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ABS THACT

In this paber we provide a general framework for studying
threst bargaining pames with incomplete information. In

this framework we obtain a characterization of the
Kalai=Smorooineky sclution without any monotonicity assumption
ana the Nash solution without the independence of irrelevsnt
alternatives assumption. The approach adcs & cose of realism

to the alrescy existing literature on threat bargaining games.



1. Introduction

In many arbitration problems, the parties involved are fully aware

of the true characteristics of the rival, but the procedure involved
is one where each party makes a report on its statue=gug position

to the arbitrator, who on the bacis of such a statement must arrive
at a mutually acceptable decision, Further the arbitrastor is unaware
of the true characteristics of the players, Such sitwations abound

in reality, where it is not the lack of information on the part of the
players, but on the part of the arbitrator, which leads to strategic
non cooperative behaviour. Such situstions can be modelled gs threat
bargaining problems, acs ciscusseo in Lahiri 19&E, 1989 a,b) ;

Owen (1982).

An adcoitional complication to such problemé is considerec here, where
esch player hes a belief regarding the acceptability to his opponent

of an arbitrated outcome, which can be summarizea by e probability
uistriﬁution. Hencte coupleo with the strategic behaviour of the players
in determining the final outcome of arbitration, there is an uncertainty
ebout the solution being ecceptable to the opponuit. Each player's belief
about an outcome being acceptable to his opponent may cepend merely on
what the opponent receives or may in adoition be influsnced by what the
player himself was gefting. Beliefs of tha-formsr_typp are naturally

uncorrelated, whereas those of the lstter type are correlatsd.



Throughout this paper we assume that the parametere determining
the arbitratec outcome are known to the players. However, the
arbitrator is unaware of the trus status-gup point, and it is

this ignorance which results in the strategic behsviour of the
players, Arbitration proceeds on the basis of the stated value

of the status-juo point. we show hers first, that if the conditional
distribution of the beliefs follow & certain specified form,

then the only bargaining solution compatible with truthful
revelation of the status-quoc point is¢ the Kalai=Smorooinsky (1973)
bargaining solution, If on the other hand the beliefs are
uncorrelateu ana uniformly distributed then the only bargaining
solution compatible with truthful revelation of the statuseguo

point is the Nash (1950) bargaining sclution,
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24 sfinitiong s

In & pure bargaining problem between a group of two participants

there is & set of fessible outcones, wny one of which will result if it
is specified by the unenimous sgresment of a1l participants. In the
svent thit no unanimous egreament is reiched, @ given gigdgraament
outcoms obtains. We ghall dggume that the utility spdce or the set of
possible payoffe is Ft2 i.0, @ two pearson bargaining problem ip a pdir

(H,8) of &« gubset H of Ft2 and of @ point d&He H is the fessible get,

eand ¢ is the digagreement (or threat) point.

The class of bargaining problems we consider is given by the

following definitions

pefinition 1 3= The pair r‘ = (H,d} is @ two-person fixed threat
bargaining game if HG Rz is compdct, convex, comorehenaivae with non-
expty interior, dGH, and H contding atleast one slstent u psuch thét
u))d. (Note: H C R2 is #2ic to be comorehensivs if yg¢ Rz, xpyXhd

for some x¢H implies y ¢H).

pefinition 2 3= Tha gst Of two—person fixed threat bargaining games

is denoted ¥.

For the purpose of this paper we define a golution to bargaining

problemg in W ag follows:
Definition 3 3- A solution ig @ functionF s W -732 satiefying
(1) F (H,d)tcH ¥ (H,d)e W (Feaainility)

(11) yeH, y3f(H,d) dmplies y=F(H,d) (Pareto optimality)



(834) F(H,9) % o ¥ (H,d) & W (indivicusl rationality)
z ! 2
(1) 1f (8,80 72 0, (6,0 )R} H. -{wn SRR
i =12 y= (71.y2). x = (x,x,)€ H—} and
] 1 ¥
di ziidi + Di' i 1,2, d = (d‘l'dz)' then
] ]
r, (H, 8 ) = lifi(H.d) +o,, 1=1,2
(Independence with respect to affine utility

trensformetiong)

The conditions we impcee on & golution to bérgeining prodblems
ars standeard ang dre setisfied by the more well known solutions te

pargeining problems (s.g. Nash (1950), Kélsi-Smorodinsky (1975) ).

