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ABSTRACT

In this paper we represent bargaining
solutions by means of a metric which is
defined on oam=2s, whereby the sclutions
are precisely those payoffs which are

closest to being unanimously highest.



1.

Int roduct ions In this paper, we considér n—person bargqaining

games (n 2 2), that is, peirs (5,d) where

(1) The gspace S of feasible utility payoffs is a compact and

convex subset of IRn.

(2) The disagreement outcome d is an element of S,

Furthermore, for mathematical corwenience, we will alsc assume
that
(3) x> d for all x€5S

A A
(4) There is an x € 5 with xi‘>d for each ie N = {1,2,...,n}

i
(5) For all y¢ 1IR" with d < y £ x for some xe’éi we have ye S,
Such games (S,d) correspond to situaticns involving n bargainers
(players) 1,24.¢..,n, who may cooperate and agree upon choosing a

point s€ 5, which has utility s  for player i, 'or who may not

i

cooperate. In the latter case, the outcome is the point d,

which has utility d, for player i€ N. The family of all such

i
bargaining games, satisfying (1) thro:gh (5), is . denoted E: .
s e n
fFollowing Kanexo C‘q,] we call a multifunction @: 2:——5 IR
which assigns to each game (s.d)eii a nonempty subset B(5,d)

of § an n—person bargaining solution.

We restrict ourselves to solutions @ which satisfy the following

properties:



(IEUR): For each (S.U)EZ and each transformati»n A 1IR—> I1R"

n
of the form A(K,‘ ’ccoo'xn) = (a1x1“b ge e ’anxn'.‘bn) for all x &€ IR y
where b1,b2,......,bn are rmal members and 3, 4e00eney8 are positive
real numbers, we have

g{a(s), a{d)) = a(g(S,d)) (independence of equivalent

utility representations). Here for T¢ IR, aA(T) = {A(x)/xe IRn} .

(SIR): For each (S,d)ﬁz , for each xg¢ B(S,d), X4y div ieN

(strict individual rationality).

Since we only consider solutions which obey IEUR, we méy without
loss of generality restrict our attemtion here to n-person bar«
gainiﬁg games uit:h disagreement o@tcoma 0. From now on, we essume
that every ('S,d)ez , besides (1) :through (s), satisfies

(6) d = 0,
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and we will write S instead of (S, d). ki aNSILIUT Y e MANAGEMERN:
+ASTRAPUR, AHMEDABAD-350056

Our purpose in this paper is to rgprasent bargaining solutions as
defined above by means of a metrié which is dafined on bargaining
problems, whereby the solutions are precisely those payoffs which
are closest to bsing unanimously highest. In general, the purpose
of a metric is to define distance and tﬁe metric genersted by a
bargaining solution defines the notion of a solution being close

to awarding the highest payéff to all the players.



If soms payoff vector awards the high-st payoff to all the players
then surely it should be declared the consensus solution. This is
the uvnanimity principle which is naturally ve;-y appealing and which
is aatiSfigd by the Nash [d] solution as well as by the Kalai-
Smoredinsky [3] solution to bargaining problems. Of course, for
*most' bargaining problems, a unanimously preferred payoff vector
generally does not exist, in as much that 'most' bargainino prob-
lems are not representable as the comprehens.ive, corwex hull of

a single payoff vector. A significant problem then i{s to find

out in what precise sense different bargaining solutions attempt
(if at all) to epproximate or respect the ideal of using the

unanimity rule,

Metrizable Bargaining Solutjons: Let x = (x1,......,xn) € IR:P

1

let us agree to denote {y [ m-':/yi < g0 ¥ ie N} by S(x). Such

games are called unanimity gamas.

Definition 1 s- A bargaining solution # is Paretisn if v x € 'IRL,
B(s(x)) =§x}.

