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LAGGED VARIABLE MODELS AND THEIR ESTIMATION

G.5. Gupta and Deepak Chawla*

There are three situations under which one of the crucial assumptions

of the general linear model, that is

It

CDU (xit, Ut) = D ’ FOI‘ i 1, 2, saBsEBean oy k

R &)
t

1’ 2' -ooloncnanl’n

(X,, is the ith explanatory variable and Ut is the error term in obser-

it
vation t.)

is violateds

(a) there exists errors in the measurement of variables,

(b) at least one of the explanatory variables i a lagged
dependent variable, and

(c) at least one of the explanmatory variables is an endogencus
{(explained) variahle.
The use of ordinary least squares (OLS) methocd to estimate models, in
which the sbove assumption does not hold good,yieldgbiased and inconsis-
tent estimates, 1/, Although there is not yet any sstimation procedure
which could provide unbiased estimates under such a situation,; there
exists technigues to obtain consistent estimates. In this paper, the

estimation methods for lagged veriable models sze discussed and they

are illustrated through the estimation of consumption function for India,

*The authors are Professor and Doctoral student,respectively at the Indian
Institute of Management, Ahmedabad.

1/ See Johnston,d, (1972)sEconometric Methods,Chapters $-10,




The lagged variable models are characterized by the presence of either
lagged ¢ planatory variables or,/ 1d lagged dependent variable., The
gxample of the former is the distributed lag model, and of the latter

are the partial adjustment modsl and the expectation mudal:g/

DISTRIBUTED LAG MODELS

The standard regression model specifies a causal relation between &
dependent variable and one or more independent variables, Such a speci-
fication implies that a unit change in one of the independent
variables cafises a change in the dependent variable during the same
period and during that period alone. In some situations, however,
this specificetion may seem restrictive. For example, advertisement
outlay of a firm in a particular year affects its sales in the current
as wall as scome future periods. Similarly, income of a given year
might cause both the current and future consumptions to rise. In such
gcausal relaticns, the total influence of a change in an independent
variable is not felt in the same periocd that the cause occured but is
distributed over time and thus the full reaction is svoked only after
some passage of time, after some lag. Such models are called the

distributed lag models. Mathematically,

2/ The Robertsonian lagged response model in which current consump~
tion is hypothesized to depend on previous year's income does not
violate the least squares assumption which renders the estimates
biased and inconsistent,



3/
a linear version of these models can be written as
Yt = O + ﬁo Xt + 51 Xt_1 + seeccsces + g X + Llt
s t-s
0-030(2)
s stands

(Y is the dependent variable, X's are independent variables and

for the length of the lag).

Estimation of model (2) poses problems in terms of deciding the length of
the lag, reduction in the degrees of freedom caused through increased
number of explanatory variables and decreased number of observations,

and multicollinearity. 7o avoid these problems, Koyck has suggested a

4
device. He assumes thst the lag coefficients are a set of geomstrically

falling weights. Under this assumption, model (2) becomes
Moo
Yt = a + BO xt + Boxt—1 +>;th’2 4+ ocessceseat

>\S‘BX + U Ceeee (3)

Lagging equaticn (3) by one time peried and multiplying that by both

sides, we have

2/ The model contained in equation (2) has the current and lagged values of
enly one variable as the explanatory variables. The other variables,
current and/or lagged could sasily be introduced. For simplicity alone,

this has not been dope here.

4/ Keyck, LeM. (1954): Distributed Lag and Investment Analysis, North
Holland publishing Co., Amsterdam. ,




| 2 3
}Ythq = >\(x + f\ﬁgxt_-l + /\ Boxt__z + % B.Xt_3+ Beees +
g+1 - :
.i;x\ - e xt--s+-1 + f\ Vg cevssna(4)

5
Subtraction ef (4) from (3) gives

Ye = (1 -?\) + Boxt + >\Yt-.-1 + (U —>\ Ugq)
L] *
or, Yt = [s 4 -+ Boxt +7>\Yt_1 + Ut o-clo--ooooooc-..nu.(S)
where d% = ot ;>\)
.*V
Ut = Ut "‘>\Ut_1

Thus, it is clear that the distributed lag model reduces to a
lagged dependent variable model under Koyck's assumption. Equation (5)

is in a manageable form for estimation.

