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Abstract

In thié paper we establish that a family of well-known
normed compromise solutions for *two-person claims problems
respond appropriately toc changes iIin the claims point. At the
time of writing this paper. it was brought to my notice that
Bossert (forthcoming) had indapendently obtained a similar
result for a particular case of *this family of soluticng for
claims problems with a larger number of agents. The extension
of the general case to a larger number of agents 1is not

however either immediate or obvious.



1. lntroduction} :- In, this paper we shall be primarily
interested in establishing that some well-known compromise
solutions for claims problems respond appropriately to changes
in the claims point. We shall confine our discussion primarily
ta the two-person case. '

Following Young (1987), Yu (1973), Fraeimer and Yu (1978)
we define a two-person claims prablem in the following
fashion:

Let Sskz be compact and convax: lat PO(S)={xESNyESly>x
=>y=x1} denote the set of Pareto-optimal polnts of S: and let
c€R bs such that thars exists x€PO(S) for which c=>x. Then ths
ordered pair (S,c) will be called a ¢claims prablem. Let E
denote the class of claims problems as defined abhove. Richter
(1982) considers a similar class of claims prbblems.

A compromise solution on £ is a function F:Z—}lz such that
V(S,c)EEL, F(S,ec)ES.

Yu (1973), Frefimer and Yu (1978) and Richter (1982)

consider the following class of compromise so\&tions:
. »

Let pELl,o1. We dafins YP :Z-3R %as

YP (s,cr=argmintiq -xy 2Pete g-xy P /ixy L xpIES,x (¢ oy, i1,2)

v* (S,cr=argminimaxlq -x { .Cy-% 5 1/(xy .x,)€ §,x

(< cy.i=t, 20,

These are conventionally referred to as the Yu-p

sglutions and the equal loss solution respectively.

Thomson (1987) studies, the appropriate responsiveness of
.the Nash (1950), Kalai-Smorodinsky (19735) and the Egalitarian
(Katai (1977)) satutions to certain unilateral changes in the
disagreement point, for a fixed feasible set., Our purpose in
this paper is to establish similar reasults for the family {(Y? .

pEll,o1} undsr unilatsral chanzes in the claims point.

2. The Results :- We start by formulating our condition of
monotonicity with respect to tha claims point:

c-monotonicity (c-mon) : For all (§,c), (S’,c")EL, for

all 1€(1,2}, if §'=S, ¢ e gand cy= cj for all i 4 i, then F,
(S'.c');Fi (S,c). .

It may be observed that {n the two-person casze |if
F(S,C)EPD(3YV(S.c)EE, than (c-man) is aquivatlant to tho
tollowing property:



Strong c-monotonicity (st, c-men) ¢+ For all (s,c),
) TR | ]
(S’,c’)€EK for all i€{1,2}, if 5'°=3, > c¢c; and c ;= c ;for all

i i
4§ » i, then Fj s’.c’)éFj(S.c), i ¥ 1. 3 1
Before we procegad to the main results of this paper, let
us gather together some important conclusions available with
regard to the family {(y?: pert, «1;.
Theorem 1 :- (a) For 1<¢p<mo, YP :Z->I215 well-defined
(b) For p=t,m, YP . T-'R%is well-definad where
T=((S.c)EE/S is strictly convexl.
Proof :- Property 4,5 of Yu (1985).
Theorem 2 :- (a) For 1<{p<=>, V(s,c)ez, YP (S,c)rEPO(S)
(b) For p=t,», YP (5,c)EPO(SIV(S,c)€EE.
The following property is significant for the gubsequent
analysis.
Continuity (cont) : If S{ -» § (in the Hausdorff topology and

ci ->» ¢ (in thes Euclidean topolagy) then iﬁS*,Q& Y-2F(5,c)

1 A

whare ((S% ,2%)}is an arbitrary s=sgquence af claims problems.

Theorem 3 :- (a) For 1<p<m, YP :E-:R%zatisfies continudity.

(b) For p=t,o, YP : E-’R%satisfies continuity.
Proof :- The proof follows immediately from the definition of
{Y? : pEl1,21} and the maximum thsorem (sse Bargs (1962) or
Lahiri (1990)).

