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ABSTRACY

In this paper we obtain an exiomatization of the

eqalitarian solution using a reduced game propsrty.
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1. [otroduction -

In & recent gspet, reters, Ti13g and
lerzuvelo (19941 an axmiomatic characdteracastion ot the kalel
Smoradinsty  L19795] eolution end a l'zrage classz of solutions
contarning  the egalitaryan solution of ralar (15771 has been
provided, using a reduced came propertv. = crucial point in
the gr1omatic chatacterization ot the aeretraliced
proportional suolution ot wnigh the egalitarisn solution s 3
member 1= that the set of potsntial pleavers has to o8
inTinite.,. The ather point to note 1 that even 1T an
anonymity assumption 13 acded to the list, the propbsition
under discussion (i.e. Theorem 4! doee nct uniquely
characterise the egalitari1an solution.  Hence. 2t would be
appropriate to suagest that althcuqh a large Tamily of
solutions containing the epal:itarian so>luetion has  been
characterized in Theorem 4 of Feters, Ti)s and Zarzueln
(19941, there 1&¢ no cherscterization - ©F the egalitarian

snlution awvailable on the ba

m

12 af whst hez pbe=en proaved

elsewhere in the same papar.

Our ob jective hare 1

m

o preszent an

independent characterization ot the egalitarian solution, by
B

using the same reduced game property and the independence of
irrelevant alternatives assumptions. CQur axipmatization draws

heavily on Thomson (1983).
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The Framework t-

oo

We shall use the zame, notations as 10 Feters,
T1)& and Zarruelo [19941,

My, & finitte subret ot the naturzl numbers.
donotes a set of players, KM,  agenotes tha zet ofF all
functions frem ™M to R, (the nor-negstive rasls:. et = €
RM.. Then x(i) 18 denoted Dy ny. fOr &il 1 € M. & barpaining
prapblem  for 1 1€ 3 subset & of F"ﬁ gati1sfy1ny tha following
requirements ¢ ’

(F=V) & 1 nen - emptly, compact, Zonve: and  Ccontilng 3
stri1ctly positive vector.

by S is comprehensive, i.e. y € 5 whenaver v € M, ano y &
x for some x € §.

Let B denote the <cet oY aill bsrgaining
probleas for .

Leat N be a given =zet ipopulstion: of
potential players, whether finite or intinites. Lé% B = U B“.

o F M LERN
M s finits
Bn denctes the collection of &ll beraarning

problem for all finite subsetz v N.

A& solution on By, i=

a function F by ——> U

o % Mc N
M 1s finite



that ¥ S € Bn « F(8) € S,

We are interested 10 asi1ometically

characterizing the egalitarian solution € detined az follows:

’

Vv & € B

E (S) =t @pm it 5 € Bue @ F 1 ¢ W, M finite,

whare e 15 the vector i FM,  with ai' co-ordinates equal to

one and t = mawx { t € Ry » t &, € = ).

The following properties «re es=siiy sean to

be satisfied by £ :

Wealk Fareto Optimality (WFD)

m

There does not euxist v € 35 with v > Fu

whenever. S € Bun.

Anonimity (AN} : For every finite M ¢ N, 211 1, 3 € M. angd
all 8 7T € B™ such that 1T arises from 8 bv 1nterchanging the
18" and jt» co-ordinates of the pointg of T, we nave @ Fy

(S) = Fy (T}, F tS) = F(T) and Fe iS)=F, (T: % ¢ # i,3.

Homageneity (40M) : Far every finite subget It o7 M and every
a € R .. with agz=a, for all i, J'E M, w2 hege F (a5t = 3
F(S) (Here for a € R™, , x € 8™, , az denot=z the vectar
whose 1*" co-ordinate (ax)s = ag x4, Tor § c R®, | a2 & = { ax

/w €98 )



Nash ‘& Imdependence of Irrelevant Alternatives (NITA) :1- For
all S, T € B"., Where M 1s finite and M ¢ N 1t & ¢ T and F(T)

€ S, then F(8) = F(T).

Continurty (CONT) - For all e § M c tl, M fintta, tor all
ERQUaNCeSs {8~) pt elementes of B, 1t & ---" § € ", than
F(SVv) -—+ F {8y, {In thie gefinmition, convergence ot > to &

18 evaluated in the Hausdortt topolioav.

Let LM be nom-empty Tinitte subsets of W with
L ¢ M. Let 858 € B, For «x € R, , let %X_ denote the progyection
of  on R-, . Then S_ denotes the bsrgaining proolem ¢ <L . %X

€ S ) 1in B-. Let x € S, x # 0. xu fD. Let

Ra 7 xo £ 3.0

M

AiSL, x ) = min {A

The reduced game af £ with respect to L and X

15 the follaowing bargeining prabliem Yor L 3

It is essy to chect that x_ 135 an element of

K4
4

the weakly pareto optimal subset of 8> 1.e. x & WI(ER

v € S®_ 7/ there 1is no I € E%_ with Z »% vy )

n
X

Reduced Bame FProperty (RGP) &t For ail non-empty subsets L ¢

of N and all § € B™ : if FL(S) # O, then Fi5.7®)= F (8.

