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Abstract

‘Qe analyze In this paper the distribution of a fixed =amount
ot perfectly divisible private goods among a fixed number of
agents and with a certalin porticon 6f the private goods allocated
for .the creation of public goods. Each agent’s preferences
exhibit a type of consumption externality made preclse in the
paper, and we focus our attention on thé'existence of efflicient

and egalitarian allocatlons of the goods.



1. Introduction : Following Villar (1988) and Nieto (1331}, we

b]

analyze in this paper the disgtribution of a fixed amcunt of

pertectly divisible private goods 2mong 2 fixed number of agents

L]

and with 2 certain peortion of tha private zoods allocated for the
creation of public goodg. Each agent's preferences exhibit a type
of consumption externality mads precis in the paper, and we
focus our attention on the existencs of efficient and egalitarian
allocations of +the gocds. Our paper and the results contained
therein are a generalfzation of the private goocd model formutlated
by Viltar (1988) and an appropriate modification of the public

gocd ectnomy discugzed in  the iame paper, to accommodate

additional =conamic insights and reali=sm.
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2. Notion and definitions :

Let there the | perfectly divicible (private) gcods +to be
distributed among n individuals (denoted generically by i1,3,.,..1
and suppose thers are t parfectly divisible {public) goods which
are produced using the private gocd. The consumption of this lagt
set of goods {s assumed tc he the sames for a!l‘the individuals,
Each individual is completely represented by his/her prefarences
over bundles of goods and thetry distribution. Let G be a campact
subset af “ﬁ. We asszume that the coensumption levels of the public

goods are restricted to belong to the set G. Thig .cet is invoked

bBoth for mathematica! canvenience and for 2dditional realficm.

We say that (x,g)e mﬁ?xG fs an allecation, i.e., =a
digstribution of 1 gcods  ameng the n agents and a level of
consumpticn of the publie goods: g will dencta the quantities gf

private goods attrihuted ¢ao agent { under alicecatian {w,g).
Preferencez of individual 1 are represzentsd by his/her
utility function
ug e m;?xG -> R

A vector of utility functions..{u-}

i1 q1=1 n* one for each
e ey

individual, is denoted by u, and callsd a utility profile.

Let c:G ~>g§_he a functicn which denctes for each vector of
public goods, the amount of each private gocd, required for its
production. ¢ can he conceived as a gensralized cest functicen or

an input requirement function. We assume that such a funetion

exists.
A distribution Problem is a pair {u,c] where u {s a utility
profile and ¢ ig an input requirement functian for the production

of public goods.



Remark 1 : Individual preferences are defined over entire

allocations (the domailn of autility function s ﬁﬁrxG). This

assumption leaves room for externalities in consumption.

Conventions

(1) Vector inequalities are >>,> and 2.

(11> 0, will denote the m-dimensional wvector of zeroeg,

-

(0,...,01.

Following Villar (1988) and Nieto (1921)we introduce: the

notion of egalitarian allocatiaons.

Definition 1 :- An allocation (‘f,g)eﬁ:xs is called egalitarian

for a given profile v §f, for all agents i.j,ui(f.g)>u;(f,g)

=2 X; 70 .

K]

Interpretation : When allocation (X, g takes place, either every
individual is equally well off or, if someone is better off, then
cshe/he receives nothing (of all private goods).

The cset of egalitarian allocations for a given distribution

problem 1s denoted by Elu,cl.

We say that (Y,g)tE[u,c] i{s strictly egalitarian if,

u (¥, g = uy(%, g ) for all f.4.

Definiﬁlon 2 : An allocation (x,g) in [u,cl is Pareto optimal
(or efficient) i1f there is no allocation (x’,g"), with
Zix;w*c(g')gzixis*c(g). such that ui(x’,g'")>ulx,g).

The .set of Pareté-optimal allocations for [u,cl is dencted

by Flu,cl.

It there is no (x*,g’) \.fith Bixi+c(g')5‘zixi+c(g),

such that u(x’,g’)>>ulx,g) then we call (x,g) weakly Pareto-



.bﬁtimai (or weakly efficient). The sat of weakly Pareto-optimal

allocations for [ﬁ u,;.z i1 denoted by WP[ :U.Q].