In the sequel we will ragquire the following subdomain of
£ (see Thomson (1981)). '

Given p in RY , B}pl denotaes ENERERIR

a = (peRy, / p F11.

Given SSRZ , which is compact and convex and x in S.

W(S,x) = (pE a /WES, p,yLipP.x.

Note that for all x in the 1nterior‘of S, W(5,x)=8 and
for all x€PO(S), W(S,x)¢P by the saparatibn theoram for convax
gets (see Rockafellar (1972)). Define,
ﬁd“ = {(S,c)EL/VXEPO(S), W(3,x) confains atmost one point)
Lemma 1 :- For 1<p<m, YP . Ty - R2satisfied c-mon.

Proot :- Lat (S.e)EEy, . Than Ix,XR and B:0x,x1->R such that
POCS) = ((xy, % YER? /x=0(x (). x| E [k, R1}.
Further p is differentiable, p'<OV¥x €(x.X] and g’ :(x,x1-R

ig a non-increasing function.



Now, (S,c)EEy and YP (S,e)=(x" , «', )ES implies by
Theorem 2, x'2= P(x'l) and by ths definition of Y P,

(x'l.x'z) = argmax {Lcy -x, 1P+ ey -x51 Py (x1,% 5 JES,
xi <=Ci » i=1.2}.

Appealing to Theorems 1 and 2 we can asszrt that

4

xy solves

oy -y 1P+ Cop-px 217 -» min

s.t. xy; € [x,%]

The first order necessary and sufficisnt condition for «x 1

to solve the above problem is that

c, -x' —‘P_I
t i - _?.(x'l)

cy *P(?l y

Mow suppose. (S,c’)EELyus whera ¢ (*> oy and 5 = c4
For (;1 .,(;l)) to bs equal to Y P(3,c") it i5 necessary and
sufficient that N
bt ”
’ P P_l
Ct - Xl ~ .
= "?’(Xi). L
~ -
Suppose towards a contradiction Yt < x,. Sincs q’(D. wa

~ ¥
have P(’(l ) >~9'. (xy ). ,
e Cz ",(‘rfi ) < ‘32'?()(1 )
t

~

Alsc cll—xl > SyTX oy

o p-1 . p-1
1 TXy C17X% 4
> -
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l.e. 9‘ (';-E'l ) < P' (x'i ). »
contradicting ?‘ is a non-increasing function and proving

the lemma.

Q.E.D.
As a3 consequence of Lemma 1 and Theorem 3, ‘we havae the
following theogrem:
Theorem 4 :- For l<p<m, YP : E-“lzsatisfias c-mon.

Proof :- Lat (S.c) and (S.c’)EC and lat ¢, < Gy, Gu= & 4.

There axlsts sequences ((S‘g .c))nﬂ and ((S .c'))%dlaf claims

J



"problems in Eﬁ( such that S£—> § is the Hausdorff topology.

By Lemma 1, Ypi(S{ »y ") 2 Ypl (5{ yov8=1,2,...
By theorem 3.

itim  YP (ég.cw = YP (5,2

£->o

fim yP (é ,cy = YP (5,27,
ﬁ—)m

Combining the two results we get,

YP (5.c”y > YR(S.o)

-,
e
o=

which provaes the theoran.
Q.E.D.

The two remaining cases for which c-mon reguires to be
proved  are p={ and p==s. For p=1, the c-mocnotonicity is
obvious, since the solution is 1independent of tha claims
point.

This may be summarized in the following‘}hgoremr
Theorem 5§ :- ¥! : E-)R?satisfiss c-mon.

Proof :—- Direct.

L]
-

The only case that remains to be tackled is the case whan
p=®. In this <cass the proof is analogous to the proof of
Theorem 3 in Thomson (1987). Let m(S)=(mt(S). my (S)Y),m i

(S) =min_{>fi/x€ SIV(S,c)ET. .

Theorem 6 - Y° B ->l2 satisfias c-mon, where L

={S,c)EL/Mm(3) {yix, X€ES => y€S}.

