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A gansra} dynainic oligopolistic price-advartising
model is formulatsg and open-loop nash solutions
are derived. A detailed discuession of long run
equilibrium solutions is giv:n. Conditions for

global stability ars discussad.



1.

Lnggoggct;ogg- In the presant Paper we analyze optimal advertising
and quantity astratagios of fimms acting in a market with few sallors
and differentiated Products (hotarngenous oligopol}) and state con=
ditions under wnich raticnal firm bshavioup {(in the sense of inter-

temporal profit maximization) obta.ns for the dynanic oligopoly

Case,

Scrimalensee (1972) treats a dynauic oligopoly mode), but
he only considers the Quastion of optimal edvertising policies ang
assumes a constant price for all firrs (monopoly price)s The aim
of our paper is to study the case of oligopolistic prics snd adver—
tising comp=tition wNere we assume that the firms oun aalé; and
advertising policies ars the insirumants under.the firms control
to influencs equilibrium prices of the products. Thus, we ars
fucusing o0 the question of price and advertising determinztion

in industriass selling heteroganous Products and analyze i: by

using a dynamic analytic mogel.

Fershtman and Ka:isn (1984) solved a siniler duopely model
to the one describeg by us. 1Instead of dealing with a hateroganous
market tney discuss a homogenaous, one and focus on the price adjuste

ment speed of tha unique market price.,

The econamic intuition behing our framework cames from the
Superposition of two distinct ereas of reseazrch. The first is the

dynamic advertising model developsd by Nerlove and Arrow(1962)



whera the goodwill of a firm accumulates in proportion to its
sdvertising outlay minus the dsprseciation due to forgetting and
otner reasons. This theme has been developad by Farshtman and
Muller(1983) anc surveyed extinsivaly by 3ethi(1977,. The
second is the strand ¢f rassearch originating in the work of
Arrow and Hurwicz(1956), devzloped in detail by Arrow ang
Hahn{1971) on tha.tantonﬁent process. Thea wa&hsian price
adjustrent mechanism is synthesized with a dynauic advertising

model to provids an adeguate framesworik for dynariic pligopoly,.

In terms of differential games, we choose to formulzte
an open loop sclution slthouch it is known to have some limita-
tions; see Spance (1979) or Kydland{1977)}. The closad loop
solutions, howevar, ara known to axist only with sevare limita-
tions on the structure anc durztion of the game, for eximple,
R2inganum{1982). The existence anmc quzlitatiya propertiss of
zerc sdm d fferential gamss has sen extensively investigated.
For a raview and summary of this line of rss2arci., see

Friednan(1974}.

For open loop, nonzero sui, differsntial gamas, Sealzo(1974)
First proved sxistsnce for an, finite duration. Proofs of axist-
ance prior to his work wera known only for "small" duration.
Sealzo's uwcrk has been extendad by Wilson(1977) and Williams(1980)

to games with incomplete information and by Sgalzo and willié:s(1967}



to games with non-linasar stats equations. All three extensions

dealt with the finite horizon casa.

In order to construct analy;ical models of oligopoly
markéts it is necessary tc make assumptions on the behaviour of
firms due to actions of tieir comp:otitors, ie. to make assump=
tions on the;r reaction functions. Accorging to the theory of
diffarential gamas and the solution concepts available we

choose the Nash smk equilibrium approache
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2.

Tha Model

We now foruulate the dynanic oligopoly model. Let l‘\l>.__= 2

be the number of firms prodzicin. a diffarzantiated product. Assume
that at every mo.ent of time trare is an eGoilibriuv.. demard of

. i . .
player 1, f {p1, YR pN’ d1, es ey dN)’ depﬂndlnﬁ or. tnsz prices pi

set by the oligopolists and their advertising rates ;e wWe supposa

that for i = 1, seny N

oot s0 for gt o (1a)
Py P,
J
i .
¢ > 0, f < 0, < 0 for jEd (1b)
a a.a, a
i i1 3

Further ws assung tnat the deteriminznts of the matricss

M_ and I"'Ip dafinaa by

o
- 1 _ 1 1_
f LN N f f ceses f
@, 9% a6, P, ;
kY 1Mo = : {1c
f’N fN ‘J\' N
esece f
| 4 % B | P4 Pyl
have the sign
Sign (dEt Mqi = SignkdEt HPJ = sign(—‘I )r; (1d

Thus, in the case of N = 2 we have dat H") 0, det Mp >0

{cf. Thepot(1983)).



