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Abstract

In this paper we have developed a very general framework for
studying group decision making problems with claims which
subsumes the set of problems studied in axiomatic models of
bargaining. Subsequently we proceed to establish the improvement
sensitivi£y of some soclutions defined an a smaller domain.

We also extend an earlier framework for studying
multicriteria group decision making problems to incorporate
claims as an additional parameter for reference. We define the
concept of an equilibrated state for such problems and show that
a solution which chooses onty equilibrated state is of necessity
invaijankunder monotone increasing transformations of the value

f;%&iions of the respective agents.



1. Introductfon :- In a recent paper, Pékers (1992) has defined
the concept of improvement sensitivity for group decision making
problems. The concept of improvement sepsitivity is based on the
notion of a faster improving value function. This latter concept
is the non-stochastic analogue of the risk-aversion criteria
which pervades the analysis of choice under risk and uncertainty.
Peters (1092) proceeds to show that the class of symmetric and
non-symmetric Nash bargaining solutions (see Nash (1850Q),
Harsanyi-Selten (1972)) satisfies improvement sensitivity.

Group decision theory has recently been extended to a
similar theory with a claims or a target point in a series of
papers by Chun and Feters (1331), Chun and Thomsen (1992),
Bossert (19923), Bossert (1882b), Lahiri (1883a), Lahiri (1993b).
The main difference between the two theories is fhe presence of
an additional vector of parameters which influences the solution
outcome to the given problem. 1t may be worthwhile to extend the
idea of improvement sensitivity to such domains - and that is the,
precise rationale of this paper. In another paper by Abad 5nd
Lahiri (1993), we discuss the essential similarity of- an
important sub-class of these problems to the problgm of choos{ng
an aqutput vector in a regulated firm,.

In this paper we also establish that on a sub~domain of the
set of prablems on which improvement sepsitivity can be actually
def ined, a solution satisfying Pareto optimality, scale-
covariance and restricted monotonicity actually implies

improvement sensitivity.

2. The Framswork :- An n-person group decision making problem

with claims Q has the form Q=<A,%,ul ,...,u"v> where

(i) A is a nonempty set of alternatives
(ii) 3CA is a status-quo alternative
(iii) for each i=1,...,n,u i:A—>R is a3 value function

(iv) VE(Vy L eaa, v dE RT L v o (R dsL, 0.,

We denote by  the family of all admissible group decision

making problems with claims.



A solution on 3 is a non-empty valued correspondence

¥y: p-> VA such that for each Q€¥P,

A:F=<A,5,ul ,...,d",vrep

Q=<A,3,ul ,...,d",v>, WD gA.

A solution ¥ on ¥ is said to be efficient or Pareto-optimal
if ey, 0=<A,3,ul ,...,u".v>, a€¥M, implies "a’' 1is a Pareto
optimal element of A i.e. bEA, ul (h%;ui(a)\ﬁ=1...;.n =3u ! (b)=u
(a)Vi=t,...,n.

A solution ¥ on ¥ is said to be individually rational if
voer, 0=<a,5,ul ,...,u",v>, a€¥@) => ul (a)2u MBI M=1,...,n.

A solution ¥ on ¥ 1is said to be a bargaining solution if
VoED, 0=<A,3,ul ,....u",v> =c¥@), bEA, tu'l (a)r=ultbrM=1,....n
<=>be¥ () 1.

Associated with each bargaining solution ¥ on ® 1is a
function ¢y : p-R" defined as follows

$p @F a0 @), sEF W)

It is easy to check that ¢,6is well defined. Such a functioh

is called an n | person bargaining soliution on V.
Let 0€P and Sy, =(xR"/ul (a)3x; 2u '(GIVi=1,...,n: for some
aEA}
where @ = <A,5,ul ,...,u",v> and dg= (@, .. .,ut (‘é'.)).
Associated with each function ¢_:"b’—>l“ such that VQEP,
Q=<A5,ul ... ,u" Lv>, dEs Q there exists a bargaining
solution ¥ on P defined as follows :
Y =ta€as(ul @), ..., tarr=g}
where 0=<A,3,ul ,...,u" ,v»€r. Such a ¥ is of necessity

individually rational

If ¢ :->R"is an n-person bargaining solution, such that
for each PeP, ¢ depends only on (S -dg ,v), then ¢ is called a

welfarist n-person bargaining solution .

