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Abstract

The main purpose ot this paper is to formalise the concept
of a compromise functian. Subsequently, given a compromise
function, we define a vaoting equilibrium and prove the existence
of such an equilibrium. Finally, we close our asnalysis by sh
that wunder some assumptions a voting equilibrium 15 Paret

optimal.



1. Introduction :- The classical theory of resource allocation
for the provision of a public good, concerns itself with each
consumer in the economy being presented with a price for the
public good (possibly different), so +that no one has any
incentive to make a unilateral choice distinct trom the others.

Given the nonexcliudable nature of public consumption, differences

in prices (personalized prices) are used to guarantee unanimity
of choice. Such is the spirit behind the more well known
solutions ‘to prcblems of decentralized choice of public

expenditure as in Foley (1970) or Kaneko (1977). The solution
concept analysed by Foley is the Lindahl equilibrium solution,
Kaneko proposed and analysed the ratio equilibrium solution,
However. the fact that public consumption must be equal for
everyone, does not automatically imply that everyone will ask for
the same level of public expenditure. In fact, it is quite likely
that different beneficiaries of the public good, left to
themselves, would ask for different levels of consumption of the
good. The =zolution concepts mentioned abowe, use personalized

Frices to make

0

ocnsumers agree. However, 1% i

n

guite reassonable,
as 1insisted wupon by Aczel (19877 (Secticn 1) +that society
requires a rule by which to arrive at 2 compromise solution for
divergent proposals. To some extent, we believe, that this is
precisely the method by which actual public projects are realized
in practice. Society or better still a social deciszion maker
intervenes, to arrive at 3 compromise solution for the public
good consumption level on the basis of a2 list of such proposals
obtained from individual consumers. As far as deciding the level
of public expenditure goes, "the externa! arbitrator™ (which for
most other purposes 1s only =2 convenient fiction) plays a more
active and significant role than what received theory would have
usz helieve.

The main purpose of this paper 15 to formaliss the concept

of =2 compromise function. Subsequently, given a compromise

£ U
[ |

function, we define a voting equilibrium and prove the existence

of such an eguilibrium. Finally, we close our analysis by showing
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that wunder some assumptions a voting equilibrium 1is Pareto

optimal.

2. The Model :- Our framework of analysis draws on Lahiri (1993).
Thus we assume that our economy consists of two goods: (a) a
private good, which is both a numeraire, as well as an input for
all production that takes place in the economy; (b)Y 3 public
good, which is produced using the private good and whose final
consumption level is the same for all individuals in the =sconaomy
and i3 also equal to its level of production. We assume that
i 9 be the

initial endowment of the private good with the i1th individual.

there are n;Z individuals in the economy. Let w

The cost function for the production of thae public good from the
private good is c:R, ->R, satisfying (i) c(0)=0Q; (ii)Y o is
strictly increasing; (iii) ¢ is continuous. (Here l' is the sat
of all non-negative real numbers.) Sometimes we shall also assume
that (iv) ¢ is a convex tunction.

The preferences ot eazh individual i 15 r2rrecented by a3
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private good and y>U denotes society’s consumption of thes public
t.

good, then wu; (x,,y) denotes individual i's utility derived from

i
the consumption bundle (x4 y)QZ, . (Hare R2+

R. xR, Y. Ws

assume that:

(v uy 15 continuous

(vi) u; is strongly monotonic i.e. (x;,¥y220x’ ,,y"),(x v )

’ (x’i ,y’)=‘.’:1‘i (xi,y)?-ui(_x’i.y"%

In addition, we sometimes assume
(vii) U; 1is gquasi-concave i.3. Vix; .y),x’ .:{’)Elz+

Vxe(0,11, u; Cax +(1—aix'i ,ay+(1-a)y')jmin tug Ox S ANE

(X’ , ¥ )},

We now define a compromise function. A function G:l“’->]

which is continuous and strictly increasing (i.e. W,y’€E

l“, ,y;y’.yﬁy'=>G(y))G(y’)) is called a compromise function. The

interpretation of a compromiss function is that corresponding to

3 sat of proposals for public good consumption made by the
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1ndiv1duéls. G recommends a comrpomise solution by a cocial

decision maker. (Here, R“, dencotes the n-fold Cartesian product

n . o= ’
of R‘; Vy.y' an* .y:(yl) nlﬂ ,_y’:(y’i ) i=1 ,[,\;_-;,\-’ \--".Vi ;Y §
Vi=1,...n).

in the sequel the following notation will be found

convenient: WeR" ,Vi€il,...,n), ¥ | =(y | .., ¥y +¥[4q»Y o ) 2nd

E(.Vi AT ).