The assumptions(ia,b} are classical ones implying that
advartising expenditurss ars subjsct to decrsasinc raturns.
Assunption (1d) states that a firm's price change(advertising
variation, respectivaly) has a highzr impact on its egquili=
brium demand ti.an o% tiat of fha counpetitors (ie. the "diract"®
effacts of a price (advertising) variation are globally stronger
than tiie "indirect" ones). Notice that for example in a two

player modsl f; + fi

< 0 iwplies det™M 2 O,

The intsrtemporal sales strategy of the ith firm is

denoted by si(.). The sales strategy may or may not correspond
to the percieved or eguilibrium demand baczuse of costs of change
or costs of breaxing habits. However wes postulate a simple price
adjustment machanism

o

pi = u], [fi(p1, ...'pN' 81’ seey GN) - Si] (2)
of thz usuel tatomment varizty. Herz, U\i is a positive constant

adjustment coefficisnt of player i, Moreover thes production costs

ci(si) are assumzd to be convax with

¢, (0) = 0, ¢}(0) = 0, c;(ai)) 0 for s; > 0, c(s,) 20 (3)

Finally, ki are the constant unit costs of advertising, and

r, denotes tne discount rate of the ith firm in the oligopoly.



Player i faces the problem of choosinpo tha time paths of 8

and ai 80 as to maximize the prasert volu= of the stream of profits

© _rt
Jg= (e it (pg3y -y leg) -k, Jot (4)
o]

under th: svstem dyna-ics(2), whers t-c #nitial price pi(o)=pio 20

is giver, @k o goeand Guxay ®» SigsaciBaicie gutouny ik @
abted Gigies o wmifes W5 macse o Seegeosss ).



3. DEtimalitx Eonditionat~

To calculate opsn = loop nash soclutions for the differ=
ential game define in Section 2, we define t e current=valuse

Haailtonian for player i(ef. 83+ Bazar and (Olsder(1982)):

' N
" pye; = c,(s,) - K8, +Z)§ocj(rj_sj)
J=1
i
The adjoint variable )\,j dozs not here have the usual
interpratation of a shadow price of current sales. The modal
with quadtity adjustments as studicd by Dockner and Feichtinger
(1985) allows such an interpretation. This is one of the faw
sacrifices we have to make for incrasssd realism in the advar=
tising policy that we Proposz to obtain, by departing from the
tradition followed by our Predacesscrs. from now on unlgss
otherwise ststed we restrict ourselves to the case of N =2

firms.

Necessary conditions for an opan-loop nash equilibrium
are given by ths adjoint equations {See(5)) and tha Hariltonian

maximizing conditions (Sse(6)).

(5)

k=1 k  k Py



1t turns out as in Kemien and Schwarz(1981) (pp.122-123)

that the costate variables are radundant, ie. Nt =0 for j £ i.

J
. i
Thus, ws gat by def‘initlonAi =>~i

H1=p8

i i
1% - ci(ai) - kiai +)\ieﬁi(f -si).