1t 1s easy to check that the egalitarian

colution € satisfies ROGF.



3. The Charagterijzatjon Tnegrems it

Lemmal ¢ Let F be a solution on By (INU . 2 ) which satiefies
NIITA and CONT. Let o # M ¢ N with |M|= 2 ang let & & B~ It
K € 85, x ¢ 2 E (B) 1mplies FB) = E(S, then F{EY=L.8 + § €
B,

Fraotf -~ This ie Lemme 4.0 1n Thomson ang Lenstsaig (0 1PBS ),
Tgeorem 1 - A solution on B v | i) IV osatisties WED, AN

HOM, NIIAa, RGF ana CDNT 1f angd onlv 1¢f 1t 1

ut

the egeaiitarian

solution.

Frooft (- Let us check that the alove axiome characterize £,

SiNnce we already know that E satizsties the above arioms.

Let us as 1n Feters, Ti)e and Zarzuelo {19533

M

first prove that if IM\ = 2 ant & B M, then F{(3) = E(S

where F satisfiez the desired propertiee

Let M= < 1,0 ) and § € PM. Let & € NN and

E(S) = A em, where A . O, Let L = Tivachk 2. Construct &

g2t T 1n R+ as follaows @

T = comprehensive convex hull of {lé']_, S}

[S—

Clearly TM =S

Let U = {xe RL+/ éxi < 31}

By AN and WPO, F(U)=Re, .
Case I:- xe€&S =>x 52 E(S).

In this case SCU



Thus TC U
Since .}\.,eLe T, by NIIA, F(T) =?\_.eL
F(T), =

By RGP , F(TM )'AQM
By HOM, F(TM) - A M
A(T

A FM(T))

Thus F(S) = A ey

ATy, Fpy(T)

Since F(S) and E(S) are both Weakly Pareto Optimal in S and lie on the

diagonal, F(S) = E(S).

Cazse 2 1~ Case | does not hold
Thwen by tLemma 1, F{(8: = E«(5%
tat now { M] > 2 and 5 € BN Let 1, ) € M. Then

F{ (5.:;._‘;‘) = F, (E\c;‘ng b‘y’ the apove

Thus by RGP andg HOM, F, i3) = F, (,. Since this holds for
21l 1) € M, we conclude by WFO, F&r = Eczy,
F o [m] =1, ang s € B, Fid) by uWFG.

This proves the theorsm.
o

Wweal: Reduced Game Froperty (WREGFy ¢ For allmn-2mpty Tinite

subsets L and M of W with L ¢ M and IL' = 27 anig all & € g



Fois.w 8y = Fyg)
Thearem 2 1= A solution on By v N} 2) zatrefires WED, NI Tw,
COot AN, HOM, and the WRGBF 1f  ang  on)a 11 1t 18 the

2nali1tarian

Frroof - as
Call

Tt F(8) a2

Lamma 2 )

HomoQeneou s

a solution F on By Strongls

s0lution,

1in the proet of theorem 1.

Indivydoally Raetiaonal (SIR)

0 for all nom-gempty subssts M ot N oand 211 S € PO,
-~ Leat F be a Stronols indisiduslly bationz and
solution on By satietyving the Reouced oGsasne

froperty, angd l2t M be a non-sgoty Tinite propsr soebhset of i,
Let S € BM, Then F(S) € WiS: = § x € § tmolies v f CH!
Froaf 1 — See rFeters, Ti1ds 2angd Zarzuelo {19943
Theprem T :- t(Let # be 1nfinite. A splution on Sy sztisties
AhomyNIEy, Continuisy Homoo=sneil by, F=gduoes Came Foeoperis,
Strong  Indivadual Rationzlivy asnd Nesh . Inaependence of
Irreievant Alternatives Aszzsption, 1f zne enily tf 1t is the
egalitarian solution.
Froof ¢ Immediate conszequence of theorem | and lesma o
4. Relatign with 2arlies work :-

As pointed out in Fetfers, Tils and L{arzuelo
{19241, it a solution for By satisfiezs Homogeneity and
Feduced Game Froperty, then 1t alszo sati1sfisz the following

axiom



Monotoricity with  respect to charges in the number of agents

TMONY ¢

Ferr all non-empts finite subesetzs L ¢ M of N and all

s e kL. 7 ¢ BV 3¢

43

= T then F(8) . F (T:.

(In Lahiri 11650 we discuse some interesting properties
ot epoliuvtions sstistying this aiiom:.
The. &lso provice a codnter examplie to show that the converse

18 not true.

Thomsan :1693)  charactarizes the eqalitarian sclution
CEING NFG; AN, NIIA, SMON &nd CONT. Thus Thomson s
charscterizefion 1mplies Theorem 1. aithouch it do2s not imply
Thaoremr T Thus the msin contribution of this paper can be
consigered 52 a chatracterization cf the egalitarisn sclotion
withouvt the WPD sssumption.
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