We now make 4n epsumption which is satisfied by most familisr
solutions to burgeining problems and which will be required signi-
ficantly by us.

Agsumption (FUD) 3= Let (K,d)C W and P(H ) -{(11.::2)(' H/x m (x,4%,),
xiz,di, i =1,2and yﬁ,’}/ X, ycH implies vy = :}

] L
Then ¥ (x,,x,) € P(Hd).} d,3d,. O d,5d, such that

(1) 7 (¥ d;. 8,) = (x54x;)

or (44) F (M3 d1,d'2) - (x1,x2)

(fuliness through unilaterel deviations).



This assumption reguires thit unildt-rfl dgevidtion from the
given disigreement payoffs yisld any Parsto Optimel and individually
rational outcome. As msntioned sarlier this propsriy ia setisfisd
by 411 the more well knoun solutions to burgaining problems, including

some of those which mey not satisfy some of the concitione of

pefinition 3 (s.g. the Proportionel Sojution of Kiled fie77] ).

Our @nalyseis reguires the notion of 4 true barquining problem,

which in view of the above «nd following Anber dénd Keldi (1978) may

be defined 4g followss:

pefinition 4 31— A true bergeining proolem H ip & compsict, convex

suzset of the unit sguire containing (0,0), (1,0) #nd (0,1).

The intsrpretetion of euch & bargaining geme ia that the true

digegreement point of the pliyers heve besen set agual to (0,0) and

the géms hag been normalized in such & wey that the utility desénds
of the playere bslong to ths closed interval [0,1]. Lot us oell the

set of all trus bargaining problems w.

fvery member HG; defineeg unigusly @ monotons non-incredsing
concave function {2 [0.1] = [o,1] by ﬁﬂ(x‘l.) - max {xz/
(x1.xz)G H_} . Conversely svery monotone non-incresdsing concdve
function ¢ 2 [0,1] -7 [9.1] such that @ (0) = 1 determines unicuely a
" )
sut H‘CI by ﬂ‘ -{(x‘l,xz) ] 0/_,:(1 .;._1, Déxz _L.ﬂ (x1)} . For
avery such function § we define the (gensralized) inveres

it B 2 ) ey 0Tk = max [l ax e



tot o, ¢ (0,1 x (0.,1] = B,1] be the concitional oistribution
function which sumsdrizes ths bslief of player 1 4&bout player
jA& 3 ( i's opponent) accepting @ utility outcome, given playsr i's
utility outcomse, & = 1,2, Thus, 61(x2'x1) is pleyer 1's dgecessrant of
the probability of player 2 sccepting 8 utility outcome x, oF less,

given that player 1's utility outcoms is Xy

The non-cooperative geme we hdéve in mind is the follouing. The

underlying true bargeining problem Hew being given esch pleyer i

amounces @ disdgreement utility d,. The pair (H,d), © -(d1,dz) is a
fixed threst bargaining problem in W. Bésed on the Informetion «anounced
by the pleyars the arbitrator using @ solution F sslects dn éutconc

F (H,d) which sech pleysr accents with & probability determined by

61 and §. respectively. In the svent that the outcoms is rejectsd, by

2
any one or both ths playsrs, the pirticipunts settle down for their

true disdgresment payoffs O = (0,0},

Let (d1,d2)E'H be the announced disagreement paycffs of the
Tespective players. If F is the solution being used by the arbitrater,

the expected payoff of player 1 is
P (8,,0,) = Fy(H3d ,0) ¢ Gy(F (Hid sd I fF (H3d s0,)) e
The expected payoff of player 2 is

P(840,) = F (Hid 0 ) e G (F (K1 ,0,) | F (Kid, ,d)))



pefinition S g~ A threat bargeining game with incomplets informetion

scuipped uith & solution F is @n crdered triplet (H,f,C) whets

(1) H Q—G js & true bargeining problem

(1) F s ->R2 is @ bargaining solution

(4ii) G = (51.n2) is & peir of concitional probebility distri-

pution functions on [0,1].

