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Abstract
The polyhedral structure of various versions of the single item
lot-sizing problem have been studied previously. These include the
uncapacitated and capacitated versions of the problem, with and
without changeover costs. However, the polyhedral structure of the
multi item problem has not been studied in detail. In this paper we
desrcibe several classes of inequalities and facets for the multi
item capacitated lot-sizing problem with changeover costs. Some of
these facets are valid for the uncapacitated problem as well. We

also solve the separation problem for some inequalities.



This paper is a sequel to Sastry (1991), where we discussed
several valid 1inequalities and facets for the single item
capacitated lot-sizing problem with changeover costs. We showed
that the inequalities are valid, identified conditions under which
they are tight and proved they are facets. We also solved the
separation problem for a large class of valid inequalities and
presented some computational results to show the utility of these
inequalities.

This paper extends that work to the multi product version of
the problem. The inequalities and facets described here are
substantial generalizations of those described for the single item
problem. The arguments used to establish validity of the
inequalities, and proofs that inequalities are facets are however
similar. In many cases we have omitted detailed proofs, which have
been provided in the earlier paper.

A lot of work has been done on the polyhedral structure of
various versions of the of the single item problem (see for
instance Barany, Van Roy and Wolsey (1984), Pochet (1988), Wolsey
(1989), Leung, Magnanti and Vachani (1989) and Magnanti and Vachani
(1990)). A detailed literature review is available in Magnanti and
Vachani (1990). However not much work has been done on studying
inequalities and facets for the multi item version of the problem.

In the next section we briefly describe the problem. We then
describe several classes of valid inequalities and solve the
separation problem using a heuristic approach. We also describe

some trivial facets.



{1 .Problem Formulation

We describe a single machine, multi-product, production
planning model. Let T denote the finite time horizon over which the
facility is scheduled, P the number of products and dm the demand
for product p in period i. We assume a constant capacity and follow
a discrete production policy, i.e, we either do not produce at all
or produce to capacity in each time period. This policy is
reasonable when it is expensive to run the facility at less than
full capacity, or when demand is high and the facility is capacity
constrained. As shown in Magnanti and Vachani (1990), we can assume
without loss of generality that capacity in each period is 1 unit
and that demand is either 0 or 1.

We assume that the relevant costs for each product p in period
i are the changeover cost Kﬁ, the fixed cost or the setup cost Spi»
and the inventory holding cost hM' Let Zpis Y and Wpi denote the
changeover, setup and production variables respectively. We assume
that demands are nonnegative, initial production "N=°’ and that
there is no starting or ending inventory. Let d,, = Zkﬁkdt , denote
the total demand in periods i through k. The Changeover Cost
Scheduling Problem (CSP) can be formulated as follows:

(CSP) Minimize U = ZMP Zi:|r(hpiwpi * Syi¥yi * Km-zp,'} (1)

subject to

Tig'wy 2 Ij'dy for all p,i (2)
IFJWM = n for all p (3)
Wyi=Ypi S O for all p,i (4)
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Zyi+Yg i Yy 2 O for all p,i (5)

5. vy < 1 for all i (6)
T 2y S 1 for all i (1)
Wois Ypis Zpj 2 O and integer (8).

Let CSP(L) denote the linear programming relaxation of CSP and
let F(CSP) denote the set of feasible integer solutions for CSP.
Constraints (2) and (3) are the demand constraints. Constraints (4)
ensure that we can produce only if' the machine is set up.
Constraints (5) ensure that if the machine is set up for product p
in period i (i.e., yM=1) but not in period i-1 then the changeover
i equals 1. Constraints (6) ensure that we produce only

variable z,

one product in any period. Magnanti and Vachani (1990) give a

detailed formulation with all the underlying assumptions.

We describe different classes of valid inequalities for the
ﬁu1t1 item problem. One class is a trivial generalization of the
single item inequalities.The other classes are substantially
different and cannot be derived from the single item inequalities.
Lemma Let WUWZUYUYZUZ ¢ (1, ... tq} and let wp=w, WZ,J = WZ, Yp =Y,
YZp =YZ, Zp = 2.

If ZiyunQi%itEierunBiYitEiauyn Yizi 2 8 is a valid single item
inequality, with demands in periods t, for k=1, ... q, then

zieIpUIZpai”pi+zierUYZpBiYpi*'ziellpuvzpuzuvizni > 5 is valid for the multi

item problem, with demands for jtem p occuring in periods ., k=1,

o Q.
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Consider any feasible solution to the multi item problem. It

must satisfy the demand in periods t;, t,, ... t, for item p.

