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Abstract

In this paper we formulate and analyze the quantity discount
pricing problem without the approximation that was earlier
used by Monahan [3] and Lee and Rosenblatt [2]. Our exact
analysis throws Tight on some important conceptual
implications of the above appraoximation. The exact
formulation also enables us to discuss the discounting
problem separately from the view-points of seller, buyer and
the total system. Specifically, we show that the optimal
policy FPD@ the buyer’s view—-point should be the same as that
from the system view—point; and that the optimal policies of
the buyer and the seller need not be the same. In addition,
we present procedures for computing the optimal policies for

the abaove three cases.



Quantity Discount Fricing Model :

n
An Exact Formulation and Analvsis

1. Introduction

Recéntly there has been a revival of research on the
determination of economic order gquantity for the case of
quantity discounts. Monahan’s paper [3] is chiefly responsible
for renewing the researchers interest in this problem, which in
the past was analysed only from the buyer’'s view-point [11.
Untike in the traditional approach, Monahan did not assume as
given the lot quantity for which discount applies; instead, the
unit price discount and the cnrresponding lot quantities are to
be determined by the seller. Monahan cﬁnfined his study to the
case where (1) the supplier supplies to only one buyer, and (2)
the suypplier incurs a setup whenever the buyer places an order.
Later, Lee and Rosenblatt [2] generalised the results of Monahan
by dealing with the case where one setup of the seller can cover

more than one order of the buvyer.

The results of both Monahan [3] and Lee and Rosenblatt [2] were,
as the authors themselves stated, approximate : they ignored in
their analysis the change in unit inventory holding cost due to
discounting. The abjective of +this paper is to study the
discounting problem without the above approximation. = The exact
formulation of this problem esnables us to do the following: (1)

bring to 1light some important conceptual implications of the



approximation used by Monahan, and Leé and Rosenblatt, (2) show
that for a given lot quantity, there is a range of discount
prices, each value within which is acceptable to both the buyer
and the seller, and (3) propose optimal strategies for the

buyer, seller, and the total system.

In section 2 of this paper we develop the model, in section 3 we
analyse the implications of the approximation used by Monahan,
and Lee and Rosenblatt, and, finaly, in section 4 we discuss the
optimal strategies separately for the buyer, seller, and the

total system.

2. The Model

The model that we present in the rest of the paper is based on

the following assumptions :

1. The buyer is operating under the standard EOQ conditions @
his demand is continuous, deterministic, and follows a constant
rate; lead time of procurement is zeroj; and the planning horizon

is infinite.

2. The seller caters to a single buyer; and, his setup time for
praduction is zero, and production rate infinite. These assum-
ptions imply that the optimal lot size produced by the seller in
a single setup has tao be an integer multipte of the optimal

order size of the buyer [2].

A part of our notation is shown in Table-1.

-]



Table i : Summary of notation

Symbaol

Meaning

TC

TR

annual demand faced
by the buyer

Unit purchase cost of
the buyer

Inventory carrying charge
factor of the buyer

Ordering cost per order
of the buyer

Unit production cost of
the seller

Inventory carrying charge
factor of the seller

Setup cost per setup of
the seller

Dptimal order size (ED@)
of the buyer

Cptimal batch size of
the seller

The integer multiple that
determines 2 , for a given
=1
@ , such that @ = N@
b =1 b

The total annual cost
(purchase + ordering +

inventory) incurred by
the buver
The total annual profit

earned by the seller

item units per year

money units per item

money units per money

unit per year

money units

money units per item

money units per money—unit
per year

money units

item units

item units

money units per year

money units per year



Under the above assumptions and notation, the optimal order size
@ , of the buyer is given by
b

G.5
@ =2 DA )/(HLC)] —————=—= (1)
b b b b

The total annual cost TC to the buyer is given by

TT=AD/B ) + (HCR /Z2)+ (D  =—=————— (2)
b b bbb b

According to assumption 2 above, the seller’s optimal ltot size,

@ , of production has to be an integer muiltiple of the lot size

s

of procurement @Q of the buyer. Let @ = NB where N is an
b s b

integer, greater than or equal to 1. N can be interpreted as

the number of orders of the buyer covered by one setup of the

seller. The total annual profit, TR , of the seller is given by

s

TR={C D - {AD/{AQ N)Y — L(N-1})R H C /2y  -——————— (3)
s b 5 b b s s

It can be easily shown that to maximize TR , N has to be the

s
largest integer that satisfies the inequality

2
N (N-1) < A D /(@ HC) o e (4)
s b s s



A quantity-discount scheme consists of the seller offering to

sel} each unit at a reduced price C , C < C , provided the buyer
d d b
agrees to increase his lot size from @ to Q@ , 2 > Q. The
b d d b
reduced price applies to all units sold and hence it is called

all-unit discount.

