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Abstract

In this paper we show that the Equal Income Lindahl
Equilibrium Sclution Function satisfles rescurce monotonicity
when pretferences are guaci-linear and there ig a constant returns

to scale technology converting private good intc public good.



1. Introduction :- |pn an economy consisting solely of private

goods, the most popular "method of fairly dividing a bundle of
infinitely divisible goods among a group of agents with equal
claims on the'goods is the method consisting of first dividing
that bundle equally among the agents and then, operating the
Walrassian mechanism.™ (Chichilinsky and Thomson (19875, However
thic mechanism suffers from certain deficlencies: for instance,
glven a fixed supply.of resources, 1t iz concelivable that scme of
the existing agents benefit, when the population of the economy

increases,. Thi=s has been called the pPopulation paradox. It i1z

also conceivable, that as the available resources in the economy
increase, Ssome amongst a fixed set of agents may actually he
worse off. (See Chun and Thomson (1988), Moulin and Thomson
(1988)). The presence of such a phenomenon is a violation of the
property of resource monotonicity,

Resource monotonicity indicates that for a population of
fixed size, an increace in the available resources, should lead
to the detriment of none. In Lahiri (1992), we show that In a twno
person, one good economv, the conventional bargaining solutions
satisfy resource monotonicity, even when preferences display
consumption externalities, uynder assumptions made explicit in
that paper. The definition of resource monotonicity there is a
variant of the conventional definitien of resource monotonicity.
In this paper we consider a two good economy, comprising a fixed
population. 0f the two goods ane is a private good and the other
is a public good. Re=ource monotonicity in this context would
mean that if the aggregate available resources of the economy

increases, then every agent’s utility increases. We pProceed to



show In this péper that when preferences are quasi-ilinear the
method consisting of first dividing the aggregate resources
equally among the agents and then, operating the Lindahl
mechanism to obtain what is heretofore referred to as an Equatl
Income Lindahl ~ Equilibrium (EILE?} does catictfy resource
monotonicity. In this changed context our answer to the question

"can everybody benefit from growth" is in the affirmative.

2. The Model :- We consider (as for instance in Laffont (1588))

an economy consisting of [ agents, indexed by i=%1,...,1; there
are two goods in the economy, quantities of which are denoted by
x and vy. The first good is a private good and the second is a
public good. Let x! denocte the consumption of the private good by
agent i=1,...,!: let vy denote the consumption of the public good
in the econcmy. The preferences of agent i are assumed to be

represented by a twice continuously differentiable, quasi-linear

utility function ui :ﬁ?—>fk. and
*

i i

ul (x L V) = xi*vi(y)ﬂ'(x

where vl : R, ->R satisfies the following:

Y- (g,2+

(i’ vi is twice continucusly differentiable, strictly increasing

dvi dzvi
and strictly concave with > 0 and < 0 for all non-negativ
dy dy '
reals;
(11) Wiy = o.

Quasi-lineur wutility functions and their applications to
economic theory has been discussed in detail in Varian (1884).
Their use in the context of a public good economy is guite

common.



We assume ae in Lahiril (1891), that the economy has a cost-
function c¢: fR+—>ﬁ2, which indicates the cost Iin terme of the
private good of producing the public good. We chall assume an
especially simple cost-function of the form cl(y)=y. although any
linear cost-function would serve egually well.

Let W>0 be the intial endowment of the private good
available in the economy. Assuming that preferences remain fixed.

I

Fan = 1, ., xl e RL+1/;Z} xd vy <ud

i=

is the set of all feacible allocations for the economy whose

initia! endowment 1is w. Here (xl,...,xl,y)e mL+1 iz a typical
allocation. A feacible allecation (xi,...,xl.y) 1ig cald to be

Pareto optimal, {f there does not exist any cther feaslible

ilocation (%1 ..., %19 such that il vzulodliyw st

i

and ui(ii,y)>u (xi,y) for some 1€ {1,...,1}.

A splution function is =& mapping_§:4R++*>ﬂll+1 such that

S(w) € F(w) ¥ WER, ., ana & is continuous from the right,

A solution function S: ®,,-»®RJ'! 1is said to satisfy

resource monotonicity if w'>w implies ui(Si(w‘),SI+1(w‘))

sul (stan,s! tawn ¥ =1, 1, where s=¢st,...,s!,st*h. s'*lan
indicates the consumption of the publiec goocd 1in the economy;

Si(w), 1¢il, ingicates the consumption of the private good by agent i,

The Equal Income Lindahl Equilibrium (E1LE? solution function

denoted L: R,;> mi+1 is defined as follows: for all w>0,
(1) and,¥i€{l,...,!}, i ao, Lty solves

xT+vity) -> max
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1,1

subject to x " +t'y < U/I

1
xi>0. y2>0, for some tiZO;

1
a1y yl| 2 t€)= y
i=1

I .
(111) 2. x*+y = w
i=1

(iv) Liw? is a Pareﬁo—optimal allocation.