In axiomatic bargaining (see Moulin (1988) for a recant
treatment), we study the following class of admissible n-person

group-decision making problems with claims , denoted o,

A ={Q=<A.§,u1....,u " ,v>/Q satisfies properties (1), (ii), (iii)
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and (iv) mentioned below)

Property (i) :- A is a non-empty compact, convex subset of l'ﬂ

satisfying minimal transferability i.e. a€A, a; >0=>3b€A with
Property (ii) :- 3T=0

Property  (iii) :- ul (a)=:i(a)VaEA. where :i :R" ->R is the

projection onto the ith coordinate (see Spivak (1965)).
Property (iv) :- v;p.

Such problems are also known as multi-attribute choice
problems.

In the subsequent analysis we will study a somewhat larger
class of problems denoted tﬂl . )

Q=<A,3, ul voosd ,vrer ®where 1ENfadonly if

(i) A is a non-empty compact, convex subset of ll
(ii) 3EA
(iii) for each i=1,2,...,n, u'! :A-’R is a concave, continuous

function

sy, .. .o aany ,

The 'following function [:ﬂ°l ->R" called the ideal (or

(iv) v>(u

utgpia) point function will prove useful in 1isolating ‘an

essantial subdomain for our analysis :

li (Q)=max{ui(a)/aEA, u

Using the ideal point function I:D’°I—>l“ we can consider

(a)Zui(i)} i=i,...,n,.

the fcllowing domain :

T =10ep® /a=<A B u b, ut L vd, vzl o dg )

Before we close this section, let us note that there is a
natural! embedding of problems .Ftudied in axiomatic models of
bargaining into the set BolJTwé restrict a to be-equal to o and
Aclﬂ in the definition of Bml » wWe get a natural one-to-one

correspondence between the two classes of problems.

3. A recapitulation of the improving faster than criterion :- Let
A be a' non-empty set of alternatives and u:A->R , v:A->R be given
(value) functions. We <call v improving faster than u, denoted

vIFu, if ¥V a,b,c,dEA with u(al)2zu(b)2ul(clzu(d) we have :
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= u(e)-uld)zu(a)-ul(b) => v(c)-v(d)2v(a)-v(b) . .
and  u(e)-uld)>ula)-ulb) => vie)-v(d)>V(a) VD) puun meme o LA
This is the definition as in Peters (1992). - VASTRAPUR. AHMEDABAD-380088
Theorem 1 (Peters (1992)) : Let u:A->R and v:iA->R be given with
u(A) an interval. The following two statements are equivalent :
i) v1iFu
ii) There exists a strictly increasing concave function

k:V->R with v(a)=kou(a)Va€A where Vslmin {ula)l),+wm),
a€A

Proof :- See Peters (1992). The function k in the proof of Peters
(1592) can be extended as desired.

It is easy to see that for the domain 9°l s given
QEﬁ%.Q=<A,§Ju1 TR w ! (A) is an interval for each
i=1,...,n. _

Given 0€p° ,0=<A,5,u! ,...,u"v>, let k! (@) denote the
problem <A, X, ul ..., ul? kou i, w00y {reemaV kv,

Vigg rosesVy”? where k:V,; ->R is a strictly increasing concave

~-function and V; =(min u'(a),+=). Here player i of @ has

aGA '

been replaced by a player with a faster improving value function

kou! . It is easy to check as in Wakker (1989) that k '(Q)€P %if

Qer® and k! (@D if aer.
Let ¥ be a bargaining solution on ﬁ‘ﬁ(ﬁ’ﬂ). We shall call ¥

improvement sensitive (1S5) if for all i=1,2,...,n, and QEI°1
(H°P, we have

ul (e zal () VoE¥(Q), bEY (k' () and consequently

koui (a)zkoui(b) e ¥, bE!(ki Q)

where Q=<A,§,ul ,....ui,....un ,V>». Here kiis as above.

