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ABSTRACT

Given two agents with von Neumann-Morgenstern
utilities who wish to divide n commodities,
consider the two-person non-cooperative gams

with strategies consisting of concava, increasing
von Neumann-Morgenstern utility functions and
whose outcomes are fair allocations to the

commod ity division problem determined by the
strategies used. It is shown that any equal
income competitive equilibrium allocation for

the true wutilities is a Nash equilibrium

outcome for the non=cooperative game.
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Intrody n ¢ Conajder the problem of dividing a fixed amount of
goods among two agents. Fundamental wark in this ares done by Foley
(1967), Varien (1574), Pazner snd Schmaidler (1568) discusses how

to divide the total available product fairly between the tuo scents.

It is often the cese in economic or game theoretical models that
predicticns are based on information that is not observable, For
example, Nash's (1950) theory of bargairing determines an outcome
that depends on the von-ieumann-Morgenstern utility functions. Xurz
(1977, 1980), Crewford and Varien (1979), Sobel {1581) snalyse out-
comes of the bargaining solutiors over the division of commocities
between two agents, Their method like our's in this paper ie to

embed the origiral game into a non-cooperalive distortion game in

which the players' strategies consist of utility functicns that may
be distorted from their true utilities for strategic purcoses, The
outcomes are given by the solution to the underlyiro game determined
by the reported utilities, If the Nash equilitria of the distortioen
game share common properties, then s description of the original game
situat ion has been made without relying on informaticn about the

unobserved utility functions.

The problem consicered in this paper may be viewed as an arbitration
problem under ignorance. An arbitrator is assigned the task of
determining a fair outcome to a divisi-n of commodities problem.

A possible technique for the arbitrator who knows what the total
supply of the commodities is, would be to ask the players to report
their true utility functions and then determine a fair outcome to the
resultino bargaining game. In such a situation the agents will be

playing the distorticn game described here,



Here we assume t at agents have perfect informaticn about tre qame

situwaticn they are facirag.

Closely related to our results are these of Thomson (157%a and b),
Thomson Studies the Nash aguilibria for the distortion game

derived frem & class of performence correspondences that yeild
irdivioually reticnal and Pareto-efficient ovtcomes, Thomscn
{19792} finds that if the reportec utility functions ar: restricted
to be twice continuously differentisble, concave and have the
transfersble utility (t.u) oroserty, th=n the Nash equilibria

for the distortion gamwe derived from tne Shapley value witn Tixe;
initial endowments are exactly th- constrained competitive alloce~

tions with res-ect to those endouments, This result is generzlized

to a broader class of performance corresnendences in Thomson [ 75b}Y.

r

In tiis paper we show tha! for the class of strategies corsidered
h-re any squal - incame competitive equilibriun allecation for tre
true ubtilities in a Nash aquilibfium DutCDme‘fDr the npnecooperative
game. Throughout we assume that the supply of goods is fixed and

known Lo everyboty.

in Hurmic, (1972), it is shown that for the sams class of eworinms=nts,
the individuzlly rational and Paratc optimal correspondence (in the
context of a private pwnership econcmy; is non—inplementable.- The
same example {example D) in his paper woulc show that the Parelo
correspondence for the class of econovies consicered by us is non-
implemertable, Wrat we have shown however is Lhat by suitably

restricting the perfarmance correspondence, we afe able to imp lem=nt



our desired social goals. The rrason behind this is simple,

‘Tbe Pareto correspondence being too large, any player given the
Nash strategy of the other player can ceviate to a strategy which
yields a better non-Pareto optimal allocation with regard tc true
preferences and yvet remains Paretc-optimal with :egard to stated
preferences. By reducin, the size of the performarce corresron—
dence, we are not eliminating better allocations for the players.
#e only guarantee that these better allocations do not belong to
the image of the performance correspondence obtained by an

unilateral derivation from the Nash strategies.

This resclves 2 very .importart questirn with regars to imnlement ing

fair allocations in exchance economies.
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Definitions and Notation 3 Consider two agents with von Neumann-

Morgenstern utility funct iorewho sre to divide s bundle of n-
commodities. Units are chosen so that there is exactly ome unit
of each commodity. Letting a = (&,....,3), an outcome will be an

element of the set

T = {xé IRn/g{ xfl}

where agent 1 receives x and agent 2 receives 1-x. We assume that
the true utility function of player 1 is denoted u, and the true
utility function of player 2 is denoted v. These functions are

assumed to be concave and strictly increasing in T.

