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In this paper we present a generalization of the Raiffa =

Kalai - Smorodinsky Soluticn to two person bargaining gamaa,

to incorporate asymmetries in solution payoffs.



1. Introgucticnt= 1n this paper we pressnt a gsnaralization of the

Raiffa - Kalai ~ Smorodinsky Solution to two person bargaining

gamas, to incorporate institutional asymmetries in solution pay=

offa.

The solution concept propos.d by Raiffa, treats
both playérs symmetrically. However, more often than not, in
practice we find departures from fairness in arbitration mechanisms.
It is to incorperats, these asymmetrias that ws aextend the above

montionad co=operative game soclution.



2.

~
Ihe Models- Tha glass of games to be analyssed in this paper is

characterized by a pair (H, d) whare H |R2 denotes the gat of
attainable gayoff osirs and d€H donotes the threat point. 1If
the players fail to achlieva en agreement, they will receiva the
payoffs d = (d1, dz). If a payoff point u = (u1, uz) ¢ H, then
it is impossible for the players to schieve it, but if ue H,

then there are Jjoint actions open to them thzt will rasult in u

baing the payof?f.

Pafinition 11~ The pair r‘- {H,d) is a two-person fixed thrgat
bargaining game if H [B2 is compact and convex, deH, and H

contains atleast one slemsnt, u, such that u 3>d.

Definition 23~ The set of two-nerson fixsd threat bargaining
games is danotad W,

A solutiaon to some game = (£,d) is a perticulzr alemsnt
of H wvhich is the payoff pertaining to t.e solution concapt under

discussicn,

Dgfiniticn 3:= A soclution is a function fiw —> [‘R2 that asasociates

a unigue element of H with the game (H,d)e W is, f(H,d) € H.

The moat familiar solution concept is that due to Nash (1950).
Saveral altsrnativses to the nash approach have been put forth, A
solution concept suggasted by Raiffa and deacribsed brisfly 4in Luca

and Raiffa (1957) has besen axioniatized by Kalei and Smorodinsky(1975).



The basic intuitive notion is ti.at esch playsr haturally aspires to
have tha largest pa,cff available in the garme that is consistaent with
individual raticnality, These two indivigual payoffs are, in general,
not attainaLle simultanecusly and tha Raiffa - Kalal - Smorodinsky
Solution is to settlse at tre largast attainable payoff that is pro=-

portional to them,

Hers we sttempt a gencralizastion of the Raiffa = Kalai =
smorodinsky {hencefcrth referred to as RK3) solution, to incorporats
inherant asymuetries in the srbitration grocedure. We call our solu=

tion concept the @ = RKS sclution. Before ws proceed further let us

introduce a faw concepts.

Let

n1(H.d) = max {x1¢ m/(x1,x2) & H and x, 7,02% (1)
m,(H,d} = max Exzem/(n1(n,d).x2) 6H3 (2)
M (Hyd) = max [xze m/(x1,x2)€H and x, >/d8 (3
n1(H,d) = max {x1e FR/(x,,leH,d))G:H‘S (a)

H1(H,d) is ti.e largest payoff in H for player 1 among all out=-
comas at whicn playsr 2 © tains atlsast dz.mz(H,d) is the payoff
playsr 2 rsceives when playsr {1 gsts ﬂ1(H,d,. 1f the payoff for
play.r 2 corresponding to H1(H,d) is not unique, then az(H,d} is
the largest of tha corresponding payoffs. HZ(H,d) and u1(H.d) are

snalogously dafined,



pafinition 4:- The point M (H,d) = (M1(H,d), HZ(H.G) is callad the
Adanl goint.
pefinition = The point @ (Hyd) = (m (Hyd), m (Hyd)) d& called the

point ef mirimal expectations.

Note that, in ysnaral, ths ideal point is not an elumunt of
H, Indsed, if it were there would bes nothing tc bargein eover (ie. no

conflict in the interests cf tha two play .F5) .

Lot @ belong to the inturval

['z(“’“) - d, H1(H.m - d,

HZ(H,d)-dz u1(H,d) -d

| (R=K=5) Solutien

./,e = (R=K~S) Solution




The conditions defininc the 8 = (R-K=S, solution ere:

gongition 1:= f{H,d) > d for sll (Hyd) € W

Condition 2:= Let a, a,< R .+ by b€ IR, and (Hed), (H', d') €W and
defina d{ L aldi + bi' i= 1’ 2’ and H‘ = gx& fﬂz/xiﬂ dj‘vi“b‘g im 1'2,YEH_50

Then fi(H'. d') ﬁ{i(H,d} * by i=1, 2

Condition 3s- 1f (H,d) € W sctisfies ¢, = d, and (‘1’ xz) € H implies (xz,x1)€.H,

