkgkc),x'(t),w{t).t) [ rgatermeter,unteros) o)
o

IR a

Proof : The proof ie analogous to the proof of gellman's recurrencs gjuaticn
in the standard cace (as for instance in Kamien anc ochuar tz( 3)) once we observe

that {2) can be expressed as follows & write,

t
xtyolt)) = J f{g{t),x(s),u(s),s)ds + x{a)
-]

a—

Then x(Z) =2x (Zya(T)) * A (Z,0(2)) da (T
3 29 dat

E4

= f{g(t),x(T),u(T), Ty + ffgkgkt).x(S).u(S),S)Gs ag( T (9)
a ct

asubeituting tris in Bellman'e recurrence relation (7) anc observing that along an
optimal state trajectory zx*(t),aétébj , the maximum on the K.He%e of (7) it attained
at u*(t) for eech t e [a,b] we obtain the Tesult mentionec in the theorem.
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The converse of thie theorem ic proven below

Theoren 2 3 If a continucusly cifferentiable function o :mn » R —>Rcan be found

e e i

that satisfies the eyuation

-}_I*(x(f},z')) = max [I\)‘{C},u{?_’)Z)-f?_._}_*(x(f),l) f(g(t),x(t),u(t),?)
2t u(g)e L 3

L D%
+ I fo(g(c),x(s),u(s),s)ds Eﬁ!_lc)j

ot

"

a
&ut ject to the bouncary concition (&) then it generates ihe optimgl control
trajectory to problem (1) = {5) thrcuch the static (pointwi5e) maximizaticn prablem

gefined by the RHo of the above ejuaticie

proof § Let {x(t),aﬁtébj be any otner ctate trajectory ascociateo to the

control jult), aét‘;b} satisfying () - (5) and (8). Then



I(x":)vu(t)'t) "'?i""‘t)ot) t(g(t)lx(t)!u‘t)at)*l J 'g\s\—..
3 %

a J oot

*3,;3_(*‘()!() _(: I(x*(t),u‘(C) sC)t ‘_J_IX‘(l).t) &‘ QQ_C)”"(Z-):U'(Z):'C)
ot ' rE

T

* f fg(g(‘-).x'(S).U*CS).S)ds\J dtkt) +33%(x*(2), T) =0 v TE [a.b]

2] ot

Integrating the left hand sice from a to be and the right hand side from a to b* e
get ;

b : o*
5, I{x{t),u{t),t)dt+r3*{x (b),b)-:*(xo,a)ej’ I{x*(t),u*(t),t)dt+:3-(x*(b*),b*)-J’*(xD,a)

Eliminaticn of 3'(x0;a) yielos
b*

b
f ILx(t),u{t),t)dt + F(x(b),b)é\f I(x*(t),u*(t),t)dt + F(x'(b*),b'),
a a

from which it reaoily followe tnat u* is the optimal control,

debels

3, The Mgximum Principle i

Im thie sub.ection our ctarting point will be the Sellman e juation (7) with
(6), wunder the adcitional sg=umptich that 0 it twice continuously gi fferentiable,
Let,

H(ts" u) = _-l( ,t)f{g(t'),x,u,t) + Ikt,st) (10)

-~
=

>

irn torme of (7) and: {9) ejuation (1C) Can be written as

._-:J_*(K!t) = max Hktsx u)-r’bj*(x t) _( f (thJ,X(‘;,U(E),E)GQ dgl t) (11)
>t ue {1 ot =< _

eing concistent with our earlier convention, the maximizing u will be denotec

by u*. Then

—

t '
H(t,x u* )+ 33*(x,t) +‘Q_f(x t) ‘[ fg(g(t),x(s),u(a},s)d% dg(t) =0 (12)
2t a T —
ot

Thi. is an icentity in X and the partiasl derivatives of this function with

respect to X are alep zero. Thus &
-



.

’E%;x;(x;t)ftg(u,x.u*.m;g%*(x.t) AF(glt)yxputyt) * 2L xpu)

e 2x
t
*'62 J.(X’t) * QZJECX,t) .. ‘f fg{g(t),X‘S),U(E),S)d% . dg(t) .l= 0 (13)
S;SE X 8 =

Taking the total derivative of D3%(x,t) with respect to 1t' we get ¢
x

L]
AZgs(x,t), X(E) *DE00E) = g (2300 )
.bx2 >5t¥x dt x ‘
Interchanging the orcers of seconc partiel cerivatives of o* (ahich Tejuiles

J* to be twice continuous ly gifferentiable) we get

d (3" (xst) +'22f(X’tJ.:lilgkt).*su*:t) +2lityx,u) =0 (14)
dt \o¥ DX X DX

Thic we obtain from (13).