PARTIAL ADJUSTMENT MODELS

Under & partial adjustment madel, the behavioural equatien deter-
mines the optimum (desired) value of the dependent variable and the
adjustment equation gives the actual change in that variable over its

6/

previous value s

»
Yt = f + th -+ Ut ders et se BNy EtRRERITLIRRE RS (6)
¥
Yt - Yt“"" = X(Yt - Yt"'1) l.’l..l'I....iﬁilill....l....(.?)

5/ The tezm 7>§+ﬂ Bo xt—s+1 has been ignored, for it is insignificant.

&/ #s in equation (2) above, only one explanatory variable is considered
in equation (6) below and in eguation (9) latter for simplicity.



"
(Yt stands for the optimum level of Yy and tf/ for ceefficient of adjust-

ment such that 0 < \T{’< 1)

The adjustment is partial because of ignorance, inertial and the cost

of change. To illustrate, an investment that a firm might like to
undertake may not materialize fully either because funds are not available,
the physical asset that it aims to procure are not immediately available
or/and that the firm is not sure as to whether the enhanced need for

investment is of pemmanent nature.

Substitution of equation (6) in equation (7) yields

Y, = ‘g/n +)/B X, + (1 —-})/) \(,c__.1»r)/ut

' He % * *
i.e.’ Yt = ﬁ + B Xt +\6 Yt""1 +Ut Stsases tassnnacssevany (8)

where A# = 7(;; B* = 7(5
NEEINCES STRENT. {Ut

Equation (B) is similar to equation (5) and it can be estimated

in the present form through apprepriate technigues.

EXPECTATION MODELS

Under the expectation models,the value #f a dependent variable
is determined in two stagess The first stage explains the variable in
terms of the expected value of its cause variables and the second stage
describes the formation of expectations, Mathematically, these could be

put as:



e
Yt = a-l-b Xt+Ut --o-o-oou-oono----o(g)
=}
xt = aa xt-'1 £ al xt-2 -+ a2 Xt-s + 4nvcoss --oo.o-ooo..-(’lo)

(X: ‘stands for the expscted value of X in period t)

The current value of Y depends on the expected rather than the true
value of X, for the true value is not known at the time of decision—
making. Besides, the expectations are formed on the basis of past values
of the variable under guestion. To illustrate, the investment that a
fipm might like to undertake may depend on the profit it is expected to

make, which, in turn, may be determined as a weighted average of the

past profits,

Substitution of equatien (10) in equation (9) yields

Yt = a - an Xt"1 <+ B1b xt-—2 o+ azb Xt_s + ssve +Ut Ill..(11)

This equation is similar to egquation (2) above, which describes g
distributed lag model., If the weights of equation (10) ars assumed to
decline in geometrical progression, like equation (2) abowe which was
reduced tc equation (5), equation (11) can easily be reduced to the

following form:

a(1 = §) wagh X g + QY y + (U, - gut_,q)

(e <><7)

k.3 ®* ’ L
or Yt a + b Xt"'1 +th__1 + Ut 0-..0..-..-..(12)

Yt

fl



where a = =2(1-=5)
*
b = ab
: o
* e
Ug = (g =y )

Equation (12) is similar to equation (5), the only difference is that

instead af X there is Xpot e

ESTIMATION

To illustrate the estimation procedure of the lagged variable

models, the consumption function for India has been estimated using

the annual time series data of 1950-51 through 1975~76 (yide Table 1),

The estimatiocn is carried out through three methods, a discussion of

these folloms{z/

Estimation through Ordinary [east Squares Methods

with

The OLS estimates of the simple consumpticen function and of that

the lagged variable are thoe followings

Ct = 16&7.06 L 00794 Yt sstssatene (13)
(2.01) (14.39)
2
R = 0.896, D = 1075

The direct estimation of models such as that contained in
equation (2) poses problems of choosing the length of the lag, multi-
collinearity and loss of degrees of freedom. To overcome these,
suggestlcns have 2lsoc been made tu reduce the current and all lagged
values of a variable to one variable by assigning a priori
welghts to these. However, this is not an appropriate method of
estimation, for if weights can be known a priori, coefficients values
can also be decided without estimating them.