In other words given w>0, L(w) is an ELLE if there exists a
vector (of personalized prices) (t',...,t") such that (LPaw, T
maximizes agent i’s preferences when he/she ics faced with a price
ti(per unit) of the public good; the total revenue to the producer of
the public good is equal to the total cost; and the allocation. is
jitseif feasible.

It 1= easily checked that the EILE solution function 1{s well
defined. Before we proceed to show that L satisfies resource

monotonicity, it will be useful to characterize an EILE.

The Resulis :- On our way toc the main result we present the following

lemmas:

Lemma 1 :- Suppose there exists y>0 such that ZZf dvi(§) = 1
=1 §
Then (1) such a ¥ 1s unigue
' w l
(i1) if W<y, then L (wr= , i=1,...,1; LI*tan=0
l .

(111) 1f w>y, 'tYwry=y if and only if for all i=1,...,1,

-

I

;'-0 L
W dvi(§) W :
—_ VHviy) : otherwise L!*lcwr=o.
I dy



| —
it L (w)=0, then C(u)= o i=1,000,35 30 L),

N RS2l
then L (W)= - y"'V(y), i=1,..-,l.
1 kdy
Proof :- (1) Follows from strict concavity of the vi’s: (ii) and
{ii{1}) are verified by referring to the definition of L.
*1
dv® (¥
Lemma 2 :- Suppose there does not exist ¥>0 such that 1=1 =1.
i dy
I dv (y)
Then (1) J <1 for all ¥>0
i=1 dy
. W
(a1 Llow=o0, Llcw=__, 1=1,...,1 for all w>o.
I
Proof :- (i) Follows once again from the strict concavity of +the
vi's;

(1i} folliows by referring to the definition of L.

In the above lemmas, the personalized prices associated with

. avi (o)
L *Ywr=0 is given by an Il-vector (tl,...,tl) such that t°>
. T dy
. i dv?
¥ic t1,...,1). Whenever L'*1(w)=¥, we have ti- (y).
dy
Now we proceed to establish the main result.
Theorem :- L satisfies resource monotonicity.
Proof :- We divide the proof Iinto two cases:
Case 1 :- There does not exist y>0 such that 221 dv (¥)
= =1,
1= [E—
dy
i v 1
Then by Lemma 2, Licwi=__ | i=¢,...,1; L'ty =0.
1
Thus if w'>w, then
w? w
L qwry= > = L, t=1,...,1 LM qo=n (w20,

I 1



w' W
Thus ul b cwry, LI*tqwry = =ul oo, LMy, 1=1,. .01,

Casé‘g :- There does exist ¥>0 such that Zf dv.(ﬁ)
=1,

l.: ——

dy
Choose O<w<w'.

Possibility 1 :- O<w<w’'<y; then by Lemma 1(ii),

Licwasstion,i=1,c00,1; 4 = ) = 0.
Possibility 2 :- w<y<w'; then by Lemma 1(i1),
W
Licwr= .
1 .
w? dvi (v
By Lemma 1¢(1i1), L!*1(w’)<¥ if and only it - J+v(y)

1 dy
w'! y
? ¥i=1,...,1. Otherwise Li+1(w')=0. In either case,

I
vt cen, LM o sul b, Lt Gy 1=1, .. Lt
Possibility 3 :- 0<§§w<w’: once again it is easily verified that

wlantan, L1 lawtory L e v i1, ... 1.

Q.E.D.

Conclusion :- in this paper we have proved that the EILE solution
function satisfies resource monotonicity. Our context seems more
appropriate than that of Thomson and Moulin (1988), to resclve
questions relating to distributive justice in a growing economy,
in so.far as public goods are an acknowledged reality. Although
ve require quasi-linear preferences for our results to hold, the
practice is common in the pubiic goode literature.

The problems we confront by relaxing our asgsumption of linear cost
functions are however insurmountable. This to my mind is the only

caveat we need to furnish along with our analysis. A linear cost



tunction is associated with 2a constant returns to scale
technology. and & justification for one 1S a necessary

justificatioh for the other.

Finally, 1t chould be noted that the Equal Income Lindahl
Equilibrium Soplution we conclider catisfies Pareto—optimality. For the
sglution where L‘+1(w)>0, there exists another EILE with the
consumption of public good peing zeTo, which we do not  consider,

owing to its non optimality.
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