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Abstract

In this paper we propose a concept of opportunity
fairness for economies in which there are public goods and
establish its equivalence with the concept of an equal income

Lindah! equilibrium.



1. Introduction :- Concepts of distributive justice that have
been proposed and appiied in normative economics. have been
usually developed in the context of -5 private ownership
economy (see Thomson and Varian (1985) for a survey). Only a
few works. such as Moulin (1987), Sato (1885, 1987) and Otsuki
(1992) have 1incorporated public goods explicitly in problems
of distributive ijustice. From the stand point of welfare
economicés. studying problems of distributive Jjustice with
public goods 1is important, since public goods form an
undeniable component of economic reality.

The problem of distributive justice is one of dividing a
fixed amount of goods &among a finite number of agents in a
manner consistent with egquity and iustice. There are various’
wavys of doing this, the wvariation being due te different
perceptions of what is iust.

One of t;e eariiest concept of equity is due to Foley
(1987) which has been analvsed 1in great detail in +the context

of a private gcod econoemy by Schmeidler and Yaari (1978). Kolm

(1972, Schmeidler and Vind (12727, Varian (1872). Variations
occur in Goldman and Sussangkarn (1978), Thomson (1882).
Feldman and Weiman (1979). The extension of this concept to an

economy with public gocods can be found in Sato (1987).

In Varian (19786) can be found the concept of opportunity
fairness which exfends in the context of a private good
economy. the equity concept introduced by Foley. In this paper
we firsﬁ propose to reintroduce this context. in an economy
with public goods. Then propose to establish the

equivalence of opportunity fa: - in an economy with public



goods to the concept of an egqual income Lindahl equilibrium as

defined in Sato (1987) or Lahiri (1982).

2. The Model :- We assume a simplified framework (largely for
expositional purposes) of an economy cénsisting of I agents
(or consumers). Letﬁ%»denote the nonnegative quadrant of the
Euclidean space of dimension 2. the set of commodity bundles.
Thus we assume that there are two goods in the economy - a
private good and a public good.

Each agent in the economy has preferences on consumption
bundles. which are represented by & twice continuocusly
differentiable. quasi-concave strictly monotonic increasing
utility function. Thus. agent 1i's preferences are represented
by a twice continuously differentiable function ul :IRE->TK .

i

such that {((x',g')€ m\i_/ui (x".g")u (x,.g)} 1s a strictly

convex set for each (x,g)é€ mf vi=t.... .1 and for each
1=1.....l(x.g{e mi,(x'.g‘)e mf;x’.g') 3 (x.g),(x’.g’);(x,g)
implies ui(x’.g')')ui (x.g). Here the first coordinate of the
ordered pair (x,g)é& ni_represents the level of consumption of
the private good and the second cocrdinate represents the
level o consumption of the public good.

We assume that the aggregate initial! endowment of the
private good in the economy is given by the positive real
number W(>0) and +that there 1is a simple linear technology
which converts private good into public good i.e. there exists
a constant p>rO0, such that to produce one unit of the public
gooc. we require p units of the private good.

A feasible allocation 1is a vector (x1

.....xl.13:)(—‘.—'(R_l:1 such

that X%ﬂ xi+pg 2 W, Let F be the set of feasible allocations.

N>



A feasible allocation (x! .....xl +.g) is said to be

Pareto-efficient. if there does not e;isﬁ (x Ui ok P.g')E?
with U (xi', gy 2 vkx Ley Vv i=1,...,1 and uixlgy > ukx ig)
for some i€{i.....11}.
Let (xl.....xl.g)éF. We introduce the following concepts
and notations @
Dui (xag)/?g

iz al (x 1 g)= R S S
sul (xfg)/bx
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Owing to the monotonicity assumption. w! > 0.i=t.....1:

Acnt . )>0.i.3=1,...,1. Sato (1987) provides a detailed
explanation of these concepts and their application to the
theory of fairness.

