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Abgtract

In this paper we prove that any bargaining solution to group
decision problems which satisfies individual rationality, strong
symmetry, efficiency and strong 1improvement sensitivity alseo

satisfies mid-point domination.



1. Introduction :- In Sobel (1981) can be found a result in two
attribute choice theory, which states that if a choice function
satisfies efficiency and risk-sensitivity then it satisfies mid-
point domination. Using this result one may assert that the Nash
(18950) as well as the relative egalitarian solution due to Kalai
and Smorodinsky (1975) satisfy mid-point domination.

In Peters (1992), the concept of risk sensitivity has been
modified to improvement sensitivity, in order to accommodate
group decision problems wunder certainty,in the analysis, and
Lahiri (1893) extends this analysis to group decision making
problems with claims. In this paper we show that the result due
to Sobel can be extended to problems studied in Lahiri (1993). Of
course in order to do so, we use instead of risk sensitivity the

more appropriate concept of strong improvement sensitivity.

2. Group Decision Problems With Claims :- Our framework of
analysis is adopted from Lahiri (1993).

An n-person group decision making problem with claims Q has

the form <aA,5,ul ,...,u", v’ where
i) A is non-empty, compact, convex set in kaor some keN.
A is called the set of alternatives
(ii) V i€f1,....n}, ul :A->R is & continuous and concave
(value) function
(iii) 3EA is a status-quo alternative
Civ) vEC(vy o, v JERT Lvizu g (a0Vi=l,...,n. v is called the
claims point.
We d;note by D the family of all group decision making
problems with claims.
A domain is any subset @ of D.
A solution on £ in a3 non-empty valued correspondence
F:0->\/ A such that for each Q € @
A: Q=<A,3,ul seee U ,VIER
Q= <A,z,ul .. ,0", vi,F() ¢ A.
A solution F on @ is said to be efficient or Pareto-optimal
it W ee o=<AZul L. W v, aE(@,beAul (B)Qul
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(a)Viz=1l,...,n=>ul (br=ula)vi=1,...,n. ,

A solution F on £ is said to be individually rational if V
e @, 0=<A,5,ul .. Lo, aE€F@=rut (a2 B M=t ..,

A solution F on £ 1is said to satisfy scale covariance if
VocR", ,BER", 0 € €,  =<A,3,u',...,u" ,v>, ff=<A,T,xqu l+B,
n cUTEB L Layvy By ... ,0n v +B8,2EL then F()=FQ ),

A domain which is closed under the operation required in the

s o v v« 3 X

definition of scale covariance is called a scale covariant

domain.
A domain £ is said to be improvement invariant if V¥

Q@ =A.3,ul , ..., u" v, VE(L, ... ntVWk:lmin u'! (a),+® ->R which is
aEA

concave, continuous and strictly increasing,
Q’=<a,3,ul L, oodt Jkou bWt Lol 0 el Lo ke, et
yevaa VY sEp,

Let @ be a domain and F a solution on @. F is said to be a
bargaining solution on € if V Q=<A,a,ul ,...,u" ,vreER,
aEF(Q),bGA,[ui (ar=ul (br¥i=1,...,n<=2bEF(Q) 1. 1t should be noted
that a bargaining solution 1is strictly more general than the

welfarist n-person bargaining solutions studied in axiomatic

modeis of bargaining. This has besen discussed in Lahiri (1983).

For reasons discussed in' Peters (1982, we say that a

bargaining solution F defined on an improvement invariant domain

¢ ic strongly improvement sensitive if V Q=<A,5,ul ,...,ul

,v>Vi€{l,...,nlVW as defined above and Q’ as defined above, ul
(a)zul (bWaeF (@ ,beF () and Vi ¢ i,i€lLl,...n}.

It is easy to see that our definition of strong improvement
sensitivity 1impiies the concept of improvement sensitivity of
Peters (1982), if we require in addition that the solution |is
efficient. For the case o0of n=2, the ¢two definitions are
equivalent for efficient solutions.

Given €Y, lot P(Q)=tula)/a€A and b eA with
u(b)ulaj)=>ulb)=u(al}

IR(Q)={u(a)/a€A and u(a);u(;)} where Q = (A.a,ul ....,un.v}

1

and u=(u vo-.»W). The above two sets are respectively the
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eftficient set of Q and the individually rational set of {l.

For the subsequent analysis we alsoc require the following
property:

F on Q satisfies gtrong symmetry if given Q=<A,3,u,v>ELQ if V¥
¢ :{1,...,n}->{1,...n) which are one-to-one ¢ ([R(MY)I=IR(QD, then
ul (F(@)=w (FQ)IVi, €1, ...,n). Here for any xER", o¢(x) is the
vector with otx) ; =Xg(j) » @nd 0(S)={ox):x€5) for any subset S of

| L

2. A Preliminary Result on Scale Covarjiant domains :-
Lemma 1 :- Let £ be a scale covariant domain and F be a
bargaining solution on @ which satisfies efficiency and strong

improvement sensitivity. Then F satisfies scale covariance.

