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ABSTRACT

In this paper we oroposa a new axiom called the
redundancy of additional alternatives axiom,
which is satisfied by the pronorticonal solution,
A wzaker version of the same axiom i{s satisfied
by the Kalai=-Smerodinsky [3] solution. The Nash
solution satisfies neither, This new axiom seems
to be a reasonable compromise betwasn accept ing
the independence of irrelevant alternativas
axiom and rejecting it outright, from the realm

of axiomatic models of bargaining,



A two player bargaining problem is a pair (5,d) where S {s a

compact and corwex Subset of IR2 representing the utility
vectors, measured in von Neumann—Morgenstern scales, attaina-
ble by the two players through some joint action, and d is a
point of 5, strictly dominated by some other point of S5; d is
des {ignated as the ®status quo® or the "disagreement point® and
is interpreted as the outcome that would result if the players
failed to reach a compromise. Formally a two player bargaining
problem is a pair (5,d) where

{1) The space S of feasible utflity payoffs is a compact and convax

2
subset of IR,

{2) The disagreement outcome d. is an element of S.
M .
(3) There fs an x¢S with X, ) d, for sach 16{1,2}.

The third condition merely states that there is a possibility

both players to improve thair position by bargaining.

Furthermore, for mathematical corwenience, we will alsp assume
that
4) x > d for all x¢ S

(5) For all ye¢ IFI2 with ¢ € y < x for some xe S, we have ye S.

Z is the class of all such pairs.
For a bargaining problem (S,d)sz, the Parsto set P(S) is

defined by

P(s) :-.{ch: e ye“[yz_ X=D> y = x:l}



and the gtopia point h(S) = (n (S), h (3))¢€ 1rR2 by
hi(b'): = maxilia (x_ilxi)e § for all 1({1,2}

Hera x_1 = x1 if L = 2

=x, ifi=1

and (x_i/xi) = (xi, x_l) if { =1

(x_i, xi) {fF{=2

We call a map Bt Z —_— IR2 a 2-person bargaining solution. If,

additionally, the following two properties hold, we call'd a

classical bargaining solution:

(PC): For each (S,d)ez. we have B (5,d)¢ P(s) (Pareto-

optimality)

(1EUR)s For each (S,d)¢ Z and each transformation As IRz—-b IR2
af the form
A(x1, xz) = (a1m1 +by, 3%, + b2)

whers b, b are positive real

1 2 2
numbers, we have B(a(S), a(d) = a(f(S,d)) (independence of

are real numbers and a, a

equivalent uti!ity representations).

Somet imes instead of (PO) the following alternative property is
useds
(wP0): For each (S,d)ez, wa have f(s,d)e W(S) where

W(s) -{xES; vve Iﬂz[y)) x>y f Q]}

(weak Pareto optimality).



Since hare we will consicer only classical solcutions, we my withrut
loss of generality restrict our attention here to 2-person barnainira
games with disagreevent cutcome O. Frem now on, we assume that every

(S,d)ezl , besides (1) throuoh (5), satisfies

(6) d = 0,

and we will write S instead of (S,d).

The purpose of this papee 1s to provide a reformulation of some sodutions

terms of a radundancy of additicnal alternatives axiom. This axiom
is gsimilar to the independence o6f irrelevant alternatives axiom.
The Nash [A] , the Kalati [2] solutions are known to satisfy the
independence of irrelevant alternatives axiom. Much in the litera-
ture on game theory exists, which provide a strong critigue of this
axiom, However, as convincing:y pointed out in Aumann [1] s ~Other
than in matters of normative desirability, departures in socigl
decision making from this criterion, is viewed more as an abbera-
tion than as a rule. So to begin with we try to formulate a cri-
tericn similar to IIA which the Kalai-Smorcdinsky Solution sat{is-

fies. We call this condition redundancy of additional alternatives.

Let TtIRz—-—bIR2 be the symmetry operator i.e. given z = (x,y)e IRZ,
T(z) = (y,x).

Given, Sez , T(S) :izelﬂzla '€ S with z = T(z')} .

We mow state some conditions which we would want our bargaining

solution to satisfy:

-



(IR) For each Sez’, #(s) 2 0 (individual ratfonality)
(SY) For SCZ, {f T(S) = S, then ﬂ1(s) -ﬂz(a) (symmet ry)

Let g zz—é IFi2 be a reference function (see Thomson (5))
dafined as

h (S)

(5) = (.(5)y 0.(3))
91(5) = ms—) ., 2 % 9,

(RAg) For all §, §'€ ), , if SCS', o(S) = §{S'), and §(3)e
P(S'), then g(35) = B(S'), (redundancy of additional alter-

natives other than g(8)).