The players report utilities that are restricted to lie in the class
u, where W cons ists of those functions U: T—> [O,ﬂ such that
a) U it continuous, monotonic (f.e. x<x' and x £ x

implies U(x)(U(x'))
b) U is normalized sc that w{(g) = 0 and U(1) = 1.

The distortion game for the feir division problem is played by each
agent revealina s ubility function in W. Typically, U will dencte

the function revealad by player 1; V that of player 2. Given thece

reports, a set of outcomes F(U,V) is selected.

An outcome x €T is efficient if there is no other outcome yé€ T with

U(y) Ju(x) and V(1 - ) v(1-x) one of them being a strict inequality.

An outcome X €T is squitable if U(x) 2 t{1-x) and v(1=-x)2V(x).



If an outcome x€ T is both equitable and efficiant, we will say

x is fair.

Let
F(U,U):{ x€T/x is fair} .

Definition The strategies (U*,U*) constitute a Nash equilibrium

for the distortion game determined by F if and only if

(a) (u*ve)eUxU

{(b) there exists an X*¢ F(U*,Y*) such that x* solves max u(x)
subject to x " F(u,ve)

and 1 - x* solves max v(y)

subject to 1 - yelJ Flue,v).
UeY

Main Results : We begin with a definition of ezual-income

competitive equilibrium (EICE),

Definition t An sgual-income compet it ive eguilibrium (EICE) is
-w
a pair, (p*,x*) where (a) p*¢ IR", p’i)_ o, Z p"1 = 13
(b) x*€eT; o
(c) x* solves:
max u(x} subject to p®.x{ 4p*.1 and x €7

(d) 1 ~ x® solves:

max v(y) subject to p*.y<4 p*.1 and ye7



The vector x* will be referred to as the competitive allocaticn.

On occasion, a vector p = (p1......,pn) will be used to refer to

the linear function from T to IR, where

v
p(x) = p.x ;Zpixi.
q=

Theorem 1 : Suwpposse that the &rum preferences are monotonic and
(p*,x*) is an EICE for true preferences u and v. Then x* {s

fair.

Pronfs Varian (1974): First we will show that x* is strongly
efficiant. Assume not i then there is some allocation y such
that u(y) ) u(x®*), v(1 ~ y) dv{1-x*), one of them being a strict

inequality. We can choosc y so that it itself is efficiant.

Suwpose without loss of generality u(y)) u(x®),

Lo Pty yptex® =4 pel

by the definition of EICE and monotonicity.

If v(l = y)) v(l-x*) then

VKRAM PRARY
p*(1-y)) p*.(1-x*) = 3 p*1 = AN Ins: g
STRAFUL. sk 3a00se

for similar reasons,
R p..l = p..y + p..(l-y)> p..x‘ + D"(l—x') = p..l

a contradiction.

So suppose v(1-y) = v{1-x*},



1f p*. (1-y) p*(1-x#), acent 2 could afford to buy a slightly
more expensive bundle, and by monotunicity he could find a
buncle strictly better than 1-x*®, contradjct ing thet x* is @

compet itive allocation.
Thus,
p*.(1-y) > p*(1-x*).
Cnce again,
p*.1 = p*.y + p®.(1-y)) pP.x® + p*.(1-x") = p*.]

a contradiction.

Hence x* is efficient.

Toc show that x* is also equitable, we SuUppOSS that agent 1 erwies

agent 2.

e u(Q-x*)> u(x*) as so by the definition of EICE,

p*.(1-x%)) poox* = p%. (1-x%),

which is a contradiction.

The main theorem can now be stated

Theorem 2: 1f (p*; x*) is an EICE, then {p*,p*) is a Nash equilibrijur
for the distortion game.

The proof of the above theorem uses the following lemmas.

Lemma 1 ¢ If x€F{U,p*) tren p‘.(l—x)z 3.

If x F_(p',\!) then p".xlf}.



Proof: Suppose x ¢ F(U,p*) and p*.(1-x){ 4.