Further, the single item inequality is satisfied by this feasible

solution. The result follows.

We now extend our results to obtain new valid inegualities for
the multi item problem. To motivate the discussion we first
consider the two item problem.

Suppose demands for items 1 and 2 occur in periods tnt and th!
respectively. Consider the following inequality:

W, (I 2y kS g 21

If we produce item 1 in any of the periods 3 through thl’ the
inequality is satisfied. If we produce item 1 in period 1, then
Zqﬁiqz“ 21 because we need to turn on the machine for item 2 at
least once in the interval {2, .... , tL1}' If we produce item 1 in
period 2, then WL1+ZQJigzﬁ 2 1 because we either produce item 2 in
period 1 or turn on the machine at least once in the interval ({3,
e th1}‘ Hence the inequality is valid.

In fact, we can partition the interval {3, .... th1} into
subsets W,, Y, and Z,. As in the single item case, we impose the
condition that if ieW,, then i+1¢Z,. Similarly, we can partition the
interval {1, .... , tL!} into subsets W,, Y, and Z,. The following
example illustrates this: demand for item 1 occurs in period 12,
and demand for item 2 occurs in any period after that, say period

15. We can write down the following valid inequality:



Example 1.
3 7 3 15
D Wi tE i 2 HE g Wy Y 10t E i 2y

2 2
Wiy gty gt 24420

We can describe these inequalities as follows:

LiegWaitZiery Y2itiey 2oi* Zien it Eier Y1i P Eieqy 21i %Y

and impose the following conditions:

(i) Wy, Y, and Z, partition the interval {1, .... , thi}'

(ii) If period iewz, then i+1eZz axcept for exactly one period J
in the interval {1, .... , tLl} where jewz, and j+1ezr

(iii)W,, Y, and Z, partition the set {1, .... , th1}\{3’ j+1}.

(iv) If period 1621, then i—1eY|UZP

Note that we obtain similar inequalities if we partition the
interval {1, ...., thi} into W,, Y, and 2, and the set {1, ....,

t2|}\{j, j+t} into Wy, Y, and Z, for some jew,‘and j+1eZI.

2. Generalizing the inequalities to the multi item problem.

We can generalize these inequalities to p items with demands in
periods th?' tLl"""tm1; tuz- tLZ"""tm2; eeay tL%,
tt%,....,tm%. We say that there is a junction due to item r at
period 1r if i.eWw,  and irHeZr for some product r. We have exactly
one Junction for each item 2<r<p, 1in the demand interval

{€ g-1*1s-e.str o}, For items 1<rsp-1, we impose the following

conditions:



(1) we partition the set {thqp"""’tHQr}\LJh:H1{iko i +1)
subsets W, Y, and 2, and skip the periods U, {i,, i+1}.
(ii) if period ie€Z,, then i-1eY UZ for all i¢ i +1.
We show that the following inequalities are valid:
== %%ﬂﬂW#zﬂﬂ[ZuwWﬁzﬁnw#ﬁuﬁnl

2 =P (q-1)+1 (VI)

Figure 1 shows a three item inequality

Periods in W
Periods in 2

t'l3

tqz

a
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T

tqa-ﬁq 1 t‘I.l-.l Time

R A Y e SILRIVIES UNWIVIES LA LNt
Ib-1i:a*lw1i+th'i:b+1wﬁ 2 q+ap*q;-2
Figure 1
Theorem 1. The inequalities (VI) are valid.

Proof.

into

For any product r, the terms th%4i”wﬁ add up to at least (q,-1)

in any feasible solution. Hence the terms Zﬂn12fhﬂfﬂﬂw” add up to

at least Iﬂ”(qf4) in any feasible solution. Therfore, we need to

show that the terms in the last demand intervals add up to at least



1. If Z",,,th.dr'h-:‘w”- = =P ., (q-1) +1, the inequality is valid.
Otherwise EfHO;Hﬂwﬁ = (q-1) for each product r.

The terms Zievp"pi*'}:ierypi+zielpzni where wp, \Yn and Zp partition the
interval {t), +1, .... ,% ¢} add up to 1 unit unless we turn on
the machine in period ip and produce in period i,+1.

If we do, then we cannot produce any other product in periods ip,
ip+1. Similarly, the terms Zieirwri+zisYryri"'zilezri where W., Y  and
Z partition the interval {th%4+1’""’thw}\lJ%nH{ik’ik+1} add up
to 1 unit unless we turn on the machine in period i, and produce in
period i +1, for 2 < r < p-1. If each of these add up to zero, then
we turn on the machine for product r in period i, and produce in
period ip4. Thus we cannot produce product 1 in any of the periods
lJﬂQ{ik, i+1}. So we must produce product 1 in one of the periods
in

S = {t"qi"ﬂ"""t'sql}\unkzz{ikv i +1}.