We shall now define a solution KSZ—’ iRz(originally due to

Kalai-Smorodinsky (3) as follows:

K(5) = h (5){max t/t.h(S)e s].

Wa are now ready to provat

Propositinn 13 (a) K Z'—; 1R? {s a solution sati{sfying (WP0),

(IEUR) (IR), (SY) and (RAg).
(b) 1¢ 1 l-» IRZ is a solution satisfying (WP0), (IEUR), (IR),

(SY) and (RAg) then A = K.

proof : {a) That K satisfies (wP0), (IEUR), (IR) and (SY), has
been shown in Kalai-Smorodinsky (3). Let us show that K satisjifes
(RAg).

Let S, S'(Z with ScS' and g(S) = g(5').



K(3) = h(S). max {t/t.h(S)e s} = g(s). max{t/t.g(ﬁ)e s}
k(s*)= n(s'). maxfe/e.n(st Jest = g(s'). maxgt/e.q(s")e 5} .
= g(s). maxf{t/t.g(S)e &' .
Clearly Sc §' » k(5) € Kk(s').
However, K(S')€ S and the definitions of K(S) ard K(5') imply,
K(S) > k(s').

Hence K(S) = K(S').
b) Let ﬁlZ-—’IR2 be a solution satisfying (wr0), (IEuUR), (IR), (SY)
and (Rag).

Let S(g) be the comprehansive comvex hull of tthe pointala,a)e IRL

for some a¢ IR;{D} f.e. 5(a) Si(x“xz)e IRE/ 0< xg _{ a, i = 1,2} .
By (WwP0) and (SY), A(S(a)) = (a,s). Cbserve that g(S5(a)) = (4,4).

Let A 3 IRz-ylﬁz be any positive transformation, of the form

A(xysxy) = (byxyy b,x,) for some b) 0, b, 0. w:;fn‘ e
h(a(s(a))) = (b 2,5 8) and a(a(S(2))} = b, “ﬁ;m““ sl ARAD-3006

)
1
b1+b2 l:o1 +l:|2

Since B satisfies IEUR

B(a(5(2))) = AA(S())) = (b0, ba).

Hence B(A(S(a))) = h(a(S(a))) = n(a(s(a))) max{t/t.h(n(s(g)))é 5(5)}
= k(A(s(a))).



Now, let S€ 7. and let (x5 %,) = K(S). e uant to show that
K(2} = g(3).

Consider the problem S(K(S))eZ. Since S is comprehensive,
5(k(S)) € S. Further, h(5(K(5))) = (K1(5), Kz(s)) implies,

K1(S) 52£§)

g(S(K(S))} S‘K1(5)+K2(5)' K1(S)+K2(S)) = g(S).

Also, P(5(x{s))) = k(5S).

Since K(S)€ P(S)}, by (RAqg) u; get #(S) = K(3)

7. E.D.

The following corollary shows that we can substitute (PO} for

(wpe), (SY) and (IEUR) in the statement of the above proposition.

Corollary :- (a) K:Z-o IR2 is a solution satisfying (PO)
(b) If P12 1R is a solution satisfying (PO) and

(Rag), then A = K.

Proof ¢ (b) Let a¢ IR*T{O} « Then B(A(S(a))) = K(A(S(a))) by (F.0).

The rest of the proof follows as in Proportion 1.

(a) That K satisfies (PO) has been established in Kalai-

Smorodinsky (1975).
u. E. D.

Remarkt (i) The Nash Solution Nt Z-o 18° defined by

N(S ma
(S) = arg X X%

(K.‘ ,xz)e S



does not satiafy RAg as the following example shows,

1 X"z)'ﬂﬁj

¥

Lat S = cch{ﬁ 2), (3/2, 3/2)} where cch = comprehensive corwex

hull. 8(S) = (1,2); K(5) = (2 2), Lot §' = con i(.,; .,)}

K(S') = N(S') = )e P(S). But N(S) £ u(S').

7 ' 7

{(11) In the statemant of {RAg), P(5'} could be replaced by W(S')
without either affecting the statements or proofs ~»f Drocosition

1 and Corollary 1.