Under a given discount scheme, that is, for given values of C

d
and 8 , let the total annual profit of seller be TR and the
d d
total annual cost of the buyer TC . TC and TR are given by
d d d -
TC=¢AD/R Y+ (HC R /2 +(CDY =77 ==m—— (3)
d b d bdd d
TR=(C D} - (AD/(B Ny — {((N-1)Q@HC /2y  —===——= (&)
d d s dd d d s s

where N is the optimal number of the buyer‘s orders to be covered

d
by one setup of the seller, under the discount conditions. N
d
is, as before, the 1largest integer that satisfies the
inequality
2
NIN-1 £ (Z26DM/VCQRHCH»Y  TTmTTTmEET (7)

d d 5 d s s

According to the above expressions, the effects of discounting

for the buyer are as follows:

1.The total amount spent for purchasing decreases, because C < C
d b



2. The annual number of orders and hence the annual ordering cost

decreases, because @ > @Q
d b

3. The annual inventory carrying cost may increase, decrease, or

stay the same as before depending on whether

Ce>C@ orCBLCOE .
dd bb dd bbb

Thus the net effect of changes in all these costs may or may not

result in a saving for the buyer. Let us denote by S the savings

b
in annual cost of the buyer due to a discounting scheme. S is
b

given by

S=T7TC - TC

b d

=ADC1/8 )—(1/@)1+D (C - CH)-H/2YWR@C - C) -—-—————- (8)

b b d b d b dd b b

Similarly, the effects of discounting on the seller’s costs and
revenue are as fol lows:
1. The total! annual revenue decreases because C < C

d b
2. The total annual cost of setups and inventory may increase,
decrease or stay the same depending on whether
N@>NQ or NQ £ N
dd b d d b
Thus, even for the seller, whether a given discount scheme
results in an increase in profit depends on the values of the
parameters under consideration. Denoting by S the increase in

s
seller’s annual! profit due to a discounting scheme, we get



§S=TR-TR=AD CL{1/(NR )} — {1/(N Q@ 2121 1,
3 d s b d d

-HCILIR (N-1)/2)Y — (@@ (N-L)/2}] - D (L -C)Y = @ —————— (P
ss d b b d
Therefore, a proposed discounting scheme is not acceptable to the

seller if S < 0, and not acceptable to the buyer if § < O.
s b

S >0 ->TR -TR 2 O
s d

=> (b)) - (3) >0

->C >»C - A (f1/¢00 M) - CL1/7(@ N )1}

d b s b dd
- (N1 - (N-1) Q@ XHC /(2  —em—m———— (1)
b d d 5 s
s »0 -xTC - TC =0
b d
- (2) - (=) > O
->C < (AD {1/ )—(1/00 )1
d h d d
+ C @ H /72+D12/{(L+HB /72y  —e————e——— (11>
b b b b d

For given @ , (10) imposes a bound on the discount price C , any
value abovg which 1s acceptable td the seller; whereag (11f
imposes a bound on C , any value below which is acceptable to
the buyer. Intuitivg1y, (10) tells us that the seller will not
be prepared to reduce the unit selling price of his product
below a certain valtue, and (11) that the buyer will not be

prepared to pay more than a certain unit price for the product

he purchases.



Let L denote the lower bound on C imposed by (10), and U

d
upper bound imposed by (11). Then
L=C -4 (C17(@ N}1 — [1/(Q N )12
b s b d d
~-{{(N-1)Q - (N - 1R } H C /(2D) —————— (12}
b d d s S5
U= {ADL(1/@ » — (1/Q Y1+C [(@ H /2)Y+D13/(D+H Q@ /2)}) —— (13)
b b d b b b b d

A proposed discounting scheme is acceptable to both buyer and

seller only if

L<C<U e (14)

d
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The following three propositions state some important

characteristics of S, S, and § + S which will be of use in
b = b s
the later sections of the paper.