Then fz(H.d) =8 f,(H,d) + (1-8) ¢,

We now add @ fres dispussl of utility sssumption to the modal. To
that end, let 2, = min, {y‘_G W(11g yz) € Iﬁ for § = 1,2. Thus 2, ia the
smallest payoff in H that player i could concievebly recelive, and z = (11. 12).
The aet N is defined o8 the set of payoff points that both weaskly dominste z

and that are weakly dominatsd by en element of H. That is,

(5)

gy

- 2
H = {yefﬂ/yzz and, for some x € Hy, x 2 Y

Condition 4:= If x > (H,d; then x ¢ H

Condition 5:~ Lat (H,d, snd (H!,d") matisfy (a) d = d',(b) H1(H,d) = H1(H',d'),

and (c) HC H's Then l’z(H,d) é fz(H',d').

Condition 4, gtrong Pagpete pptimality, states that there is no alterna=
tive in H thot gives more to one player than £ (H,d; without giving less to tne
other. MNgek Parcto optimality states that u € H is Parsto optimal if thare is
another point that gives strictly more to sach play=r. Condition 6, wonotonie

city, states that if twc gamass yleld ths same maximum payoff to player 1



(H1(Hsd) = H1(H'.d')), the second gama affords etleast as large & maximum
payoff a&s tre first to playsr 2, thay have the same threat point, and the
paratt set of the second game lies on or abovs the Pareto set of the first
gane (ﬁ c H'): then the sclution paycff to player 2 in ths second game
must by ptleast ss large &8 in the first game. The conditions on M, and

2
the payoff frontier can be ststed as stipul-ting that, for fixed Xeo the
largest value nf‘xz is atleast as large in ', and in He The point herae
is that the gama (M, d") is stlesst as Pavoursble to play-r 2 as the
gamg (H, d), while the two games ratain the same value of H1. In this

situztion, monvtonicity requiras that player 2 get at least a8 large a

payoff from the second game as from tre first.

Nou let the solution P{H,d)} bs defined by tha following teo

conditicnss
{a) f (H,d) - 4_:2 M {H,d) -
= 8 4‘————:1’ {6)
¢_(H,d) =d M (H,d) - d
1 1 1 1
(b) ir
x -g m_(H,d; -
2=d - ? W(n.d -9 ()
1 1 1

and x > P{H,d), then x¢ H,

Condition (a, states thet the ratic of the amouht sach playcr
recaives over snd above hie thraat point payoff is proportional to the
ratio of the smount each player receivos ot the ideal point over and
above his threat point payoff. The proportionality constant @ Raasures

the degree of asymmetry in the arbitration scheme.



3.

Existence of the & = (R = K = §) Solution:~-

Anslogous to the main r.sult of Kalai and Smorodinaky (1975) is our
rosult thzt the runction f{K,d) defin:c by {a, and (b} above, is well
definud anc is the only function thit sstisfies Concitions 1 tc 5. This

is proved in Theorem 1 whih the aid of th. fcllowlng twe lemmas.

Lgmma 1:~ A non=nagstively slopcd ray (ie. straight lins; tirougr d
paspes through a strongly Parsto uptimal poirt of H if and only if tha

slope of tha ray liss in tha intarvel
m_(H,d) - M _\H,d] =
JHea) = d) M (Hy0) ) .
n1 H.dl-d1 m1 Hyd --4.11

ofi= A nonenegetivaly sloped ray whose slope lies in the interval

(B, must pass througn e peint on the {weak) upper right frontier of H.

(A point u € H is un this frontier if there is no u' € H such that
u'3> u.) Tec fail to do so woulo contradict the compactness cf H, and
for thia peint to fail to be Parsto optimal would, likewlsc, contradict
the convaxity of H. A ray of slope stesper thsn the uppsr bouna in {(B8)
could conly intorsect the upper right bound-ry of H a2t a peint whare

X, <:n1(H,d) and x, ﬁEHZ(H,d);thererﬁrs. x could not be strorngly Paraeto
optimal, & parallel argument can be mede for non=negativaly sloped
rays that ara too fl.t to liz in the interval (B).

web.D,

Lempa 2i= The function f (H,d} defined by equations (6; =nd (7, h=s a
unigue value for avery (H,d, and corresponds to a strongly Parsto optie

mal selement of H for 8 belonying to tha intarval



n (H,d)-dl H1(H,d) - d1

H - ’ -
n2\ sd) dz l1(H.d) d1

(9)

proofs= f(H,d) is that point in H which lies .on a ray through d of slope
a[nz(ﬂ,d) - da / [H1(H.d) - dJ. This slope, for & in the interval (9),
lies in the intsrval {(8) § thersfore, it passes through a astrongly Pareto
optimal slement of H. The ray could not pass through two or more Pareto
optimal elemants, because its slops is positive and, hence, ong of the

supposed Paroto optimal points would strongly dominate the othar.

d.k.D.