By introcucing the so cailed portate vector, p'{t) = W xM, L)y Lhere x* cenctes
x

the state &rajectoly corresponging to u*,'equation (14) can be yritten as

d_ P'(t) == [I(t!x*sui)ﬂ?"(tiﬂ Q(t}tx',u*ota = -3 H(t,p,x*,u’). (13)
dt X DX
ghere B if cefineo DY
H(t,p,x,u)E I(t,x,u) A p'(t}f(;(t),%,u,tj (1e)
Trhe oounoary conciticr for p{t) i@ cetermined fromn
. . ) e+ .
£ (k) =23%(x*,8) =pF(x*,n) on {x,b) € T¢ R ' (17
X DX
in concluclof, we Nave arrives et the follpuing NeCete =iy concition for the

optimal conirol u* {e) 3

Theorem 3 3 Unoer tne sc.umption that the value function J*(tyx) 3¢ twice
continuouc ly Giffervntiable, the optimal control 'u*(t) B af—té,bj ana

col responcing state trajectory {x*(t) : as_té;b} suct catisfy the followiny

sn Calles canonical eguations 3
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-l

t
(L) = ,r f(g{t),x*(s),u*(s),s)ds

"
8 v
%
brit) = - VH{tepaxtau*)
KR
pt(b) = VF(x*,b) on (x,b)e€ 'Tsnp+1 (16)

K
H(t,p,X,u) = I(ty%,u) + P'(t)ﬂgﬂt)sxourt)

u*(t) = arg max H{t,pyx*yu)
ue 0

o B T T S T W W

Remofk 1 3 A particular clase of dynamic optimizaticn problems with fixed

termingl condition, j.e., with the terminal time 'b' anc the terminal etate x(b)

FTesCribed, requires omitting the boundaly conuition p'(b) witn the new condition

x(b) = x, {givenjs

Remsrk 2 & with glt) = t¥ t20, we are in tne framewosk analysed by hamien ano
muller (Z). o yensral 'g*, doet NO i any way att Lo gre.ter generality; it on.y

helps tO nignlight the depenoente of % on a pafameler in auoktion to tt,

Remark 3 3 Our necevsaly concitions foI pptimaiity ave cifferent from the

pres ootazinso eaT lieT, mowevel, ey arc ea-lel to conieptualize and solve theh

the onec svailacle in the litureture. The coctate variaoles in our frameuwcI< &+8

tne shaubw prices of the state variables (an jnterpretztion coneictent with the
jrterpretation of coctate valiables in optimal con.rol theory governeo by gifferential
aquétiona) ant haUE.UaluEE which ar & cifferent from the value: of the

Lol ange pultipliers uses by Kamien snou Muller (2). In the cpecial Cate WhETE

fgk.)E-U (i.e. where f copes not depenc onh any parameter} poth formulastions are
jcentical to the special theory of differential eqjuations: guverned DY differential

pjuaticnsSe.

4, wufficient LConditions &

Thecrem 1 3 tet {u*{t): @ Lt Sbi shu the corresponaing {f*(t}:aé tézbi,
ﬁ:(t'}:a’:tébj cetisfy (1t). Thep _iu*{t):aétgbk i an optimal control if

"‘7—



H°(t,p,;) = maximum H(t,p,x,u)+p'{t) J* fgtggt)vx(s)lu(siis)dﬁJ. Ug(t?} (19)
we £ a at

called the Gariuad Hgmiltdnian)is concave in x for each t and F(x1,b) is concave

in X
1*

prgof : The proof is adaptec from Yethi ana Thompson (4).By definition

HUE,pLE) yx(£)ult) S Ho(E,p(E),x(t) (20)
R IEEROROISE IS
. dt
From cuncavity of H%,
o [tap()sx(t)] & 1o [t,pm.x*u)] « D_wo [t.ptt).x*(t)) l}(t)-x*(-t)]; (21)
. DX
Thus from (18), (19), (20) ana (21) :
t

H[t.p(t).m),u(tij*p'u)[j; fg(gtt).xts),u(b),s)de], %??m

-

. |
¢ HLERLE) XL E),un(£) )1 ) U fgtgm,x-cs),u*cs),s)dr}- ol t) (22

at

a
3 [epterrce] (e)-xe(0)

By definition of H and the adjoint eguation N
I(t,X(t),u( t))*'P'lt)f(g(t):?‘(t),ukt)-t)‘*‘P'(t)[

\r fg{g(t),X(S),u(S),S)GS] dg(t)

a . -
£ ut.x*ot),u*tt))m'(t)f(g(t).x*(t),u*(t),thp'(t){j fg(glt),x*(s),u'(sl).s)da]dg(t)
a ot
EXTES [xm - x*(t)] (23)
-.- I(t,x"(t),u‘(t))—l(t,XLtJ,u(,t))Z b'(tj[x(t)—x*(t)] "'P"\t)[;‘kt)"**(tl (24)
Furthermgre, eince F(x1,b) is a concave function, we have
Fix(b),0) € F(x*(b),0) *+2ELx*{0),0) |*(0)- x*(b)]
WX
or F(x*(b),b) = F(x(b),b) +2F(x*(b),0) [x(b) = SCHEA
VX
Integrating both sides of {24) from a to b and adding  (26) we have
b ' , b
, I{tyx*(t),ur{t))ot + F{x*(b),b) = J! I tyx{t),u(t))at = F(x(D),b)
a & .
+ A (x*(B),b) xﬁb)—x*(b)]; p'ib) [xtb) - X‘(bJ] -p(a) x(a)-x'(a)} (27)

DX

-Bﬂ



B

tince x(a)sx*(a)=x0 anc eince p'(b)=*’F\x'{b),b), se get the desired resulis

DX

JQE-DQ

Remgrk 1 The . above theorem gives conoitions under which the necessary

conditions for optimality are alep sufficient. Differentiability of He with

rezpect to 'x? jis implicitly rejuireds
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