Let S be a metric onz, (Z is metrizable as for instance by the
Hausdorff metric {see Goffman and Pedrick [13 ). Let S+ = .S\{D}

and 5_, = Sn IR+,

Definition 2 ¢+ The metric & on Z, is a rationalization according

to unanimity (henceforth a Iationalizration) for the bargaining solu-

tion B, if v seZ, B(s) =ixe §_+/'§(s,s(x)) < T (s,5(y)) v ye 5#}.



—-—-

That is the metric 5 rationalizes @ sccording to the unanimity eriterion
whenever for any bargaining game 5, the solution is the payoff whose
corvex comprehensive hull is the unanimity game."nearest" to the game
and the payoff belongs to S. The characterization of the family of

baroaining sclutions havino such a metric rationalization is provided

by the fellowing:

Theorem 13 A bargaining solution @ has a metric realization if and

only if it is Paretian.

Proof ¢ (i) It is sasy to varify that if 8 rationalizes @, then 2 is
Paretian.

(ii) Suppose that f# is Paret ian, Define 8 as followss v S,Tez,

- C ifS =T
B“f)= 1IFS AT, HEABT) 4 4
21 S£T, B(E)AB(T) = §

£ is otw iously‘symetric, non-negative, and $ (s,T)=0&> T =5.

It also satisfieé the triangle inequality and so §is o metric. Let
us conclude the ;::yroof‘ by showing that the metric & is s rationalization
for f. Define Z—ym as follows: v S€2. , § (S) = i’xe s,/

S (s,5(x)) € 1 (s S(y)) v yeS_, . e nou show that g=p 1¢

$ = §(x) - for some x€ IR, then& (5,5(x)) = 0. Hence x€ §(S). Also
B (S(x)) ={x} since § is Parstian. So A(S(x)) g § (S(x) v xe IR .
If y £ x, then yﬁli(s(x)) since S(x) £ S(y) implies & (S(x),5(y})) 0 =
£(s00,500). W) = fx] = Bs00). swpmose s £ 5(x), v xe 1R,
Thene ye S _, 8§(5,5(y)) # 0. 1f xeg!(s), then § (s5,5(x)) = 1. Hence

B(S)An B(S(x)) #£ f. But B(5(x)) = {x} since @ is Parstian. So



x ¢ B{sS) i.e. 3(8) C p(5). Now swpose x€ B(S). Hence xe B(S)a P(S(x)).

Hence '6' (S,S(x).) = 1, Hence x& E(S) i.0. pl(S)f-'_ o(s)..
Q2.E.D,

Before we conclude this section, let us note that a reasonable assum-
ption for most bargaining solutions is that it satisfles weak Pareto

optimality.

(8P0) For each S€) , for each x€ B(S), yeIR], y;> %, for all ie N
implies yf S.

Let W(3) =3x€5/ye IR, x, % 1€ N {s

_ YEIR, vy %, =3 Y .

A solution p:Z—-;In: satisfying (WP0), (IEUR) and (SIR) is called

a classical bargaining solution.

For classiczl bargaining sclutions we have the folloul ng metric chara-

cterizations:

Theorem 2 3- A classical bargaining sclution #§ has a metric raticnalization

if and only if it is Paretian.

Proof ¢ The proof is the same as that of Theorem 1, except that

$(s) = {xew(S)nIR:’_/ T (5,5(x)) < £(5,5(y)) ¥ yeu(s)a IRL_} is the
modified définition of O .

- Q.E. D,
The Nash [4] and Kalai-Smorodinsky [3] solutions are Parstian and hence
are metric rationalizabls. Note, however, thaé the Kalai[?] solution is

not Paretian and hence not metric rationalizablae,



. Monotonic Metric Rationalizations: The metric used in the proofs of

Theorem 1, E(S,'T), is induced by the specific bargaining solution
under consideration. That is, loosely speaking, the metric is based
on what the bargaining games do, rather than what the games actually
are. The lack of dependence on the internal structure of the bar-
gaining games suggests that some bargaining solutions may be ratio-

nalized by metrics which do not satisfy some intuitively desirable

criteria.