Proposition 1. For a given @ , 1et L < U. Then in the interval
d
[L,U1, S attains a maximum at C =L, and § =0 at C = L. The
b d s d
former follows from the fact that in equation (8), which

defines S , the coefficient of C is - (D+{(@ H /2)}. Because the

b d d b
coefficient of C is negative, S increases as C decreases, and
d b d
takes a maximum at the Towest value of C , C = L, in the inter-
d d
val {L, Ul., The fact that S =0 at L follows directly from
s

the definition of L.
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Proposition 2. For a given @ let L £ U. Then in the interval CL,ul,
§ attains a maximum at C = 3, and at C = U, S = 0. The former
42]10u5 from the fact thag in equation (g), whic: defines § , the
coefficient of C is D. Because the coefficient of C is pisitive
S increases ag C increases and takes a maximum at dthe highest
vzlue of C , C = U,din the interval [L,Ul. The fact that S = O at
at Cd= U fgllugs directly from the definition of U. i

Proposition 3. For a given @ let L L U. Then in the interval

tL,Ul, S + S is a maximum at Cd= L, and minimum at C = U. To show

this, osserge that in (8) d+ {?) which defines Sd + 5 , the

coefficient of C is -D — (@ H /2) +D, which is the sgme ass—Q H /2.

d . db db

As this coefficient is negative, S5 + 8§ achieves a maximum for C =

L, and a minimum for C = U. Fur:her:ore, in the interval [L,S]

the function 8 + § decrezses linearly with respect to C , because

the coefficien: o{bC , as shown above, is negative and g constant.

This variation is shgwn in Figure—la.

3. Approximation used by Monahan and its conceptual implications

We emphasize here that the above model is exact for .the
assumptions made. It does not use the approximation of Monahan
£31 and Lee and Rosenblatt [2]1. We now show that the results of
Monahan £33 and Lee and Rosenblatt [2] can be obtained as special
cases of the above model . Furthermore, we also show that the
approximation makes a serious difference in the conceptual impli-

cation of the model.



First, let us note that the approximation of Monahan [3]1 and Lee
and Rosenblatt [2] consists in assuming that, for the buyer, the
price discount does not change the inventory carrying cost per

unit per year; that is, according to the approximation,

To see the effect of the above approximation on the upperbound for

C , let us re-write (11) as
d

C Q@ H /2y +DY <AD {({1/00) - (1/@ 3 + C (@ H /2) + D} ———(16)
d db b b d b b b

Expanding (146) and substituting C H for C H , we get
' b b db

CD<ADIN1/@) - (1/@ )] +CHIL@ /2y - (@ /21 +«C D -—— (1D
d - b b d b b b d b

Rearranging the terms in (17) we get

C ¢<C-AflC1/8) -1/ )3 —[CH /(2] (R -Q)  ————= (18;
d - b b d b b b d b

. e
(18) gives us an approximate value of upperbound, U on C . To be

d
consistent with Lee and Rosenblatt (1986) let us write @ as K@ ,
A d b
and use (18) to solve for C - U. We get
b
~ 0.5 2
C-U=<(2CHA /DY (K-DY/(2 ===—=—= (19)

b bbb

10



The above equation is the same as equation (2) for d (K) of Lee

and Rosenblatt [2]1, and equation (&) for d (BE) of Monmahan [31. The
k

sxpression for the lower bound L, of course, does not get affected

by the approximation given by (13).

It is also important to note that under the approximation, the

A
seller’s increase in annual profit S remains the same as § ; but,
S =1
the buyer’s decrease in the annual cost S undergoes a change:
b
N
S=ADCC1/R) — (/R 1 + D (C-C)Y-{HC/2) (@ -0Q ) ——(20)
b b b d b d b b d b

Therefore, for a given @ and C , the sum of the benefits to the
d d
seller and buyer, according to the approximation is given by

A A A
S§+S=5+S=ADU1/(NR )I-E1/{(N @ }))
s b s b 5 b d d
-(HC /2y (@ (N -1) - @ (N-1)2 + A D ((1/G ) — (1/82 )1
s S d d b b b d w
.~-Hc/2 Q-2  Tmes——= (21)
bb d ]

One important feature of the above equation 1is that it is

independent of C . This implies that} according to the
d
approximation, for a given @ , no matter which value C takes
d d
between U and L, the sum of the benefits to the buyer and seller is

a constant. This feature is illustrated graphically in Figure-lb.