Since the partition of 8, into Wy, Yy and Z, satisfies the

feasibility condition for the single product inequalities,

therefore zieh"‘n+zie‘{1yn‘+ziez|z1i3 1. Hence the inequality is valid.

Example 2. Suppose we have three products, with the firt three

demands in the following periods:

Periods
Product 1 5 10 20 VIRRAM SARABHA! LIBRARY
INDIAN INSTITU. £ OF MANAGEMENT
Product 2 6 11 21 VASIRAPUR, AHMELDABAD-380036
Product 3 7 12 22



The following inequatlity is valid:
12 22
L TR BT LS TR
11 17 2!

A A ) A A L TR S PITE S TR

i 18 20
+ L Th2 S TTLTE o S PRI IF 27.

3. Further generalizations

A general principle that the partitioning inequalities (PI) for the
single item problem satisfied was that if we produce j times in any
sequence of periods, then the lefthand side increases by j units.
For the skip inequalities, we modified it so that if we produce j
times in sequence, and j' of these are not skipped, then the
lefthand side must increase by at least j’. However, for the
multi-item problem, we do not require that the Jlefthand side
increases by j’. We compensate by introducing terms for other
products.

Before we extend the inequalities further, we introduce a few
terms. Let ir denote the first period of a junction for item r,
i.e., yewr and y+1ez,. Suppose the junction occurs in demand
interval j.+1, i.e., in the interval {thr+1"""tnjn1}- Let 1°(r)

denote the number of consecutive periods in Z starting in period
i+1, and let 11(r)=min{1'(r), a,-j,} denote the Ilength of the
junction. We skip 1(r)+t1 consecutive periods for all items ksr-1
starting from period ir. wWe call these skips as compensating skips
to distinguish it from those skips present in single item skip

inequalities. Let Jy+1 denote the demand interval in which period

ﬂ falls for items ks<r-1. We have exaclty one junction for each

8



item 2 through p. Product 1 has no  junctions. Let
Cg;{i,,....,y+l(r)} denote the compensating skipped interval for
all items ksr-1.

For each item r, we partition the set QR={1,....,t, . \Uj ., ’Cs,
into subsets W, Y, 2., YZ, and Wz, satisfying a modified form of
the compensation condition for feasibility of single item
partitioning inequalities (PI) for all periods in QR as described
below.

Let c,; denote the coefficient of z., mﬁi.i') the sum of the
coefficients of y, for tevy UYZ and nJi,i') the number of terms 1in
z, in the interval {i,....,i'}. Let Y,={i(r1),i(r2),....,i(rm)} and
for 1sssm let i"(rs)=min{i’>i(rs): i’eZ, and i'+tew LY U, Pfcs,},
i.e., 1"(rs) is the first period after i(rs) for which i"(rs)+1
belongs to W, or Y, or to a compensating skipped interval. Let
B(rs)={i(rs),....,1"(rs)} for 1<s<m and 1<rs<p. Let
J,(i)=max{j’,si-1: demand in period j’, equals 1, and j'rsir}.

Then the multi item compensation condition (MIC) can be described
as follows:
MIC Condition. For any two periods i'ezr and i<i* in interval B(rs)
let i"=min{i’2i: i'¢WZ,} belong to demand interval j,+1. Then
m(1,i")+c,

2 min{a,~3,, m(i,i)+n(i,i"), = (q-1(k)-3,(i))}.

Then the multi item junction inequalities (JI) can be written as

follows:



5Pt CZienWritTiey,; YritTieziCriZeitTiers, (Yri*CriZei ) ¥ Zjeng, (Wri+CriZyi]

2 2%, (q-1(r)) (J1)
where

(1) Uy g, dyg+1)e {trJr+1,-----tnj”1} for all 1<r<p, i.e., all
junctions lie in the same demand interval for each item,

(ii) we have one junction per item

(iii) for each item r, qrjks1(r) for all ksr-1,

(iv) for i1eQR, the subsets W, Y., Z,, YZ and WZ, satisfy the

multi item compensation condition (MIC).