Consider now the following assumptions

g

L1 :- ui:ﬁFIxG -*R is a continuous functioﬁ. for atl 1.
+

A.2 - Let (x,g),(y,g‘)emﬂle te such that x»y and g=g°*.

if X{ZY i, We have ui(x,g);ui(y,g’), i=4,2,...,n.

b

A.3 :- For anthmg there exists (x.g)fﬂi}xG such that
u(x,g);yz | ‘

Assumptian A.1 is standard: it implies that +tha sets of
preferred alternatives are opan.

Assumption A.2 says that when an allacation changes to a
zituation whre scme agents get more goodé whilst others get the
game, the latter will not bhe haﬁpieri

Assumption A.3 =says that more public good is preferred to
less.

"Agsumption A.4 says that any predetermined vector sf utility
values can be reached, provided there are encugh amounts of
goods.

LetveR" be a given vector of utility values. The problem of
finding the amounts of goods and their corresponding distribution
80 that those: utility levels are actually reached, can be
formalized as the search for a solution to the following system :
(1) u(x,g)ﬁ}h
(11) ui(x,g)>U1 implies xj =04,

(11irx20y .

A solution to system (1) gives us a distribution of goods

such that all agents achieve their target utility levels, with

ane proviso: If some agent ends up with wutility greater than



his/her component1ﬁ. then she must receive ne goacds,

In addition to the above assumptians aon preferences, we make
the following assumption an the input requirement function :
A4 - €:G -> mi is eontinuocus,

| The following thearenm ensures the existence of weakly
Pareto-optimal saluticns -
Theorem L :- Under assumptions A.1, A.2, A.3 and A.4 system (1)
has 'a weakly Fareto-optimal solution, (x*,g*)ﬁﬁrlxg, for anywemr™.
Proocf :~ Denate by X(V)={(x.gksmflxG/u(x.g);yﬂ and consider

the following program :

1 n |
])__’1 i;'.l xggft f_Z;_ e50g) -> min
“1l {= 5=

(x,g)€ Xo»)
Since XV 1{g n0n~empt; (by A.3), closed and bounded from
below, Weirstass?’ Theorem ensures that Frogram(P) will have a
solution (x*.g*)Gmﬁle. By constructtian this soluticn satisfies
(1) and (111) in (1): 1et us show that it verifies (ii) as well.
Suppose uiﬁx*.g*)}vq and xz>0 for scme 1i; withoué
loss of generality let thig happen for I=1,2,...,h, whilst
for 1=h+1,...,n either ui(x*.g*}=lﬁ er ui(x*,g')>vg
and x;=Ol. Then define a vectar zeﬁll(z=[zi,...,zn], ZHEQQ for all ft)»,
as }ollous:
z4=x%, for 1=2,3,....n
21 <%, with uptz, g%V
(we can always do this since—u1 s continuous and x:>0). As a

resulf. we have z<x"® and, by A.2,



V., i=2,3,...,n,

1 n

Z(Z ) < z(E1)

j=1\1=1 J=1\i=

contradicting the minimality of (x*,g*).

Let Wt = Zﬂ:; x;+c(g*), wﬂ;ml. and consider a utility vector
v%:ﬂlsuch that v >>Vand for some i, x?>0. We have to show that '
is not feasible by distributing a bundle of goods equal ta {or
smaller than) w"

Define X(v‘)={(x,g)émi}xG/u(x,g);}ﬂ}. and let (x*,g*)
be én allocation In X{(v*). Suppose, Z;x{+c(g’)§y* (ctherwise x"
would be weakly Pareto-optimal); since X{VW*)EX(V) we cannot have
.Z.';,; x{+c(g’)<2ni=lx;+c(g*)_. Therefore assumez_“l:i xi'+c(g')=z_nh1x;+c(g
and let ui(x*,g*)<u1(x’,g') for some i, with x?>0; In thiz case
x}>0 as well (otherwise (x",g") would not be minimal : take y;=o,
yj(xi,jiﬁ i1 such that ujiy,g’3$\g¥j). Now construct a vecéorf
zémrll as follows |

zy = x5 for all # i

zitixi' with uy (z,g’) > ui-(x*,g*)

By A.2,'uj(z,g’);V§>V3 for all JF 1, and
ui(z,g’)%}qby construction. Furthermore,

z<x‘, and hence

n
-4
—
dw
\-——'
+
™M
o)
[
-~
'
'



| whilst, (z,g*)€X(V), This contradicts the minimality of x¥.