The noticn of &n equilibrius thet we edopt in thie paper is

given by the follouwing definition.

gefinition 6 - An squilibrium for @ threst bergeining geme with
incoeplete informétion equipped Gth a solution F, 1.ee (H,F,C) 1s

an ordersd pair (d: .d;)G H such that
(£ Py(eniey) 5 Pildgey) ¥ ae [0.1]

(1) PZ(d:.d'z)y, P1(d'1.a2).v d,¢ f0.1]

This is the femiliar Nash eguilibriuwe shich :y dint of its
¢alf enforcesbility finds # distinguished placed as @ eolution concept
In the cage of threat bargaining problems, the relationghip between &
Nagh equilibrium and well known solutions to bir'gaining problema have

peen studied in Lahirt (1988, 1989 s



3 pain Theoremel

a concdlitiens under which

in this section we ghall try to impos

truthful revelation of digagreemont utility will be guarantesd by &

pargeining solution.

arethe following?

The main theoremsafl this papsr

Theoren 1 #- Lot 61(x2\x1) = min §x1.x2& if x, 7 O

X4

if s =0

if x270

if x2-0

s on equilibriuvm of the threat pargaining game

Then (0,0) &
) squipped with & solution F

snformation (H,F .G

it

with incomplete
the Kelai-gmorocinsky [1975) solution $.e

and only if F is

F(5) = arg max I\-:Ln (xvqf' (11
0 f:x1 (:1 |

))B = drg ®x {-iﬂ ("2".'("2))}

0 Lx, &1

a5,

Given G, and C,» P1(d1.d2) = ain {r,.(u;d“uz).

<-_? (F,(Hyd 08 ))}

P (d1.d ) = min

Proof -

{r j(id g8 NURGTRCAN



Dbssrve thet by property (f) of a solution rz(H;d1.dz) -
- | :

Suppose F = (r1.r2) is the Xelai=-Smorodingky [1975J solution,

p,(H30,0) = un{ri(u;o 0) ,CfH<r1(H;o.u))}>, min {;1.%(:1{}\&0_( x, {1,

by definition of the sclution,

Sincs 91(H;d1,0) = min {x1,‘fH(x1)J for sone x1E— [D,‘lJ ’
we get,

P (H30,0) 3P (H3d,0) ¥ d. & 0,1] &

By » similar argument it foliows that

P,(H30,0)% P (H; 0,d,)% d,¢[0,1] .

Hence (0,0) is an equilibrium for (H,F,G).

Converssely supposs that (0,0) is an esquilibriue for (M,F,G),
but F is not the Kelaji-Smorodinsky [1975] solution. Let (x:,cfn(x:))
be the Kelai-Smorodinsky solution outcoms for H ¢ w. By assumotion
(FWD) @nd without loss of gmarality} d;} 0, such that

F(H3a3,0) = ()0, ()

Hence

Py(503:0) = min [, ) | > min {7 (419,00, ¢ (10,0}
= P1(HID,U),

contradicting that (0,0) is an equilibrium. Hence the theorsa.

Q.tD.
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Let us now acsume that the beliefs of each player regsroing the
gcceptability to his opponent af an arbitretec outcome does not depend

on what he himself gets., This i1t g spectial case of our general framework,.