Definition 33 A metric£ on Z is monotonic (strongly monotonic) if

v SGZ and v x, Y€ S”, xi) y, ie N = % (S.S(X))fs (5,5(y)),

(v %0 ve §pp0 x2 90 x £ y 5 £(8,500) < BL5,8(N.

Definition 4: A bargaining solution g is a welfare optimal rule if

. n
there exists a function F¢ IR‘H-——) IRH- such that
(1) F is integrable on compact subsets of IRL
(11) « x,Yé IR:'_._, x_>_ y=> j Fdx > |\ fdix

S(x) siY)
(ii1) p(s) = {xe S/SFGA. 2 \(de v ye¢ SJ .

S q))

where A_ is the lebesgue measure on IR",

A bargaining solution @ is a strongly welfare optimal rule if there

exists a function Fi IR:;-) IR such that (1) end (iii) above hold and
in addition we have

n
(i1) v x, ye 1IR_, x>y, x £ yp |Fdrad FdX .

ORECY



In the sbove definition F is essumed to be integrable on compact subsets
of IR:i formally, this msans that Fe¢ L‘(K; IR“_) where K is a compact

n
R.
subset of 1 X

fhaorem 3 s 1t a bargaining solution is a welfare optimal rule, then

it is rationalizable by a monotonic metric onz .

>rgoft Let F be as in definition 4. Define a metric & on Z as follows:

£ (5,T) = \ FdA 41 Foa .
I LI 1.,
Jbserve that §(5,T) = 0 if and only 1f S = T (if x€ S~T then there

axists a neighbourhood of x belonging to S~ T). Also since for every

5, T,0€ ), (SSTYU(T 8) € (5~U)u (1ss)u (Teu)w (U~T),

5(s,7) < §(5,0) + § (u,T).

fhat the metric § is symmetric is also easily seen,

.et § (S) -{xe S/Z(S,S(x)) < -Q(S,S(y)) v yE 5}.

.et x€ ;(5).

Sruxg erx vyS,
Sa800 S04

S\ FdA = \Ffdx € | Fdd = | Fd) ¥ ye §,,8ince S(y) € S « ye S,
S 0 Su §

¢Ir¢x_>_ Fd  » yeSy,.
O S4)

Since § is welfare optimal with respect te F, x ¢ #(S)



Hence E(S) c ﬁ(S).

Comversely suppose x¢€ B(S).

.'e | FOA > | FdA v y€ S
5(9 54
IFd‘;\ pd grd:\ v yes

S0 YY)
e xE€ ?(5)-

Hence f(2) = i(s).
Q.E.D.

Theorem 41 If a bargaining solution is a strongly welfare optimal

rule, then it i{s rationalizable by a strongly monctonic natric onZ .

Proof: Similar to the above, except that now we have s(S,S(x)) )S(S,S(y))
if x 2 yand x4,y

SeE.D.
The converse of the above results sre valid when a certain additional

condition is satisfied.

Theorem 5t If a barpaining solution is rationalizable by a monmotonic

metric 6 on z which obeys the additional condition



there exists a conmtinucus function F: IR:‘ s IR_H_ such that

x _
for all S(Z, S (5,5(x)) = S Fd whenever xé€ S++

5.5(1
then, P is a welfere ostimal rule. b “)
oroof: Since F is continuwous, F satisfies (i)

Since is monotonic, F satisfies (ii)

Since § is rationalizable by § , F satisifes (111)

3.E. D,

Remark: (1) Once again if £ is = strongly monotonic metric raticna-

liz-tion of §, then p is strongly welfare optimal,

(£4) The Nash solution is welfare optimal, in fact, atrongly
welfare optimal. The Kalai-Smorodinsky solution is not., Hence the
latter solution is not ratiomaliza-le by a monotone metric whereas

the former is.

(iii) The essential features of a metric used in our analysis is that
it is ncn-negative, symmetric and S(S,T) = 0 if and only if 5§ = T,
Hence we are really interested in quasi-metric rationalizations

where the triangle inequa.ity plays no role.
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