4, A preliminary result on 8% : Let ¥ be a solution on B

Consider the following property :

Property 1 :- ¥ satisfies Scale Covariance : If x€RY,, 6&"
Q€p, Q=<A,3,u! ..., ,v>, @’=<A,a,x  ulv B ... .0, uM8,.av,
+6y ..., v, 8, 7€F, then KM=RQ”",

This property will turn out to be significant in most of the

4



= subsequent analysis.
Now let ¥ be a bargaining solution on ®. Consider the
following property : ' A
Property 2 :- ¥ satisfies Nash’'s lndependence of lrrelevant

Alternatives Assumption :- Let @, Q’€P, with d9.=d¢ . Sg'c SQ and

ul¥@)1€S ¢, Then u’t ¥ Q) 1=ut KD, where Q=<A,3,u ' ,iae,u” Lvr,
Q':(A'.E‘,uf ,....u'{,v 5, u=t(u 1....,un)and u =(u 1',...,uh ).
The following theorem a variant of which exists in Peters
(1992) can now be established.
Theorem 2 :- Let ¥ be a bargaining solution on ﬁml satisfying
individual rationality, Scale Covariance (Property 1) and Nash's
Independence of Irrelevant Alternatives Assumption (Property 2).
Then ¥ is improvement sensitive.
Proof :- Let @, k! (&P, and be as in the definition of (I5).
SuppOSE‘Ji(!(ki (@)))>u P (P(Q. We will derive a contradiction.
In view of property i,we may assume d, =0 and k(0)=0. Since k is
i(!(Q)zo. we may further
assume in view of property 1, that keu! @i @)))r=u TPkl
(@))). Let A’=fa€h:ul (aigul (¥k! @)y, and let @=<A’,a,u’
se..su" ,v>, Then, Sgc Sgand u(!(Q))GSqimplie.s by propsrty 2,
that u(¥@Q’))=u(¥Q)). On the other hand the concavity of k
implies k(t)2t V¥V 0ft € u' ®(k! (@))). Therefore S g€ S g
Further u’ (¥(k! (Q)))ESys where wisulv 3« i,u’=kou ', Thus by
property 2, w(P@’ ) =u’ ¥kl (1)) and hence ul (Pik! (@W)rr=ul
(F(@)) which is a contradiction. This establishes the theorem.
Q.E.D.

The proof of the above theorem has been borrowed almost

strictly increasing and ui<!(ki(ﬂ)))>u

verbatim from Peters (1892), to show that the same proof works in
establishing a result which is stronger than what has been cited
in the original document. Further, we feel that the appropriate
definition of Nash’s Independence of Irrelevant Alternatives
assumption 1is, as we have stated 1it. Qur restatement 1is
particularly crucial in the second application of the property in
the above proof. The statement of the assumption in Peters (1392)

doss not apply when we consider Sk%Q)'



=~ Often times, in group decision theory, gsaotutions are
—~ characterized by appealing to the following property 3 where
Yon ¢ is a éolution. .
Property 3 :- P satisfies anonymity : Fér any permutation ¢ on
{1,...,n} and any Q=<A,5,ul ,...,u" ,v>, if QF =<A,3,u'V,

...,u"“! o(v)> then RQ¥)=¥(Q) where for any xER" ,e(x) is the

vector with o(x) § =Xgq4) -

Where as both the Nash (1950) as well as the family of non-
symmetric Nash solutions due to Harsanyi and Selten (1972)
satisfy properties 1 and 2, if we require in addition that
solution ¥ satisfy property 3, then we autcematically eitiminate

the latter c}ass of solutions.:

5. Restricted Monotonicity and a result om i?if'l 1= A desirable
property for bargaining solutions to group decision making
problems with claims to satisfy is the following :

Let ¥ be a bargaining solution on 9.

Property 4 :- P satisfies restricted monotonicity : Let Q=<A,3,u!l

poed® v, deca’ 7Ll L0 Lv @ with Sgas ¢ Ldged g
Then, u(P@))2u®W’)).