A voting eqguilibrjum for the above economy is an ordered

pair (y  ,t ):
! - H - .
(1) ' et@R", /vy =11= 2" (the n-1 dimensional simplex).
ii ‘ = S - i ( R .r ’ ~r wr ‘
oy YT erE m?‘x Yt t i c(G“"i” -1 1, Gy Y -i))
W, -+t c(Gly. v ¥ 1Y 0 B
i D SR SRS SR AL A
Vi=1 n WOIAN INSTITUIE OF MANAGEMSN,

YASTRAPUR. AHMEDABAD-380038

The close relation between & voting equilibrium and Kaneko's

ratio equilibrium cannot be missed. A voting equilibrium consists

=t of persconsiized prices and a set of public
t
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single individua! <can besnefit by unilaterally deviating to any

other public good cconsumption demand which along with
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consumption demands of the others yields an affordable compromise

sclution. In the subsequent section we .show that under
zonditions a voting eguilibrivum exists.

3. Existence of Voting Equilibrium :- Throught +his secti:
assume that c:R, -R,satisfiez properties (i) to tiv: liste
cection 2 and Vi=1l,...,n, u; R,-*R, satisfiss properties (vi

(viiis listed in section Z,. 1t

-
=

ome

i
properties (vi) to (viii), u; :R2+—3n4 zatizfies gemi-strict

guasi-concavity i.e. (xi Ly, . ,y’)enz* YU {x i

.t”+(1—t)y‘)}u{ (x”’ i , ¥y iVLE(D, 11,

s :r') Au

<

s¥PY=ouy (exy +Cl-tix’

i i

addition we assume that the compromise solution G is linear.

Let F={yER“+/c(G(y))é§'Hq wil. Then iz 3 convex set.

F’={yeR", /c(G(y))ZE ", 4 +1). It is easy to ses that F’ is a

3
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convex seth, Let § be an n-dimensional symmetric cube with centre
at 0O, containing F’.
The following lemma essentially due to kaneko (1977) wiltl

be stated without proot.

N L} - [ I [ )
Lemma 1 :- Given y ER“I‘.t i 70, let y {solve :
i 1 . ]
Uy twi—t ic(fo Y 4 1Y, Gy Y ) > m3x
s.t. yv. >0
l =
] 3 .
. - . LN Y0
Wittt clGlyy,y aC
3
(y: ,y_; )EF’
i i
. 1 3
Then it v €&F, vy, solves:
' ¥ ' )
Ly (wi—t ic(G(:.' Y A PGy j» Y ~i})_" max
s. t. Y ;O
-t cGoy.,y Lo 20
Wit etRYEe Y g 0 2
For our subsequent analysis let us define Vi=1,...,n, fi :
a"! xS->->R,as follows: E {€f; ¢t,y) if and only if g;solves:
Ui (Wi"tiC‘-(G(gis:\’ -1 });G(gi'ﬁv’ _i) - max
s.t. g; 20
Wy ottyolGlig v 0y 20,
(g y _i = ’
Assumption :- VyES, Vieil,...,n}, 3 g, 20 such that ciGig;,

)’-i) }:;\h' i
This assumption along with +the ones made above guarantees
that the correspondence fi is non-empty valued Vi=1l,..,n. [t is

easy to see that fi is convex valued, convex-valued and upper-
semicontinucus (see Hildenbrand and Kirman (1988)).
Theorem 1 :- Under the assumptions invoked in this section, there
exists (y' ¢ YER, x A" zueh that the pair forms a wvoting
equilibrium.
Proof :~ Consider the correspondence h : 4 R
defined as follows:

hee,gr=ttix =l f, (4, g)

It is easy to wverify that h iz well-defined, non-empty
valued, convex-valued, compact-valued and upper-semicontinuous.
Thus by Kskutani’s fixed point theorem, there exists (t ',y')E
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A“ﬂ x5 such that (t ,y’ mﬁh(t' ,f )., By Lemma 1, (¢t yY ) is B

voting equilibrium.