Theorem 2. The multi item junction inequalities (JI) are valid.
Proof

We can produce at most an(1(r)+1) units in the compensating
skipped intervals. If we turn on the machine for item r in period
i,, and produce item r in periods i +1 through i +1(r), i.e., in the
compensating skip interval CS., the contribution loss is at most
1(r). Suppose we produce some other item in the interval CS,. Since
q-Jy<1(r) for all items ks<r-1, we need to produce at most a-Jy
units in the interval to meet the demand up to Ty ake The
contribution loss is therefore at most 1(r). Notice that we skip
periods in CSr only for items k<r-1. It is easy to verify that
therefore the total 1loss in contribution due to all the
compensating skip intervals is at most Zr:,"T(r). Consider the rest
of the periods. If for 1"eZr and isiﬂ

min{a,~J,, m(i,i")+n (i,1)}1s= P (q-1(K)-§, (1))

10



then the feasibility condition for the single item partitioning
inequalities (Pl) is satisfied. Hence any feasible solution will
satisfy the inequality. Otherwise, since the total contribution up
to period 1 is at least Zkfjﬁi), the remaining periods must

contribute at least zkf(qK-1(k)-jk(i)). The inequality is therefore

valid.

Example 3.

Suppose item 1 has demands in periods 10, 20, 30 and 40, and item
2 in periods 15, 25, 35 and 45. Hence q;=q,=4. If item 2 has a
junction over the interval {11, 12, 13}, then 02—1(2)=2. A valid
inequality is

1 40 10 55
2UWei* 2y 112y 3T iz Wpit T i Wit Wy 2 6.

We have used the single item partitioning inequalities and
combined them to include Jjunctions and compensating skipped
intervals. We can generalize the junction inequalities (JI) if we
use the single item skip inequalities instead of the partitioning
inequalities. Let b, denote the number of periods skipped for item
r up to period tnm, i.e., those periods that are skipped but are
not compensating skips, and let bd denote the number of periods
skipped for item r up to period tni‘ If period i is skipped for
item r, then it is skipped for all items. Let S denote the set of
all skipped periods and let b=|S|. The 1length of a junction

1(r)=min{1°{(r), q;j,}. We have exactly one junction per ijtem.



For each item r, we partition the set
QR={1,....,t, I\{SU,,fC5 ) into subsets W, Y., 2, YZ and W
satisfying a modified version of the skip condition for single item
inequalities (SI) for periods in QR described below.

Let W(rj)=max((k -b,: k. <j,), 0) and let u(ri)=q,-b-W(rj). Let
J,(i)=max{j’,<i-1: demand in period j’r equals 1, and j'rsir}. Then

the multi item skip condition (MIS) can be described as follows.

MIS Condition. For any two periods i'ezr and i<i’ in interval B(rs),
let i“"=min{i’21: 17 €WZ ). Then mﬂi,i')+cH2min{u(ri”),

m(i,i)4n.(i,i"), =, W(rj (i)}.

The multi item Jjunction skip 1inequalities (JSI) can be

described as follows.

204 CEiew, WritZier,; YritTiez,iCriZritEievs, (YritCriZri ) +E ez, (Wri*+CriZy]

2 . (a-1(r))-b. (JSI)
where

(1) Uiy, fy+1)e (¢, .oty j 1) for all 15rsp, i.e., all
Junctions lie in the same demand interval for each item,

(i1) we have one junction per item

(ii) for each item r, q-j,<1(r) for all ksr-1,

(i11) for ieQR, the subsets W, Y,, Z,, YZ and WZ satisfy the

multi item skip condition (MIS).

12



valid.

Since the theorem can be established by using arguments similar to

those in theorem 2, we omit the proof.

Remark. If b=0, then W(rj)=jr and u(ri):qr—-.jr where 1 is in demand

interval jr+1. The skip junction inequalities therefore reduce to

the junction inequalities.

Example 4.

Consider the following 3 item problem. Against each item, the
periods in which demands occur are shown.
Item
1 20 40 60 80 100
2 25 45 65 85 -

3 30 50 70 - -

A valid inequality is
100
Wy o2y a+Zy 2y g4Zy #T70 WL..
g5
Wy 142, 4 %2y o425 1g+2) (125w e

10
¥ g 2 3.

Items 1, 2 and 3 skip period 1. Hence b=1. Item 1 has a junction at
period 2 of length 4, and item 2 has a junction at period 7 of
length 4. It is easy to see that 1(1)=4 and 1(2)=4. The righthand

side is itherefore equal to I“qu—b—1(1)—1(2):12—9:3.

13



Remark. For ease of notation items have been numbered arbitrarily
from 1 through p for any subset of cardinality p from the set of
items {1,2,....,P). We can therefore construct multi item skip

inequalities for all subsets of items from {1,....,P}.