Theorem 2 := Let G,‘,G2 be distributed uniformly, i,e,

6, (x) = x¥0&x€1, 1 =1,2
Then (U,0) is an ejuilibrium of the threat bargaining game with
incomplete information (H,F,G) ejuippec with a solution F if and oniy if
F is the Nash bargaining solution i.e.
F(S,a) = arg max (x1-d1) (xz-mz)V (Yyd)é€ w
(x1,x2)é 5

> >
X1_.d1, xz, 02

Proof := Cince Gi and 52 are uniformly distributeo,

—-3 » -1 *
P, 00,,0,) = F(H;d,,0,). ?H (F(H30,,0,))

Cbserve that by property (i} of a solution Fz(H;d1,n2) =

Suppose F = (F1,F2) is the Nash bargaining solution,

. . ] e L A
P,(H;0,0) = F, (H;0,0). ?H(r1(H,G,o); Xy % )Y 0Ex £ 1

by oefinition of the Nash bargaining solution.

Lince P1 (H;d1,0) = X, fH(x1) fur =ome x16[b,{]7

we get
o



AN

GNP EROA R A [e,1]

1
Sy g £iriler eriusat it fullols tnetl

P, (430,052 F, (30,9,)% 0,¢ (0,1

Fente (0,0) i an equilibrius for {H, ¥, G).

Conversely suppose that (L,u; dc o ouiliczicn for (a0, X
i ’ . . . * -

but F is not the haesh bargaining soluticn, let (x1,ﬁ'ﬁkx1)) bc the

Lesn be: geining seluticn ocutcome four ¢ e Ty assumpiian

. o t
(F VD) ghe wvithoot lost of gencs el t}j 61 20, vuti 1haw
t - h‘
F{rsyo.yuy = (a9 A0
( ’ —‘!“J ( 1'(‘rl{>1))

Hentce .
- . .‘ - * ." ’ \ = 4 s - o
T (h:c;1, c) = x_l? H(>:1)> F’; (+;0,C) TH\F1Qh;u,u) =

contradicting that (G,0; ds an equilitriune H ence tne thecrem,



05_-12""

A charecterization of the fe ily of nzneynmetrdc Lash
balgaining solution {(scey Harsanyil anu tediton (19'7'4), Kalai

(1977 b)) is m.lcoied in the following theorem.

Theorem 2'-:- Let, [;1(x) = xk, UL x&1 and Gz(x) = ka,

Leéxbl, kO, Ee_-the distrituticn functichns emtodying tne teliels
of tne two pleyerz. Then (0.0} is & equilibrium tor the threat
bargeining game with inbompletu information {H,F,G, equipped with

e toluticn F if end enly if, F i5 & ronesynnetric hNash Largaining

: : v ; k L N E
solution i.e. F(u;c1,d2} = arg max (xq-d,i? (xz-dz)\' (&,d) € W,

(x-l lxz) ¢ s

rocf s~ analogous to the proof of Theores 2
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4, Conclusion 3= Now we shall briefly sunmarize all that we have

achieved in this paper.

To begin with we have extendec the framework of threast bargaining
games to incluce within it the stuay of threat bargaining games with
incomplete information. This extension ados a doce of realism to our

analysis.

Seccnu, we achieve a thoracterigation of the Kalai-Smoroainsky (1975)
csolution without a monotonicity assumption, which is an interesting

problem in its own right.

Thiro, we achieve a characterization of the Nash bargaining solution
(or more generslly, the family of non=symmetric Nash bargaining
solutions) without the debatable Inoependencé of Irrelevant
Alternatives assumption, a problem which has come to occupy e central
place in Dargaining game theory. wWe show that provided the beliefs of
the players in a threat bargaining game with incomplete information

are Oistributec uniformly, the only bargaining solution compatible

with truthful revelation of disagreement payoffs is the Nash bargaining

solution,

Fourth, our framework is perfectly general in that given definition

=3 (of a solution to bargaining problems) our result continue to hold
in.the tlass W of bargaining problems, In this case a true bargaining
prooclems would be (H,d)}€& W and truthful revelation of cisagreement payoffs
woula imply agent i announcing di ac his oisagreement pay off. The support
of the oistribution function of the beliefs of player i would naturally

‘be [Uj’ maxz letxi,xj}é %j} where j # i. W was invokeo merely for notatione

convenience anc ease of analysis,
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