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Abstract

A In this paper we show, that for a large class of pure
‘distribution problems, embedded in a very general framework, a

FParetg optimal equal loss allocation exists.



1. Introductfion : A pure distribution problem i3 a planning
problem, where a given fixed bundle or commodities is to be
allocated among a fixed set of agents. Commodities may include
both "goods" (goods and- 'services, faéilities. etc.) and "bads"
tgfforts, taxes, etc.). We shall however concentrate purely on
the case or goods. Agents among whom the gaods have to be
distributed, may be households, social groups, local governments,
Bté;‘Sinca allocation of the goods in our model! takes place by
‘means of transriers andsor- compulsory contributiagns, we rerfer to
our pfablem as a pure distribution problem.

Aé.mentioned by Villar (1992), this is a standard probliem in
welfarg" economics, which has been addrassed in a number of ways,
dapeiding on the equity notions and the class of environments
ﬁansiqéréd. The approach we adopt in this paper is the approach
iﬁgpted by Villar (132838), Villar (1992) and Nieto (1991) namely:
ph% planner looks for an allocation that satisfies a well defined
egquity critarion.

The sgquity criterion we adopt is the egual loss critsrion,
‘arising in- the literature of axiomatic bargaining, in the works
of Chun (1988), Bossert (1992) and Lahiri (1993). The criterion
:keaks allocations where the looses in utility conceded by . the
agents in moving from the utopia”™ point +to a Pareto optimal
allocation are equal across the agents. The utopia point 1is the
vector of wutijities whose ith co-ordinate gives tha maximum
attainable utility by the ith agent. ’

{in this paper we show, that for a large class of pure
distribution problems, embedded in a very general ft ramework, a
Pareto optimal equal loss allocation exists.

2. The Nodel : C&hsider a pure distribution problem involving n
agents and k "goods". Let N={l,...,n) be the set of agents and
lk,=(x=(x1 ,....xk l

)/ X ;O.lxl....,k} be the consumption set aof

each agent. A pointﬂE(l:_ )" denotes an allocation, that can be

written as: x=(xl 1 Xy seeeaX ), whare, for aach 331,2,...,n0n,x%

R J
Hxlj .....xkj >el", and denotes the Jth agents’ bundie uwhen

allocation x is obtained.



We consider a very general madel of preferences which allows
for consumption externalities and non-convexitiaes. Thus, u i
(lfln ->)R denotes agants j’s utility function over allaocations.
The n-tuple u=(u1 .....u“) is called a utility profilae,

We make the two following assumptions on the utility

functtion of the agents:

(A 1) U :-.lk, )"-> R is continuous VY jieN

vA2) It x,yE(lh ) N, x2y and X§=Y 4 then uy (x)iuj(y)

ﬂﬁ#fiirst assumption is standard. The secaond assumption says
that wﬁiﬁian allocation change to a situation where some agents
get mdbre goods whilst others get the same, the latter will not be
a§$p§§F. This latter assumption makes it clear that although we
a!low'consumption externalitiss, we do not 1mpose 1t (tnat is,
purely self concerned individuals are permitted).

We do not require any convexity requirement on preterences.

Let welk* denote a given bundle of goods™ to be distributed

’ﬁhong the n-agents. The set of feasible allocations can be
Written as,
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A digtribution probiem, D can be characterizad by means of a

pair:

O=Cu.,wl,.

Let D be a given distribution problem. Then for each j&N,
derine Mj (D)=max€ujkx)/xEA(w)}. Mj (D) is called the agpiration
lgval orf agent j and the vector MD)=(M L Pty (D)) s
called the utopia pgint of the problem D,

Defina.Euu)=(x€A(w)/Mj (D) -uy (x)<M (D) -u ((x)=>x j=ol
EL (D) «consists of feasible points such that all agents

guttfer equal losses in moving from the wutopia point, or el:ws
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those agents with lower losa receive nothing. Hence, those
allocations inEL (b)) where all individuals receive some good
satisfy the property of strictly equalizing all weltare losses
from the wutaopia point, Conversely, any feasible allocation
strictly wequalizing all welfare losses from the utopia point

belong to EL (D).

An allocation x"' EA(w) is catllaed waakly Pareto optimal if

“there is no x’EAtw) such that u(x”)>>uix ' ).

In the next section we shall prove our main theorem, which
shows that there exists a weakly Pareto optimal allocation
beitonging toEL(D) i.e. equalizing losses, it assumption A 1 and A

2 are satisfied.
3 The Main Theorea :-

Theorem 1 :- For any distribution problem D=sfu,w] where u

satisfies assumptions A 1 and A 2, there exists an x! €ACw) which

i& both weakly Pareto optimal and belongs to &k (D).

Proot :- Let g:A(w) -> R be defined by
g\x)=m§x (Nj (D)-uj(x)}.
3

g 1s continuous and A(w) 1s compact. Hence there exists
XEA(W) which solves:

gi(x)~-,>min

s.t.: XEA(W).,

Letg=g(x’) and e€R " be the vector with‘all coordinates equal
to 1. Detine F:(lh ) "-> R as follows: F(x)=ul(x)-M(D)+x Consider
the following probtltem:

F(x)éo .

F. (x)>20 => x; = O (1)

i i
XEA(W)

Associate with (1) the following programming problen:



n k |
e L g x; > min
s.t. F(x)20, x€Alw).

'Clearly X’ {3 feasible for the problem and by adsumption (A

1), F is continuous. Thus, the constrained set is compact. Leat x "

solve the problem.

éhppose Fy «x' >0 and x'i>0. Construct ze(lk,)“as follows:

. ] .
2, =x jV 34 1

ﬁ’iwlth Fitz) b Q.

Such a z exists by the continuity of F; . Further F;(z) 2 F ;
> OV i+ iby (A2 and B Ef,zl < £, Bl x"

qﬁpi}adicﬁing that x' solves the above problem. Hence x'i= Q.
G
thgs x! €EL(D).

) 8%t yE€A(w) with u(y)))u(x'% ~ Then M(D)-u(y)((M(D)*u(x}).

) )
thétﬁa is the value of our first programming problem. Thus, x is

Thu%gﬁ@g; My (D)-uy tyris m?x (M () -u; (x ')];a. contradicting
alsaxueakly Pareto optimal.
q.E.D.

Tﬁﬁs, Theorem 1, shows that we can always distribute a
Hundié.qi"k—gaods among n-agents so that: (i) all individuals
géﬁt?ﬁg_a positive amount of at least one good sustain the same
(oss;}ﬁ walfare in moving from the utopia point,; (ii) if there
atq individuals with a lower welfare loss, they get no goods;
haﬁéé;raffectively they can be ignored (expost) as far as the
'aﬁatpibution problem goes; (iii) the resulting allocation 1is
wéakiY‘VPareto optimal. All these results have bgsen abtained
witﬁout any convexity assumption on the preferences and by
iéllowing for a wide range of externalities.

A8 a corollary to the above theorem we have the tollowing:

Corgjlary § :- Let D>(u,w] be a distribution problem and letﬂ“C}O.
By EIRf: j=!,...,n be real numbers. Suppose j(x)zom (x)fn}V

a



x€(R% )" and let B’ =(u’ ,wl where u’ =(u’,,...,u’ ). Then x' is’
ﬁéakly Pareto efficient and belongs tog@-(o) if and only 1f it is
weakly Pareto efficient and belongs tc ELD’).

This Coroltlary, specifies the appropriate informational
requirements on the preferences in order to isclate, weakly

Pafelo erficient equal loss allocations.
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