4 .Separation Problem.

We develop a heuristic to solve the separation probiem for the
multi item inequalities (MI) having exactly one junction in the
Tast demand interval {th%4+1,....,t%}, assuming that the subset of
items 1in the 1inequality 1is known and assuming an arbitrary
numbering of the items from 1 through p. The heuristic proceeds by
finding the junction for item p, then for item p-1 and so on until
item 2,

We define f(w,r,j,i) {f(y,r,j,i), f(z,r,j,i)} as

Flw,r, 3, 1=min{{Z g Een Yot a2y )
where ieW. and for {j,....,il}c {tn%4+1,....,t%}, the subsets W{,,
Y, Z, partition {Jj,....,i\y./{i,, 1i+1} and satisfy the
conditions: (i) if Jzth%4+1 then we have a junction at period j,
i.e., JjeW, and j+1eZ,, (ii) for i2j+2, if ieZ , then i-1eY,uZ, and
(1ii)if JeY, then j+1ezr. The last condition is imposed because
otherwise the inequality is not tight since we can replace Yrj by

er.

for product r=p down to 1,
For 1=t%4+1 to tn%,
For j=t . to i,
G

If i2j+2 then

14



f(w)rnj'i)=wri+m‘in{f(w!r’j’1_1)v f(zrr)j'i—1 )}
fly,r,j,i)=y,+min{f(w,r,j,i-1), f(z,r,j,i-1)}
f(z,r,j,i)=z,+min{f(y,r,j,i-1), f(z,r,j,i-1)}

If i=j+1 and j2t, _.+1 then

Qr-1
flw,r,j,j+1)=e, f(y,r,j,j+1)== and f(z,r,j,3+1)=z;.
If i=j+1 and ,j='l‘.q,1 then
r
fw, r,j,i):wri
f(y,f',j;'i)=)’n-
f(z,r,j,i):z”-
We define f(.,r,j,i)=eo if i¢j+1.
Once we have found f(.,r,j,i) we can find
h(w,r,i)=min{f(w,r,t, ,,3)+f(w,r,j,i):t, , _(2jst .}
&1 rg-! ra
h(y,r,i)=min{f(w,r,t, ;,3)+f(y,r,J,i):t, , (<js<t, '}
r r r
h(z,r,i)=min{f(w,r,t, ,,3)+f(z,r,J,1):t,  ($jst, .}
r r "r
If i:trqur, we can tighten the inequality by replacing Ypi by w,;.
"y

We can therefore find

- t . .
H(r.tq)-zprzf}: r.ttr_l w,i+m1n{h(w,r,t,,qr), h(z-"»tr.qr)}v which

izt
would give the minimum contribution for item r. By backtracking we
can find the junction i, i,+1.

Finally, we can find

F(Q|-Q2. LU "Qp)=2r:1pH(r;t )-
If F(Qy.Qp--..,09)<Z P (q-1)+1, then we have identified a violated

inequality. For a given q the quantities g, for 1s<r<p-1 are
uniquely defined since we require that tm%qstn%stm%. For a given
qp it takes O(pTz) to find a violated inequality if one exists.
Hence the heuristic runs in O(pT) time.

15



5. Trivial facets.

Magnanti and Vachani (1990) have described some trivial facets
for the single item problem, and have mentioned that they are valid
for the multi item problem also. We describe some more facets which
are not included in the original formulation. They are not based on
counting arguments for satisfying demand. The proof is
straightforward and has been omitted.

Proposition 1. For any subsets Q and R partitioning the set of
items {t{,....,P}, the constraint I“Ry”+znoz” < 1 is a facet for
i22.

If i=1, then z,2y,, @and since Z,z,;<1 is a valid inequality, the

constraint I“Ry”+znz” < 1 cannot be a facet.

Remark. Proposition 1 hoids true for the uncapacitated multi item

lot sizing problem also.

6.Future Directions.
The multi-item skip 1inequalities (MSI) can be generalized in
several ways. We point out some of the directions in which we can
proceed to discover new valid inequalities. We have restricted the
" number of junctions per item to one. It is possible to increase the
number of junctions per item. Secondly, Jjunctions are of the type
w”+zrd”. We can have more general junctions.

The separation problem for the inequalities needs to be solved

for a more general version of the inequalities. Computational work

using these inequalities would also provide information on their

16



utility. Since the problem can be cast as a special case of the
fixed charge network design problem (see for instance Magnanti and
vachani (1990)), these results could also yield 1insights for

developing inequalities for the more general network design

problem.
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