Since p*. 1=1., wegst p'.x)i

Hence player 2 erwies player 1 and so x% F(U,p*)’a contradict ion
Soopt(1-x) ) 4

Sinilerly x¢ F(p®, V) implies p*.x)d.
Lenma 2 : F(p*,p*) = {xe Ts p*.x = é}
Proof: By lemma 1 and symmétry,
F(p‘,p’)g{KC Tip*.x = f}}.
Now, lat p¥*.x = &,
p*. ( 1- x) = &,
Hence x is eguitable.
Let y¢ T with p*.y Yp¥*.x., p'.(l—y)) p*. x

o= pry + p%{1-y) D phux + (1-x) = 1,
which is a contraditfiion.
Similerly p*.(l-y)}/ p*. (1-x), p*.y ), p*.x leads to a contradictionn,
J.x is effigient. '
x€ F(p*,p®).

Hence the lemma.

Proof of theorem 2 = Let x¢ F(U,p*).

p’.(l—x)), % implies p*.x (4.



But x* 1s a comoetitive allocation.
So, =* solves:

max U x)

subject to o*. x4, x€T.
' x* molves:

max U(x)

subject to x€F(U,p*) ¥ U€ .
Since u and v are monotone and x* is a competitive allocation,

p*.x* = p& (1-x*) = §,

., X*e F(p'.n‘)) by Lemna 2

Similariy we can show that if y¢F{p*,v), then

vi{l=y)Q v(1-x*}.

Hence (p®,p®) is a Nash Equilibrium for the distortion game.
This establishes the thecrem,

‘—;-E-n.
Theorem 2 has a partial converse.

Theorem 3 s= If (p,q) is a Nash equilibrium for the distortion
game, and if p and q satisfy condition (&) of the definjtion of
an EICE, then there exists an X*¢ F{p,q) such that x* is an FICE

allocatiorn for true orafarences,
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Proof 1 Let (p,q) be a Nash equilibrium. Then there exists

x*¢ F{p,q) such that

u(x®)y u{x} ¢ x€F(U,g) ard for all ve .

By Lemma 1, qtl""))}iv Q(l"‘.)}i'
Similarly x€ F(p,V) implies p.x )4, p.x*) 4

and v(1-x*) ) v(1-x).

Let x¢ T with g (1-x)) 4
Since F{q,q) =ilé Tt gux = {F} '
u(x*)}, ulx) 1f x¢T and q.{3~x) = g.x = }.

But o is an increasing function.

. x* solves:
max u{x)
s.t. q.x\(i
x€ET
Similarly 1 - x* solves:
max viy)
s.t. peyd{%
yeT

Further g.x® = p,x* = 4

To prove the theorem, it suffices to show that p = g, Now x*

must be efficient with respect t- the utility functiorm p and a.

Also equal division is efficiant with respect to the utility functions

p and q.



1"

(Supoosa not. Then there exists ye T with n.y) %, c.{1-y)2 3
with at least ore being a strict imequality., But this would
contradict the efficiency of x* with respect to p and cb_
Sirce equal’ division is efficient, &nd eirce p and q are

normalized, p = Q.

o. E. D.
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Conclusicn -

In this paper we resclve a very important guestion with re-ard to
the implementation of fair (in t-e sende of Varian (197¢))
allocaticne in an exchange economy. Consider an economy where

a fair allocation of a certzin fixec supply of geods has to be
implemented by an arbitrator. To be able to abhieve a fair -
allocation, the arbitrator needs to know the true utility functions
of the agents, If the arbitrator declares that he will imnlement
the equal income competitive equilibrium on the basis of reported
utilities the agents will repo:t linear utitity functions. The
EICE with these reported preferences as a basis, gives rise to fatr

allocations for true preferences,

is
Finslly, it/yorth mentionirc that in spite of the marked similarity

ir our approesch with that of Sobe! (19%1) and a fair amount of
similarity in our results with those of his, (especially Theorem 3
of Sobel (1581)}), the underlying games are comnletely different,
Sobel proves that for a certain class of distortion games, the Nash
equilibrium outccmes are envy-free with respect to the true pra-
ferences of the agents. His admissible élaas of distortion games
does not include ours. Thus in some semses our rescit may be
considered to be an extensicn of earlier work done im this area,

The generalizaticn of the above resul's to the situation with more

than two asents is analogous and module appropriate chanoges in

definitions (ser Varian (197¢) for example) ie guite immediatae,
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