The maximizing conditions for interior solutions are

”:i = p-cjls) €A =0 (6a)
i i
Hai = <k r A icci f‘ai =0 (&b}

To 32t a maximum of the Hamiltonian with respect to P; and
ai we normally nzed to assumz that ths second ordsr conditions are
mete However this is guarantead by our assumptions already made

abovel

i i i
H ==c"s ) L0, H = .a.f
P U
sisi i 1 aiai 113 aiai (
i i i 2 i
and H H ~- {H = =c"(s. ) . o . T -0
$i% 83 s;2,) 17T i ey

We merely requirs the concavity of the notional demand
function in 8« e do not rsquire the concavity of notional demand
in prices. Hence a larger class of notional demand functions get
acconmodatsd in our framework, Wirl(1965) studies tha implications
of concave and convex price~dependent demand functions respectively

but for the monopoly cass. It turns out that ccnvex demand functions



with quantity adjustmznts lead to volatile prices (ie. a "zig=zag"
pnlicy). As mantioned earliar, it is ar. easy check to verify that

the sufficient conditions for cptimality are satisfied.

From (6b) we gat the result that
A.> 0D for t€ [0, “’] (7)
i= ‘
which is a ecriteria required for the necessary conditions to prove

sufficient for optimality.

Fran (6a) ard (6b) we ootsin t-e following theoreme

Theorem 1:= Fipm 'i' will adopt an advertising policy which
equates ils own egquilibrium maroinal productivity of advertise
ing to the ratio of unit advertisament costs and the difference

between the price of its product and the marginal cost ie.

®;
fai = (8)
p;=ci(sy)

With concave neoclassical pgrcieved demand functions for
advertising, satisfying Inada conditions, advartiserant outlay
redice to zero if price equals marginal costs, thus corrcdboratinc
what is to be sxpacted of perfectly compstitive price taking
beshaviour as a special case. A departure tfrom the psice equals

to marganaa coct rule will enhance the necessity for advertising.
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It is intcresting to note that the parallel Dorfman=
Steiner-Theorem (s=e Dorfman and Steiner(1954)), which states
that firm '4' [ ill advertisa until the ratio of advertising
expsnditures to revsmue is equazl to the ratio of advartising
elasticity of equilibrium demand to price elasticity of equi=-
librium demand is not quite consistent with the raquitemeﬁts

of gensral competitive analysis, if and wian they do hold.



- Special Casgt= 1n this section we consider the case wnere
equilibrium dsmand is only a function of advertising. Thus
we suppress ths price dapendency and study optimal advertis=
ing strategiess This can ba justified by an argument of
Schmalensee(1976) who write that "it is generally'accapted
*stylized fact'.that price compatition is ralatively rare’
in markets with few sellers and differsntiated products”

{5chmalensse{1976), pe493).

In this case, our necassary conditions reduce to

ANy =TT (9)

Py = ci(si) -k . A; = O (10}

'k1*>‘1°cif:.= 0 (11)
1

Theoram 23= At z steady state ie. ﬁi =0=8

o, = 1% (12)
T

Prooft= From (13}

py(t) = cjlsy) v+t i):i = cf(s)3; 404 | [ri)‘i B a’]

From (11)

. " ol r.K -5,
pylt) =cils ) By v Xy |y~ 4
a,

i
i

"
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Now sat pp=0= 5

i
r, k
o e -1“4—-'= s as was required to be provad,
o rt i
iai

i kg

' -t
i pi‘ cils,)

as in Theorem 1,

wa obtain,

s, = v (py = cils;)) (13)
ol

Assuming constant marginal costs, we gat an interesting steady

state sales strategy:

sg= P75 Py - o) (14)

o,

where ci(si) = ;8,5 ¢, being the unit cost of production.

This result postulates that, the equilibrium steady
state sales strategy is directly proportional to the difference
between price and unit cost of the product. Thus, if prices
equal unit costs as in the comp.titive case, then therz are no
salesj this bsars out a reasonaale hunch that any incentive to
sell in an oligipolistie market, comas from a mark=up on unit

costse It mey ba worthwhile to obssrve that if £ exhibits the
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neoclassical Inada properties, then advertisesment outlays reduce
to zero if prices =qual unit costs, 1In sum, under assumptions,
competitive bahaviour in an oligopolistic market, rsduces to

ganaral inaction on the part of the sellcrs.