4, The Pareto Optimatlity of a voting equilibrium with quasi-
linear preferences :- In the general case. a voting equilibrium
allocation need not be Pareto Optimal, where an allocation
(x.g)ER", xR,* such that Enplxl +c(g);£ﬂ:1 Wi
Optimal if there does not exist (i,E)ERﬂ xR, satisfying ﬂt\q?1

is said to bhe Fareto

+C(§)§§nktw i and uy (X .§>£ui (xl.g)V i=1,...,n with at least
one strict inequality. However, in one special case which is both
very popular 1in the relevant literature as well as of
cansiderable merit, the Fareto Optimality of voting equilibria is
easy toc establish,
Let u; (x ,v)=x +v;(v)Vx i.y)ER?.V i=l,...,n, whers v ; R,
->k is concave, strictly increacing and difterentiable tor V
i=1,...,n. Let c:R, -R,satisfy ct(0)=0 snd be convex, sirictly
that a
necessary and sufficient condition for Parete QCptimality of

n : =0 e
(X:Y)Ek* Y-R,- iz thazt Do % +oly YL ¥

increasing and differentiable. It is then well Xknown

and Znizl - . =c iy,
On the other hand if (£  ,y ? iz & voting egquilibrium for
some compramise function G with >0V =1,...,n, then
it is5 necessary under the above assumptions on preferences and

dv . (GyY) Vi=1,.,.,n.
the cost function that t'ic’(G{y’ Yy=

dy
. n 1 ) » S
Since L't ' =1, we get that Iy, dv (G(y ))=c’(Gly "))
dy
i.e Clw g _gi C(G(yﬂ))"“l LGyt ) s g8 Fareto Optimal
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- . . . - ] ¥
allocation., Incidentally, it is easy to verify that (t y 2Ly 1)

satisfies the following condition as well: V i=1.....n,G(y' }
solves
1 I3 N ~
Wi -4 icxg)+11’5, F max
%

.00 820, W
which i3 the defining property of a ratic equilibrium, due tg
Kanekao (1977).

Thus, in case of quasi-linear concave preferences and convex
cost functions, a voting equilibrium where each person asks for a
different outlay of the public good, is associated to an

allaoecation from which socisty as a whole has ne incentive to

deviate. This may be inspite of the fact, that the compromise
solution agrees with nobody's demands. This explains why
different individuals ask for different amounts of *the public

good and yet are satisfied with 2 compromise solution. The
tsmpromisze funstisn detarmings what 2ach individual is going to
ask for and not nacessarily what socisty will provide. This is
particularly true in the gquasi-linear case above where G(y 3 is
unigusly detarmined, where as y' varies with the choice of 4.

%. Conlusion :- In this paper we have essentially established the
existance of a voting equilibrium in a simple mixed economy and
the Pareto Optimality of the associated allocation when
praferences are quasi-linear. The linearity of the compromise
function, which was required 1in the proocf of existence of a
voting aguilibrium, doss not seavarely restrict our enviranment,
since we still! have available all functions which takesz the
waightad averaga of the tndividual bids as society’s choice of
public good consumption level. The assumptions on prefsrences and
cost functions are natural ones in the literaturae.

The discussion of the efficiency of a voting equilibrium
allocation with quasi-line;r prefaranceas, also impliad that the
rate of tha compromise function was largely to allow for the
possibility of divargent claims and not necessarily in choosing a

t

ditfarent allgcatior tom the ones suggestad by tha convaentional
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solution concepts. Compromise tunctions may thus expelin whet has
alwaye hooen obzerved in 8 democraetic society 1+ Conflicting claims
and yet ungnimity in resliczed choices. )

' r&‘ i
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