Table 13 Data for Consumption Model

(Rs . in crores)

pPrivate Disposable Private cConsumption tstimated pri-
Income at 1966~61 Expenditure at 1960-61 vate Real
"Year Prices Prices Consumption 31agged
one period

(Yp) (cy (Cenq)
(1) - (2) (3) (4)
1950-51 8,926 8,518
1951-52 9,164 8,837
1952=53 9,558 9,243
195354 13,172 9,672
1954~55 10,392 9,647
1955-56 10,638 9,680 9,589
1956=57 11,149 10,221 3,867
195758 11,026 10,360 10,192
1958-~59 11,797 » 11,030 10,626
1958~60 " 12,027 11,154 10,765
1960~61 12,727 12,210 11,1385
1961~62 13,151 12,205 11,465
1962-63 13,324 12,346 11,757
1963564 19,935 12,767 12,278
1964-65 15,165 13,565 12,558
1965~66 14,475 13,084 14,828
1966—67 14,774 13,629 14,392
1967-68 16,190 15,424 14,585
1968-69 16,701 14,827 16,366
1969-70 17,555 18,631 14,979
197071 18,377 16,756 15,084
197172 18,593 17,454 15,696
197273 18,454 17,077 16,628
1973-74 19,472 17,833 17,089
1974~75 19,423 17,717 17,498
1975~76 21,339 19,043 18,110

Sources 1. 1Indias Central Statistical Organizationi National Accounts

Statistics, January, 1975.
India:
2./ Central Statistical Qrganization: Statistieal pbstract of

™ India (vVarious Issues).

Votes The data are the revised series as brought out recently by C.5.0.
gince, the revised series on C & Y for the period 1950~51 to 1959--68
was not available, the same was interpolated. The average relationship
between the revised and traditional data was computed and the same was
applied to the corresponding traditional series to generate revisecd series,



Ct = 209.83 -+ 0.160 Yt + 0.834 Ct-1 ll...l..(14)
(0.44) (2.02) (8.90)
2
R = D|974’ Du = 2.66
where
L, = Private consumpticn expenditure at 1960-61 prices in
period t.
Y., = Private digposable income at 1960-61 priges in period t.
2 . . .
R = Coefficient of Determinaticn
D = Vvalue of the pDurbin-iatson statistic

Numbers in parentheses, here and hereafter, are the
corresponding t-values.
Under equation (13), the marginal propensity to consume (MPC) is
0.794, while in function (14) the short-run MPC is'L.168, and the long-
. 0.160
run MPC is 0.964 (1 - 0.834) .

distributed lag model, or the expactation formation model, its original

If equation (14) is based on the

foom under Koyck's assumption weoculd be

C, = 1264,04 4+ 0.160 Yo + 0.133 Yt-1 + 0.111 Yt—2 + 0.926 Y

t + ssee

t=3

seerasecsnas {15)
It should be no;ed that equation (13) disregards the influence of

past on current consamption and the estimates of equation (14} and hence
of eguation (15) are inconsistent, for Ct-1 is correlated with Ugr the

disturbance term of the function.

Estimation Through Liviatan (Methods

Under the Liviatan methoc, estimates are -ebtained in two stages.

In the first stage, the current value of the stochastic variable (Ct) is



10

regressed on lagged values of the none-stoehastic explanatory variable,

The result of this step for the cansumption function are as FDllowssg/

s

C, = 961.45 +0.293 Y4 +0.119 Yy o +0.135 ¥y 5 +0.366 ¥y,

(1.28)  (2.88) (1.11) (1.25) (3.58)

vevereeenses (16)

R® = 0.950, DY = D0.86.

In the second stage of the Liviatan's method, the function is esti=
mated by the OLS method but instead of using the true values of the
stochastic explanatory variable, its estimated values, as obtained in
the firet stage, are used, The values Uf'/E;_1 as derived from equa-
tion (16) are oiven in Table 1, column 4, The results of this step are

the followings

AN
L, = 258.44 + 0.286 Yt + [.684 Cyn
.o-'.oloo-(17)
2 .
R™ = 0.936, ot = 1.99

The R2 value of this function is not quite meaningful, FDr'E;_1
instead of Et~1 is used in theestimation procedures. The R2 obtained by
using these estimates of the parameters and replacing back’gt_1 by Ct

came to 0.931.

under function (18), the short—run MPC is 0.286 and the leng—run

{ 0.286 )

( T=0.pp4) + ne original form of equation (18) under

mec is  0.905

§/ lagged values upto four periods alone were used, for inolusion of
more distant values did not improve the R value,



11
the Koyck?'s assumpticon would be

G, = BI7.85 40,266 Y, +0.196 Y, 4 +0.134 ¥, _, +0.092 Y,

t 3

+ sesevacssnssss “eepras v (18)
The parameter estimates of equations (17) and (18) are censistent,
fnb%? is uncorrelated with u,.