Now supposeV'eR’,v!>>Wand x7=0 #1=1,...,n, and suppose there
exists no solution (x,g) to the pragram where x>0. In thls case
(O,g*) belongs tn(%the set of solutioné to (1), Maximizef%ui(o,g)

(or any positive linear combination) subject to {O.g)§<3,
anéz%cj(g);lz%cj(g*). Since the feaszlble set is compact 2 solution
to this program existe. Call this golutian (0,g').

Clearly (0,g’) is weakly Pareto-optimal, or else}(f,'g')éq,':i)o,
withZy Xgte(@rde(g’) and v (X,2)>u;(0,g")¥i. Therefore,

Z ;-+c(§);p(g*) and (?.ﬁ)éq, contradicting the non;existence of such

1

a salution.
Q.E.D.

3. Welfare-fair allocations : Now suppose utility funections can

be compared interpersonatiy in ordinal terms (that is, we assume

that statements of the form: ‘ui(x.g)guj(x,g)’ are meaningful)l.

Definition 3 :~ We shal! say that an allocation, (x*,g*}éﬂile, is

welfare-fair 1f it is both egalitarian and weakly Pareto-

efficlient.

The‘following result obtains
Theorem 2 :- Lot wé¢ mi be & given bundle ©f goods. Under
assumption A.t, A.2 and A.4, there exists a welfare-fair
allocation (x7,g") such that % x?+c(g*);_w.
Proof :- Define the following sets

X(w)={(x,g)em21x(3/ Zn X yre(g) &)

i=1
V) = {VER /V=ulx, g), X€X (W)},

Then consider a function f:V(w) ->R, defined by £ (V)= minVi



Since X(w) is a nonempty compact set and u is a continous
transformation, V(w) will also be a compact set. Let v{ be the
maximum of f over V(w) (which exist; since f is continuoué), and
call\f=\f(1,1,...,1). a vector !n;ﬁ all -components of which
are equal to'vf. Then applying Theorem { we get the desired
result.-

We may think of welfare-fair distributions asz the result of
maximizing a particular social welfare functional, the maximin

rule.

Corollary § :- Let wéarl be a given bundle of goods, and suppcse
assumptions A.1, A.2 and A.4 hold. Then the program

max- Flu{(x, g}l

s.t.

. |

J. xgrelgigu
1=1 =

has a solution and this solution is welfare-fair, when F {is the

maximin rule.

Strict welfare-fair allocations :- Consider the following definition

Detinition 4 :- We shall say that an allocation (x*,g*)eﬂmle is
! *

strictly welfare-fair 1f it is both strictly' egalftarian and

weakly Pareto-optimal.

| Before praoving the exicstence of a strictly welfare-falr
solution, let us take note of the following corollary of Theorem
1. .
.Corollarx 2 : Under assumptions A.1, A.2, A.3 and A.4, let
u;=max{u/ou,g)} { g€G and letVER” be a vector of utility values

such that\)'»t.l.=(_u‘1',....u'n). Then the equation syatem wu(x,g)=V



" has a weakly Pareto-optimal solutlon (x*,g*)émzle, where G is the

get of public good levels.

Proof :- Immediate from Theorem 1.

Using this Carallary and Theorem 2,we may assert the following :

Corollary 3 : Lat weni_ be a given bundle of gowds, and suppose
assumptions A.1, A.2 and A.4 hold. Let uj=max uy (ony,8&) g€G and
+*(as in Theorem 2) be such viog = (uz.....u;). Then there exists

a strictly welfare-fair allocation ot w.

References :-

t. J. Nieto (1991) : "A note on egalitartan and efficlent
allocations with externalities In Consumption™, Journal of -
public Economics 46, 261 -266.

2. A. Villar (1988) @ wgn the existence of Pareto-optimal
allocaticns when individual walfare depends on relative
consumption®, Journal of Public Economics, 36, 387-397.



R
PURCHASED
APPROVAL

GRATIS;EXCBANGE

PRICE

ACC MO,
VIKRAM SARABHAL LIBRARY ‘
L. 1. M, AHMEDABAD