Proof :- It is enough to prove that 1if i€{i,...,n}, & 4 >O,BiE‘.
Q=<‘A.§.U1 ,.‘o.LXl‘.'J)‘. Q’=<.A.5.,U 1 ,...,Ui‘l )aiul +Bi'ul’1 p v ey
u Lty rl.ai v +B s ¢ "> then F(M=F(Q’). Now for

the given o; »0,% €R Q’ is obtained from Q by an increasing,
continuous, concave (in fact affine transformation) of ui and VE
Hence by strong improvement sensitivity, V i #» i ul (F(Q))&uj(F
Q’). However the inverse transformation also satisfies
identical properties and hence ud (F((I))éuj(F(Q)). Thus uj
(F@Q*)=ul (F(Q) V3 # i,5€1,...,n}. Hence by efficie%c; of F and
the fact that a; 70, we get ul (F(@/))=u'! (F@)). Since F is a
bargaining solution, we must have F(Q?)=F(Q).

Q.E.D.

The above proof is essentially similar to that of Kihlstrom,
Roth and Schmeidler (1981). However the scope of our theorem
extends beyond that of the earlier theorem since our domains and
solutions are far more general.
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3. Sobel’s Theorea for Two Person Group Decision making Probleas
With Claims :- Sobel (1981) had proved the result that we

discussed 1in the Introductiaon, for choice problems with two



attributes. We prove a similar result for two _person éroup
decision making problems. Our result 1is more general, since our
gsolutions are neither welfarist, nor is the problem restricted to
dividing a fixed amount of resource between two agents. However
to facilitate presentation we make the following assumptions,
gimilar to those appearing in Cornet (1876).

Assumption 1 :- 1f Q = <A,3,u,v>€L, then ui tA-R is strictly
concave for i=1,2.

Assumption 2 :- If IR(Q2) has nonempty interior V Q €8.
Assumption 3 :- If o (IR@))=IR(Q) for o :{1,2}->{1,2)} with
cll)=2, ¢(2)=1, then v, =vowhere Q = <A,3,u,v>

Assumption 4 :~ @ is a scale covariant, improvement invariant
domain.
Theorem (- Let F be a bargaining solution on @ satisfying

individual rationality, strong symmetry, efficiency and strong

improvement sensitivity. Then

Vie€et,z2,u! (F(®) max utta) ¥V Q =¢A,8,u,v>

aElRQ) 2
(F satisfies midpoint domination).
Proot i1~ Since efficiency and strong improvement sensitivity

implies scale covariance, we can assume that max ul(ar=e!
’ a€IRQ)

where el is the ith co-ordinate vector inR?Z and u(3)=0. As in
Sobel (1981), there exists a continuous, convex, increasing
function k:R, ->R,such that if @’=<A,3,kou! ,u?, k(v !1),v%> then
[R(Q’)={x; ,x,)ER? /x +x , 211, By efficiency

1

and strong symmetry, ul (F<( ({))=u2(F(Q5)= . Since the inversse
2

of a continuous, convex, increasing function from R, to R,is a
continuous. concave increasing function, by strong improvement
1

sensitivity, u? (F(@®)2u?(F@“)= __. By an identical
= 2
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1

argument we can show that u (F(Q)); . Hence F satisfies
= .
mid-point domination.
Q! EC Dh
4, Conclusion :- It is important to notice that our result

generalizes a similar result proved earlier, since our solutions
are mnot regquired to be welfarist i.e. the solution does not
depend only on the feasible wutility vectors. The proofs however
are similar, highlighting the larger scope of the literature on.
axiomatic models of bargaining than to what it has been
restricted +to so far. Further, our domain is larger than the

domain studied in axiomatic bargaining. What we actually show is
that similar results continue to hold in group decision making

problems using assumptions which are weaker than earlier ones.

Appandix
In this appendix we show if Q =<A,&%,u.v*EL and satisfy the

assumptions of Section 3. then there exists a convex. continuous
and increasing function k:R, ->R,such that if Q’={A,3, kou .u2

sk(vy ),vp} then IR (Q')={x622+ /% +xy £1}. We shall assume
without loss of generality that u(d)=0 and max {x i /XEIRW@)}=1
far» 1=1, 2.
Let #:00,11->00,1] be such that {(y,@) /y€L0,11}1=P(Q)

~ IR(Q), Clearly 8 1is decreasing and concave. Further
@(0Y=1,6(1)=0. Let h(y)=@(1-a). Then h:(0,11->[0,1] is increasing
and concave and satisfies h(0)=0, h(l)=1, Let k:[0,11-»[0C,11 be
defined by k=h'!, Kk is increasing and convex, and is khe desired

transformatiaon.
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