t-1 t

Estimation Through Almon's Methods

Almon's method provides estimates of the distributed lag medels
and the expectation models in their original forms as in equations (2)
and (11), respectively. The method assumes that the B coefficienta

are related through the following polynomialg

2 r
BZ = aD + 812 S 822 4 seves + al‘ i .n...'..t'-(1g)

Several valves of s and r are tried and their appropriate combina~
tion is chosen in the sstimation  process. For r =1, eguation (19)

becomes

53 = aD +351 sose s tecaseRNe (20)

+ 72,

ey
N
it
m
o

Substitution of these values in equation (2}, writing ¢ for Y and Y

for X, and assuming s = 3 yields
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Ct = o + aUYt + (aD + 31)Yt_1 + (ao'l'za‘l)yt—z + (304581 )Yt—s + Ut
or, -
Ct = o + af‘(Yt + Yt""l + Yt—2 + Yt_:{) + alcyt_1"'2yt_2'l'3Yt_3) + Ut
0 1
,1090, Ct = o+ aDY + alY -+ U;_

cereneens (21)

where, Voom Yy Vg Yo t Ve

-~
|

Yea + 2Vgp + Ve g
Equation {(21) is amenable to estimation through the OLS method,
The 0OLS estimates of equation (21) cbtained on the basis of the data of

Table 1 are the following

Ct b~ 792049 -+ 00288 YD - Dn044 Y1
(1.09) {3.80) . (0.87) veesne(22)
2 .
R = 0,943, DW = 1.03.

converting this eguation in the originsl form of the distributed

lag consumption function, using *he parameterS'definitions as in equa-~

tions (20)and (21), yields

C, = 792.45 +0.288 Y, + 0.244 Y, , +0.200 Y, , + 0.156 V,_,

II.DI.I'II-..(23)
Equation (23) provides the Almon's estimates of the consumption
function. The value of Rz for these estimates of parameters comes to
J.84, Under this, the short—run (the first peried) MpC is 0,288, and the
long-run MPC is 0.888 (0.288 + 0.244 + 0.200 4+ 0.156). The Almon's

estimates are consistent,
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The readers might wonder as to how to choose the appropriate values
of s and r for using the Almon's method. For this, the ressarcher
needs to choose alternative combinations of their values and estimate
ag many functions as the alternative combinaticns of the resulting
aquétions like (22). O0f the various combinations, the one which yields
the best (on theoretical and statistical greunds) form for the inter-
mediate  equation like (22) and the final equation like (23), is to be

selected.

CONCLUSION

Equations (15), (18) and (23) provide alternative estimates of the
consumption functisn for Indis. Obviously, the results are not identical
and there is & problem of chaice. Equation (15) is unacceptable on
theoretical grounds, and whether equation (18) er eguation (23} should be
selected depends upon the researcher's belief about their assumptions,
If he believes that the effect of distant values of incomes on consumption
should be less than that of the immediate past levsls of income and that
this effect must decline in gecmetric progressicn, he would prefer equa=-
tion (18) £2 equation (23). In contrast, if he does not have any belief
about the relative effects of past levels of incomes on mopnsumption but
he thinks that these effecta follow a polyn-hial of type given in egua-
tion (18), then he would selest equation (23) as his estimated consumption
function,

It is pertinent to note here that the Almonts methoe is not available

for estimating a partial adjustment model. Further, this method need not
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give declining values for 5 coefficients over the lagged values of

the exp._anatory variable. It g. es gither declining or increasing co-
gfficients and the change is in arithmetical progression. In equation
(22), if the coefficient of Y1 were positive, the succesaive [ ocoeffi-
cients would have been larger Ehan the previcus ones in eguation (23).
In the model estimated, the Almen's coefficients (vide eguation (23))
take declining values, though in apithmet™ical rather than im geometrical
progression, and sc the estimates in equations (18) do not differ Wwith
those in equation (23) substantially. 1In particular, the short—£un
(0.286 and 0.288) and long-run (0.905 and 0.B888) MPC in both these Funﬁ-
tions are slmost exactly the same and the estimates seem to be reascnable
in the Indian context. This renders the choice between the two estima— ‘
tes redundant. Thus, we conclude that the short-run MPC is 0.29 end

long=run MPC is G,%0 in India.
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