11
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By comparing the above conclusion from the aproximate equations
with the result stated in Proposition-3, we can easily see that
the implicaticns of the approximate analysis are at variance with

‘those of exact analysis.

4. Optimal Discount

The problem of optimal price discount can be put 1in a clear
perspective usipg the exact analysis. Earlier, we have shown that

a given set of @ and C is acceptable to both buyer and seller if

_ d d
L<{<C ¢ U. There can be several feasible pairs of @@ and C each
d d d
resulting in different gains for the buyer and seller. This makes

it essential for us to analyse the impact of discounting from the
seller’s point of view as well as the buyer’s point of view; addi
tionally, it is also useful to carry out the analysis from the
view-point of the total system. These three view—points are

presented below.

Seller’s view—point. If the seller is the sole decision maker in

the discounting problem, then his objective will be to choose a

feasible discounting scheme that maximizes his gain. In symbols,

the seller’s problem is to choose @ , € to
' d d

Maximize ™mm-T 0 ——————= (22)

st L U

13



As TR is constant, maximizing TR - TR is equivalent to maximizing
d
TR .
d

From proposition—-1, we know that for every R, TR =TR at C = L.
d d d
From (&), for fixed @ , the rate of variation of TR with respect
' d d
to C is D. Thus for fixed 8 , TR = TR + (U-L)D at C = U (See
d d d d
Figure —-2Za}. As proposition—i says that the max imum benefit to

the seller,for a given @ , occurs at the corresponding U, we
conclude that TR = TR + ?U—L) B is the maximum TR for a given
@ .As TR and D aﬁe constants, among the different poisib1e values
ag Qd, that for which (U-L) is a maximum will maximize TR .

d

‘Therefore, to solve (22) we have to find Q*, the @ for which (U-L)
: d d
'{s a maximum; the optimal discounting scheme for the seller,

therefore is ta induce the buyer to increase his procurement lot
size from 8 to @* by offering him a reduced unit-price of U
b d
corresponding to G% .,
d -

Buyer‘s Viewpoint. The buyers ohjective will be to choose @ and C

d d
to
Maximize TC-TC TTTTTTT (Z23)
d
st L L C 21U

As TC is a constant, maximizing TC-TC is equivalent to minimizing
d
TC .
A



From (5), for fixed B , the rate of variation of TC with respect

d d
to C is HQ /2 + D (Figure 2Zb). We knaow from proposition-2
d b d
that, for a fixed @ , the minimum of TC occurs at C = L and
d d d
maximum at C = U. We know that the maximum of TC is the same as TC
d d
the original cost. Therefore, the minimum of TC for a given B is
d d
0T - w-L brHe /2>y e (24)
b d

Unlike in the case of the seller, the coefficient of {(U-L) in the

above minimum is a function of 2 . Hence, there is no gquarantee
d
that the wvalue of @ which maximizes (U - L) will minimize TC.
d
Therefore, in general, it is not true that the buyers optimum and

the sellers optimum occur at the same 0 .
d

System view-point. If the objective of the discounting is to

maximize the gains of both the buyer and the seller then the

problem can be stated as one of choosing @ and C to

d d
Maximize (TR — TR) + (TC -~ ¥C ) —————-—= (23]
d d
st L < C < U.
d
The above abjective is equivalent to waximizing TR - TC. From (5)
d d
and (&), for a fixed @ , the rate at which TR - TC varies with
d d d
respect to C is - HR /72 {(Figure 2c). This result, combined with

d b d
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the results of proposition — 3, tells us that for a given @ , the
maximum for the total system occurs at L = L. Thus, for a giSEn 2,
the optimum C is the same from bath thedbuyer’s view-point and t:e
system’s viewfpoint. In fact, for agiven @ , at C =L, both 5
and § + 8 are equal to (U-L) (b + (H O /2?}. Henge the g]nba?
optimug fni the buyer and the total Zy:tem pccur at the same G
and C . | d
d

Golution Frocedures

Sellers Optimization

For a given @ , Jet R (@) = U-L. As mentioned earlier, the
objective of She seller i: to find the @ +for which R (@ ) is a
max imum. Fraom (12) we note that L is dEpegdent on N whichdin turn
is dependent on R as given by (7). Therefore dthe saller’s
optimization invn1ve: thoosing N and B 5imu1taneously.o This can
be done in two stages: d d

{1) For each N find G% (N ), which is the value of @ that maxi-

d d d d

mizes R ()

d
{(2) Compare R (@*%¥ (N )) for different values of N to choose the

d d d
maximum wvalue of R (E%(N )), The corresponding wvalues of N ,
: d d d
G*(N ), and U define the cptimal solution for the seller. Let us
d d
denote those wvalues by N* (seller), Ci** (saller) and L
d d

respectively.