14

50 Characterization of Stationary Equilibrium Pointsg-

To study lony rum squilibrium solutions wz computz

the steady state of equations (2) and (5)

©0
;= 0 <= s, = e (15a)
. [= o] ocC
A=0 e A = i (15b)
r-ol £
9 1 1pi

Substitution of (152} and {15b) into conditions {6a) and

(éb) yields

« oo
oo i3
p = c!'+ (16a)
i i L. _,clfi
i Py
ol _ k.(ri -£ ¢t )
a, * + Py (16b)
[+ o]
i%

Now substituting (ri - dﬂif; )} from (16b) into (16a) we gat
i

oo
p. =ci(s, )+ i1 3 - ct(s ) o+ —= (17)
i il . i*7i i
fl oL 8 fa
a i’i i
i
which shows that f: and hence ai is a constant. Denocte the
i
oo
latter by ay o
o oo
. p ¢! (s, ) . ,
1f we interpret i i~ i according to Lernar's
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degree of monolopy power as a maasure of oligopoly power. of
firm i (ef. Lernar(1934)), we obtain the condition that in
the long=run the oligopoly power of firm *i' is diractly
propertional to ratio of its unit cost of advarpising, to
its marginal productivity of advertising. Furcthoer, at a
steady state the familiar property of prices being egual

to margiﬁalegnsts (units costs if tha cost function is

linear) plus a mark up is once again retrieved.
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6. Global Stability Results for Steady State Solutionsi=

Now we study the global stability properties of nash
aquilibrium solutions given py the necessary conditiona{2)s(5)
and (6). We show by using a theorew of Haurie and Leitmann(1984)
that 211 uniformly bounded solutions convergé to the unigque
steady state solution definsd by (15), (16} and (17). Accorde
igg to Haurie snd Leitmann(1984) we use vector Lyapunov funce
tions to derive this nlobal stability result. To simplify the

procfs we treat the case of N = 2 playsrs.

By use of the jmplicit function theorem we get from

the maximizing conditions (6a) and {6b) that

8 =3 (ppAy) = &ci)q“’f‘ci’\i) (18)
a, =%, (pys Py Ny M) (19)

k
1 -_—,——J—— i = a
Infact 1’a 3 yields a,l a1(P1v Pz, >\1 32)

1A

2 k

. =/\ 3 yields a, = 8, (p1, P, AZ’ a1)
2
2z 2
Substituting one into tne other gives the required expression.

Thus, the modificd Hamiltonian dynamic system is the

diffarential equation system in (pys p2,A1,)\2) given by
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1

pz="2[f2(p1. Py a . a ) - a?]

I g T
P, = OL et ‘91’ Py 8,9 32) - 3—1)

(20)
° o~ 1
A= B A s Ay 'p1
® ~ 2
= - - ot
A= mX, P2 A%, fpz

It is easy to verify that system (20) possesses a
unique steady state splution, which we characterized in the

proceeding section. We now transform the solution

(“. p;- aT a;') into Z' = (0, 0, 0, 0)s Fram the -
theory of Hamiltonian dynamical syatems we know that the
canonlical systam of an optimal copntrol proolem can never be
stable., All that can be expected is the saddle=point
"stability". Here we prova that the dynanical modified
Hamiltonian system(20) has tho saddle=pcint property. we
state the result in tha2 form that all uniformly bounded
xkk solutions of syster (20) converge to the steady state
Z(or 2'}, ie. thera exists s global manifold sucr thst all
solutions emanating from this mznifcld converge to the
steady stste.

Theorem 33= All boundad state and costate soclutions ccrrespong-

oo Ow
in, to open=loop nas!: equilibria must converge to (p:“, p2 ’ a:°, a2 e

The proof is a straight forward applicaticn of Le.ma 6.1 of
Haurie and Leitmann(1984) using the sam:z vector vzlusd Lyapunov

function,
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