We now introduce a strongsr axiom:

(RAR) t For all §, S'EZ. {f Scs* and F(5)€e w(S'), then

#(S) = A(S') (redundancy of additicnal alternatives),

We call this axiom redundancy of additional alternatives as
the referance finction plays no role hers. {RAA) is stronger

than (RAg). *



2
We now define a solution E:Z—v IR” (originally due to Kalai[?_‘] )

which goes as follows:
€(5) = (1,1) maxit/(t,t)( 5} .
This solution is known in the literature as the egalitarian solution.

A conditi n which will be found necessary in the sequel is the
following:

(HOM)t For each SE€L and for each A1IR°—» IR? satisfying

A(x1, xz) = (ax1. axz), ay 0,
#g(a(3)) = a(p(s)).

(+0M) is weaker than (JEUR).

Rroposition 2:- (a) The solution E:Z-b IH2 satisfies (wp0), (SY),

(Hom), (IR) and (RAA).

(b) 1t B3] IR? satisfies (wPD), (SY), (IR) and (RAA), then

g =E

Probf: (a) That £ satisfies {(wPr), (SY), (HOM) and (IR) has been

aatablished by Kalai{2] . That E satisfies (RAA) 18 obvious.

(b) Let g1 ) > I1R% satisfy (w0}, (SY), (IR), and (RAA).

Let a) O be given and lat S(a) = cch{gg(a,a)}

By (wP0) and (SY), #{5(a)) = E(5(g}) = (a,a)

Let S¢ Z and let {(a,a)e w(S) for some a)0. Such an (a,a)
exists and is unique since 5 is compact, corwex, comprehensive and

containg a polnt x¢ Iﬂi such that x1> 0, x23 0.



.". 5{a)c S since 3 is comprehensive and #{S5(a)) = (a,a) from above.

Further (a,a)€ Ww(3) by construction. Hence by RAB, #(S) = (a,a) = E(S).
1.E.D,
A clags of solutions studied in Kalal (2] {s obtained as follows:
LetA = ¢ (p.yp.)E Iﬂi/:)-'-p =1}. Then for p = (p,,p,)ed we
1'r2 T2 1'"2 '
defira 3 z—-> IR2 thus s
(5) = p. max{t/(t Py tpz)e S}.

Clearly E = E(é’*). The first thing we need t- notice is that e?

doss not satisfy (S5Y) if p # (4,3). However, the followino is true:

Proposition 3 ¢ (a) « ped » ED'Z—‘> 1R? satisfies (IR), (wr0),

(+om) and (RAR).
(b) It ¢ Z—, 1R satisfies {IR), (wP0), (HOM) and {RAR) then there

exists pe/l such that A = eP.

Proof : {a) That £ gatisfies (IR), (wPC), (HOM) and (RAA) is an
gasy exercise,

(b) Swppose H:Z—» 1R2 satisifes (IR), (wPD), (HCM), and (RAA),

Consider the game 3(1) = mh{(1,1)} . Clearly by (IR) and (wr0O)
there exists a pe and & unique t) 0 such that B(5(1)) = tp. Fix
'p'. Let a0 and consider S(a)eY .

By (HOM), A(S(2)) = a4 A(S(1)) = & E7(S(1)) = E°(s(a)).

Now let 5¢¥.. By the cowexity, compactness, comprehensiveness and

the fact that there exists (x1, xz)e 182 such that xi> 0, i =1,2,
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there exists an a) 0, such that (a,a) € w(s). Hence S{a)es
by the comprehensiveness of S and B(S(a)) = (e,a)€ w(S). By

(RAa), g(s) = #(s(a))-

But €9(s(a)) = €°(3) (by definition of £).

Hence A(S5) = 2P (s).

3.E.0.

Earlier it was noted that in the game theory literaturs 1IA
has often come under fire in spite of its intuitive apneal.
what 1IA says is that a comtraction of the feasible set
would not affect the solution to a bargaining oroblem if
the solution to the original problem was a member of the
rapised problem, The Kalai-Smorodinsky [3] solution does
not satisfy this prcperty, However, what it does satisfy
is a modified redundancy of additional alternatives condi-
ticn. What RAA says is that if we add alternatives to an
existing game, without affecting the Paretc-optimality (or
weak Jareto optimality)property of the existing solution,
then the solution toc the expanded game remains the same as
before., Were we to vigw the IIA property as undesirable, the
RAA axiom could be viswed as a substitute in defining the
proportional solution, as has been shown above. Hence RAA
seems to be a reasonable compromise between accepting tha

I1A axiom and rejecting it outright.
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