17



It is not easy to find a closed form solution for G% (N ) by
d d

differentiation for a given N . Therefore in performing the first
d
stage of computations stated above, we need to use a numerical

search procedure. We give below several propositions that defipe
the boundaries for @ in a given N , and those for N itself in

d d
the search method.

Froposition 4:

For any N > 1 the range of @ over which the search is needed is

d
hoaund by @ max (N ) and @ amin (N ) where
d d

5
@ IN) ={2AD/(MNIN-1YHC)IYY  —————————e (256}
max d s d d S s

S5
Q@ (N) = {2AD/N (N+1) HC)»)Y e (27
min d 5 d d 5 s -
This is arrived at from (7), the expression for optimal N . It may

d

also be noted that according to the akove expressions

G (N) =@ (N -1, for N >1
max d min d d

La



Proposition S: Faor N = 1

d
Q (1) = AILC-LC + (A /N@ ) + {(N-1) @G HC /2D}]1 —~—-v—r (28}
max s S b = b bs s
o (1 =@ (2) —_——————(2P)
min max

Expression {(2B) is abtained by . imposing the constraint that

L 7 C and eguating N = 1 in expression (12), whereas (Z29) 0l lows
5 d
from (26} & (27) directly.

Froposition &: The search range of N is recstricted to N 2 N < 1.

d d

It is abvious from the expression for N that as @ increases N
d d

decreases. Since the discount is offered only for a quantity higher

than @ , N cannot be greater than N.
b d

Buyer’s optimization

The aobjective of the buyer is to find the B for which (24)
d
is minimum. This is equivalent to finding the B for which (U-L)
d
{O+H @ /2)} is a maximum. A two stage search procedure similar
b d

to that of the seller’s optimization can be used for this problem

alsa; 1in the first stage, the above objective is maximized within

each M by wvarying R v whereas in the second, the different
d d
maxima found in first stage are compared to find the global
max i mum . However, the interval of search far N in this case is
d

smaller than that of the seller’s case, as shown below.

12



Frogaosition 7: The & that maximizes buyer’s savings cannot be Tess
d .
than the @ that maximises sellers savings. The proof is seen
d

from expression (24) for the minimum total cost at a given @ .
d

Far any Q < Q#* {(geller) the minimum total cost of the buyer is
d
more than that at @ = Q##% (seller). The corrollary to the above is
d
that for finding out the buyer‘s optimum the search can be

restricted to N¥ (seller) { N £ 1.
d -

Propositions 4 to 7 thus define limits for the range of N and

the range of B within each N faor the search.

System optimization: As noted earlier the optimum values for the

system maximization are the same as that of buyer’s aptimization

and hence no special search is needed.

5. Summary and Conclusion

In this paper we have presented the exact foraulation for a
discount pricing model. The exact formulation enabled us to
analyze the problem from the view-points of the seller, the buyer,
and the fbtal system. We have shown that the optimal policies of
the seller and the huyer need not necessarily be the same; and
that, the optimal policies of the buyer and the system are the
Same. The actual discount that is offered in a real situation
will be a result of negotiations between the buyer and the seller;

and, in the present framework, the final discount depends on how



far from his respective optimum each party is prepared to depart.
The separate optima we discussed in section 4 serve as starting

paints in the negotiation process.

-

For situations where companies under the same group, or divisians
under the same caompany transact among themselves, Lee and
Rosenblatt (21 argue that pricing does not have any significance.
This point of view is questionable because each entity in the
abhave situation can be cansidered as a profit centrz, and
evaluated on its performance. In this cantext it helps to
consider the buyer's view point also, along with the seller’s,
because buyer’s view point coincides with the total system view
point. The system optimization improves the averall performance
without jeopradising the performance index of either the zeller or
the buyer. Therefore, it is important for the coordinating agency
(tparent company/corporate office) to motivate the selling and the
buying campanies to arrive at the discaount in such a way that it

optimizes the total gains of both the parties.
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