JThgorem 2s~ The function r(H,d) is well defined, setisfias Conditions

4 to 5, and is thse only funcgion to satisfy these conditiona.

Proofi- First we show that ¢ (H,d) satisfies tha seversl conditions and
is well cefinag; then it is shown that it is the only functiocn to satisfy
the conditicns. It is proved in Lemwma 2 tnat f (H,d) is well defined and
satisfiss Condition 4, Thet Condition 1 ie satisfied is obviousj Condi-
tion 2 is straightforward and Condition 3 holds because for a symnetric

gamngy “1(Hld) = HZJ\H’d), d1 = qz.

To see that Condition 5 is satisfied, suppose that (H,d; and
(H', d') sre two gamss satisfying d = d', H1(H'.d'), andH g H'. The
latter implies that HZ(H.d)éﬂz(H', d'). Tha ray from a threat, point
d through a point f (H,d) is referred to ae the definning pay ror r{H,d).
Note the follouing factst (s, Because M, (H,d) = M (H', d') and

HZ(H,d) < nz(n'. d'), the defining ray Por f(H', d') has a slope



atleast as great as that fer f(H,d)e (b) The set of Parsto optimal points
of H is identical uith that of H, and the same holds for H' and Hi,

{c) Let y denote tha point on the uppar right bounocary of H ti.at the defin=
ing rey of ¢ {H,d) passas through, and 1st ';' danoﬁa the peint on the upper
right boundary of H thast the defining ray of f (H',d') passes through.
Then ;2 > Y e (d) Let y' denota tha point eon ths upper boundary of H®

that the defining ray of f(H',d*) passes through. Then yi;.,.;z. Now

note that y is on the up;er rignt boundary of Hy hence y = f(H,d).
Similarly, y' is on tha upper right boundary of H', implying that

y' = P(H',d'). Therefore, f,(H'yd') 3 f,(H,d), shich establishas that

r(H,d;, satisfies Condition 5.

To ses that only f(H,d, satisfies tha various Conditions, it is
first shown to hold for gemes .n which d = 0 and Hi(H,D) = MZ{H,O) =1,
Extension to the full class of gares follcws from the raquirement that ti.e
solution satisfy invariance to sffine transformations. Danote the trus
solution by f*(H,dj, and lat H' be ti.e convex hull of the set of pointe
{(D,O), (0,1)s (1,0), olH, 0)} ( A\) whare g (H,0) fa the point oA the
upuer right boundary of H where the line through (0,0) and (1,1) inter-
sects it. Monotonicity requires that f'(ﬁ.ﬁ))f’(H,D) and that f'(ﬁ,ﬂ)),f’(H',U),
because H C H and H'CH. At the seie time, the definition of H and the
Pareto optimality of £*(H,0) imply

ro(r,0) = re(H,0) (13)
Condition 3 assures that

pe(nt,0;  r,(R,0) {11)

f:ZH' o) f1ZH",05
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Meanmhile, f {H,0) ia in the Parcto optimal set of both H and
H, hance,

P(H,0) = r(n,0) _ {12)

and

ri(ﬁ.o) i} ri(u'go) (13)

r:(ﬁ,o) ' r;(a* 0)

Equations (11) end (13) imply

pe(i7,0) f, (#,0)

S{CTCP I A CRY)

Since both P* and f are Pareto optimal, this impliss

re(R,0) = r(H,0). (14)

Equations (10), (12) and (14) imply that £#(H,0) = f(H,0).

HQE.DI
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while astablishing that the @ = R-K=-§ sclution satisfius Condition 5,
it wes assumed thut ths cefining ray cof f{H',d")} intersects the upper
right frontier of H at ;. Suppose tnat this is not th2 cass. Then
the upper right frontier of H lies complately below the cefining ray
of P{H?,d')s Hence y, the point of intaersecticn of the defining ray
of f(H,d) uit..h the upper right frontisr of H, lies balow the defining
ray of f{Hf4d"). Sincs H [ H', the upper right frontier of H* lies
to the north=east of the uppar right frontier of He Let y' be ths
point of interssction of the defining ray of P(H',d') with the upper
right frontier ef H' Tharsfore, y; 2 yz. Fow, obssrpuving that

y' = P{H',d") end y = f(H,d), we get that fz(H',d') > fz(H.d).
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