We savy that a feasible allocation (xl....x}g) is L-
eauitable if V i,3€(1,....10.ulxi ,g) 2 ul (x§ LAl mig.
An L-equitable allocation 1is said to be L-fair, if it
satisfies Paretu cfficiency. )

We say that a feasible allocation (xl.....x}g) is
opportunity fair if

1...‘.x{g) is Pareto-efficient

(1)  (x

(1i) V  i.3€{1.....11.ul(xleg) 2 uix.Aatn!, = 1)E) whenever.
(x.2)€ 2 and ;+nj§ < x4 nig.

In other words & feasible allocstion {s opportunity fair
if it is FPareto-efficient and no agent "envies” a consumption
bundle belonging to the "budget set"” of some other agent. at
the efficiency prices.

An allocation (x! .x%.....x! ,2)€F is said to be an Eaqual
Income Lindahl Eguilibrium (EILE) allocation if there exists a

vector (p1 .....p[)6ﬁ4+ for which the following is true :

(iv> %1 + plg=ws/1 and ul (x},8) 2 u ! (x,g) whenever
(x,2)€ mi and x+pig LW/l

(ii) =l phHE = pE

The above definition can be found 1in Sato (1887) “or
Lahiri (15%82).



8. The Main Results :- In this section we establish the main
results which establishes an wequivalence between the set of
opportunity fair allocations and the set of EILE allocations
for the economy described in Section 2. Before we proceed, let
us note the following : 1f «p! .....pl! e ml* are the
personalized prices associated to an EILE allocation
x!.....5', @ then p! = nl View..... 1} where
')Ui (x! .g)/e

' = o i=1,... .0
20l ((x!'.g)/x

Theorem 1 - Let (Yl .....?l.é be an EILE allocation. Then (X !

el x! .g€) is opportunity fair.
Froof :- Since an EILE allocation is Pareto-efficient, we only
need to show that the second part of the definition of
opportunity fairness is satisfied. Thus, let (x,g)éﬁg satisfy
xemd g w1,
Then x+nl A(nd  mi )g = x+nig L W/,

.. (X Al

ow ! )g)ER&and belongs to the budget set of
consumer i. Thus by part (i) of the definition of an EILE
allocation,
o xlig oz ul o xead  m) g,
Thus (X! .....i].g) is opportunity fair.
Q.E.D.
The next theorem establishes the converse to the above
proposition.
Theorem 2 :- Let (x! .....% .g) be an opportunity fair
allocation, Then it is alsc an EILE allocation.
Proof :- By part (i) of the definition of an opportunity fair
allocation (il .....?i.E) is a Pareto-efficient alloccation.

Thus the following is satisfied for p P znl,

(i) ul (x,g) < ol (x1

- [

x+p' g

.E)V'(x.g)Elwahenever. X+p ig £

(i) @l pl T = pg

Thus if we can establish that V i.j€(i.....1}. p! g+xi=
pj §+§j. we can then appeal to the monotonicity of preferences
and assert that p! g+xtw/1 Vi=1,....1.

Suppose towards a contradiction that there exists

i,4€01.....1) with pl B+x) > pl Foaxd



Therefore,

pl ad ,md Hgexds p I gexl

By the strict quasi-concavity of preferences, there
exists (x,g)é€ R% with pi

ul (x.g) > ul (x Rg).

Let g’ =g/Aa(nl nd ) = and (wi)g,

g+x = p lad n 1)g+x! and

.

.

. . pj g'+x=piA(nj iy g+ x=p ig+x=pi Al | = j)§+'ij
=p 1 g+%.

).

mal

and ul (x.AGd nf gy = wlixagy) > u kb,

Thus. there exists a consumption bundle in the budget set
of consumer j. which COMEUM&ET i "prefers”™ to his own, This
contradicts opportunity fairness and proves the theorem.

. Q.E.D.
4. Conclusion :- In Sato (1887) an equivalence between EILE
allocations and what he <calls stronegly L-fair allocations can
be found. In this paper we have established the equivalence
between EILE allcoations and opportunity fair allocations. The
latter concept is simpler than strong L-fairness. at least in
its conceptualization. This should enhance the intuitive

appeal of the EILE resocurce allocation mechanism.
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