Proof :- Supposae by way of contradiction, that for some (S,c)
’

and (S,c’)EE_with ¢y > ¢y and c , = 9, ws hava Y7 (S,c")<Y %
(S,c). From the definition of Y® it follows that
CH -y (5,e") = ey~ Y (S, e
¢ - Y (S.0) = - Y (S,0).
2 Y% (S,e0-Y H(s,c")=le p-Y % (S, c")1-Te, Y% (S, e) ]
=fc'y-Y *[(S.c*)1-la (-Y *(S,c)]
sle'j~c | 1+0Y% (S,2)-Y % (5,0')150

Y% (s.c)>Y% (S,e") and thus Y * (S.cH)xY * (5,c%),
contradicting the Parato optimallty of Y* .

Q.E.D.



Remark :- We could have alternatively defined,

Y® (S,c) = c-la(S,c),&(5,cV(S,c)ED.

where, ‘

£L_ ={(S,c)EE/m(3){y<ix, xE => yES}

and x(5,c) = min (m;D/c-(a,m)ES}.

1t is easy to check that Y® 35 enunciatsd heras is well

defined and for all (S,e)€E_, Y'(S,2) 1is a weakly Parsto
optimal point of S (i.e. there does not exist x€S such that
«>>Y" (5,¢)). Furthar the analog of Theorem 6 would read : Y?:
)4 -ﬂﬁ satisfies c-mon. The proof of this assertion is

identical to that of Theorem 6 in the paper, adapted to the

appropriate domain.

Conclusion : In this paper, we have succaeded in showing that
a class of well-known solutions for two-person claims problems
satisfy c¢-monotonicity. The fact that these solutions satisfy
what may be considered an intuitively desirabie property,
reinforces their importance. If we bear 1in mind, +the use of
these solutions in the study of normative taiation» Policies,

the implication of c-monotonicity bscomes clear.

Referencaes :-

1. Berge, C. (1962) : "Topological .Spaces." Mcmillan., New

York.
2. Bossart, W. (forthcoming) t ™Monotonic Sotlution for
Bargaining Problems with Claims, " forthcoming in

Economics Leatters.

3. Freimer, M. and P.L. Yu (1976) : "Some new results on
compromise solutions for group decision problems,”
Managemsnt Scisnce 22, £88-693.

4, Kalai, E. (1977) : "Proportional sélutions to bargaining
situations: Interparsaonal utitlity camparisons, "
Economatrica 45, 1623-1630.

S. Kalai, E. and M. Smorodinsky (1975) : "0Nther solutions to
Nash's bargaining problem,"™ Econometrica 43, 513-518.

8. Lahiri, S. (1991) @ "Continuity of bargaining solutions
' doefined with respect to a criterion,”™ Pure Mathematics
and Applications, Series B, Vol. L., 73-83.



10.

11,

12.

13.

14.

Nash, J.F.  (1850) : “"The Bargaining Problem,"
Econometrica 18, 155-162.

Richter, W. (1982) 3 "Social Choice for Bliss-Point
Problems,” Mathematical Social Sciences 2, 167-187.

Rockafellar, R.T. (1972) : "Convex Analysis.” Princeton
University Press, Princeton, New Jersey.

Thomson, W. (1981) : "Nash’'s Bargaining Solution and
Utiiitarian Choice Rules,™ Econometrica 49, 535-538.

Thomson, W. (1987 : "Monotaonicity of Bargaining
Solutions with Respect to the Disagreement Point, "
Journal of Economic Theory, 42, 50-58.

Young, H.P. (1987) : "Distributive Justice in Taxation,"™
Journal of Economic Theory 44, 321-335.

Yu, P.L. (1873) = "A <class of soluticons for group
decision problems,”™ Management Science 19, 936-947.

Yu, P.L. (1985) : “"Multiple-Criteria Decision Making:
Concepts, Techniques and Extensions,” Plenum Press, New
York and London.

PURCHASED
APPROVAL

GRATI, EXCHANGB

PRICER

ACC NO.
VIKRAM SARABHAL LIBRAKY'

L M, AHMEDABAD. i
o