In Lahiri (18383b) we establish that the class of solutions

due to Yu (1973) satisfy property 4. However this class of
solutions do not satisfy improvement sensitivity. A solution
which does satisfy improvement sensitivity on ﬁoiis the one that
seeks a Pareto optimal outcome on the straight tine connecting
the claims point to the vector of status quo wutilities. This
solution has besn given independent characterizations by Chun and
Thomson (1992) and Lahiri (1993a). The significant reason for
this dissimilarity of behavior is that in addition to property 4,
the latter solution satisfies property 1, whereas the former
group of solutions do not.

Let @ ¢ Enlsatisfy, the following property :

€p => k' (wea@vi=1,...,n, where k!

section 3.

Q) is as defined in



Theorem 3 :- Let ¥ be a bargaining solution on @ satisfying
Pareto optimality, individual rationality, properties 1 and ‘4.
Then ¥ satisfies improvement sensitivity. ’ :

Proof :- Let Q=<A,3,ul ,...,u",v>EQL and BUPPOES k(o is as in
the definition of IS. Then by property 1, we may assume d Q=0,
k(0)=0, k(v; J)=v; . Now since Kk is strictly increasing and

1

concave, k(t)>t Wodt¢v; . Since I (W ¢v and 1tk ' (@)Igkiv; )
we get Sgg Syig . Thus by property 4, u ; ®k'(@)2u ; (¥ V
i ¢ i and kou; @k @)))1>u; (F(M). However, u(P(k '(Q))IIES gand

¥ satisfies Pareto optimality. Hence uj; ®(k'(@)))3u ;(¥(@) V j
# 1 implies Uy 4 4 (kl(Q)))gpi (¥ (). This proves the theorem.
Q.E.D.
Admittedl§ it would be desirable to obtain a similar result
on ﬁml . However, such a result does not appear to be true.
Property 4 has been defined, discussed and used in characterizing

a solution in Lahiri (1993a).

6. Multicriteria group decision making problems with claims :- |In
Polterovich (1890) and Lahiri (1993¢c) can be found a model of
multicriteria group decision making problem. In this section we
propose to extend the wmodel within our framework to group
decision making problems with claims and establish an immediate
invariance property of solutions to such problems.
A multicriteria group decision makiﬁg problem with claims T
is of the form ((A,‘é,u1 see.su",v)>,g) where <A,3,u 1,....u
yVIED” (i.e. is a group decision making problem with claims and
g:A->R* , for some m&N . Let M denote the class of all
multicriteria decision making problems with claims. In the above
‘g’ is called the criteria function.
Given TI€M, Tr=(A,3,ul ,...,d 'v>,g), an element a€A is

called an equilibrated state if

(i) a is Pareto optimal for <A, 3,ul, ..., uw

(ii) g(a)<o0.
Let ¥(I')={a€A/a is an equilibrated state for I} whers,
r=(<A,3,ul ..., @, v, ).

»



Theorem 4 <3- Let k! :ul (A)->R be any strictly increasing
function for i=1,...,n. I'’=(<A,3,k! oul,...,k" ou®, w>,g) where
<A, 3,k oul, ...,k "ou", WP, Then ¥ =¥ ", .
Proof :- It is easy to see that ¥ is independent of the claims
point, Since the set of Pareto optimal alternatives are invariant
with fespect to strictly increasing transformations of the
utitity functions and since g remains unaltered, the result is
immediate.

Q.E.D.
Conclusion :- In this paper we have developed a very general
framework for studying group decision making problems with claims
which subsumes the set of problems studied in axiomatic models of
bargaining. Subsequently we proceed to establish the improvement
sensitivity of scme solutions defined on a smaller domain.

We also extend an egarlier framework for studying
multicriteria group decision making problems to incorporate
claims as an additional parameter for reference. We define the
concept of an equilibrated state for such problems and show that
a solution which chooses only equilibrated state is of necessity
invariant under monotone increasing transformations of the value

functions of the respective agents.
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