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Abstract

This paper is really a technical remark on a paper by Diamantaras and Thomson
(1990). 1In that paper, the no-envy concept due to Foley (1967) was refined to
accommodate some kind of a redial no-envy comparison, inspired by Chaudhuri
(1986). Simply put, each person compares his/her own consumption bundlie with all
possibie radial expansions and contractions of every other person's consumption
bundle. A Pareto Optimal allocation which i1s envy free against such a maximal

expansion 1s the one selected by Diamantaras and Thomson (1990).

Our framework differs from the Diamantaras and Thomson (1990) framework in that
we consider only the pure exchange situation. Thus. since such technical issues
with regard to exzstence of envy free allocation in the sense of Foley (1967) are
somewhat secondary (though present) 1n our framework, we view this no-envy
concept as a new equity cmiterion. In this framework, we prove the Diamantaras
and Thomson (1990) result regarding the existence of an envy free allocation on
8 somawhat targer domairn of preferences. We alsc feei that our existence proof
15 much simpier than the one due 10 the two authors, although it is difficult to
say whether our procf would extend to the economies with production as studied
by them.



1. Introduction:

This paper is really a technical remark on a paper by Diamantaras and Thomson
(1990). In that paper, the no-envy concept due to Foley (1967) was refined to
accommodate some kind of a radial no-envy comparison, inspired by Chaudhuri
(1986). Simply put. each person compares his/her own consumption bundle with all
possible radial expansions and contractions of every other person’s consumption
bundle. A Pareto Optimal allocation which is envy free against such a maximal

expansion is the one selected by Diamantaras and Thomson (1990).

Our framework differs from the Diamantaras and Thomson (1990) framework in that
we consider only the pure exchange situation. Thus, since such technical issues
with regard to existence of envy free allocation in the sense of fFoley (1967) are
somewhat secondary (though present) in our framework, we view this no-envy
concept as a new equity criterion. In this framework, we prove the Diamantaras
and Thomson (1990) result regarding the existence of an envy free allocation on
a somewhat larger domain of preferences. We also feel that our existence proof
is much simpler than the one due to the two authors, although it is difficult to

say whether our proof would extend to the econamies with production as studied
by them.

2. Notations, Definitions, Result:
We adopt the framework in Diamantaras and Thomson (1990) for our purposes. There

are k 2 2 private goods, n > 1 agents. We denote the set of agents by N.



Each agent i e N, has a utility function u, : R* - R which is assumed to be

continuous and weakly increasingie x, y e Ry, x>y ~ u; (x) > u; (y). Llet

u=(u,...4).

We make the following assumption about u:

Either (3a) V 1 e N, u; is strictly
increasing (i.e. x,yeRY, x>y~u; (x)>u, (y)): further
VxeRi, VieN, {yveRi/ u;(x) 2 u,(y)} is bounded:

or(b) VieN, xeR:\ ,u, (x) =u,(y) ~yek.,.

As  observed in Lahir (1997), if U satisfies (b), then

xeR!,, yeRY \ R, - u; (%) > u;(y). Further it 1is easy to see that

continuity along with (b) implies u; (x) = u, (0) V xeR*\R,.

let @ e RY, . This is the aggregate social endowment of the economy.

Let A={(xi)1_l (9 7Y == } denote the set of all feasible

1=

allocations.



An allocation (x:)]., €A is said to be weakly Pareto optimal if there does not

exist (y;)7., e A such that uy(y;) > uy(x;) Vi =1,....,n.

An allocation (x,)7_ | e A is said to be Pareto optimal if there does not exist(y;)7 e A

such that uy(y;) > uy(x;) Vi =1,...,n with at least one strict inequality.

Clearly any Pareto optimal allocation is weakly Pareto optimal.

Llemma 1: Under our assumptions any weakly Pareto Optimal allocation is Pareto
Optimal.

Proof:

Let (%:)5., be weakly Pareto Optimal. Suppose it is not Pareto optimal. Then
there exists (y,)7 , € A such that uy(y;) 2 uyx;) ¥; = 1,...,n with at least

one strict inequality. Without loss of generality suppose u,(y,) > u;(x,).

Case 1: u satisfies (a).

Then there exists a e RY\fo} such that u,(y, - a) > u,(x,) (by continuity).

Consider,
zZ, =y, -a
a .
2, = + 12 2.
R




LuZ) > up(x)Vi=1,...,n,

. a . .
since, uy(y, - @) > uy(x,) and ui(yi + n—l) > uy(y;)Via2 by strict

monotonicity. This contradicts that (x;)? 1s weakly Pareto optimal.

Case 2: wu satisfies (b)

Clearly y, eR%..  Thus by continuity, there exists aeR%, such that

u(y, - a) > u(x). Since ui(yi + nfl) >uyx)Viz22, a similar

construction such as above leads to a contradiction.
Let P denote the set of Pareto optimal allocations.

Lemma 2: P is a closed set.

Proof: Let {(xf).,}  be & sequence in P converging to (x,)?,. If
1= me 1=

(%;)7., € P, then these exists (by Lems 1) (y,)? eA such that

uy(y;) > u(x;) VienN. By continuity of u,. there exists m large such that

u(yy) > uy(x7’) VieN. This contradicts (x7); e P, and proves the lema.

Q.ED
We say that (x;)?  eA is & - fair if



1) (x5)].,eP

1) ug(x) 2 uyAx;)Viej, 1, jeN
We only consider A - fair allocations for 4 > 0.

let B={A 2/3 a A-fair allocation}.

temma 3: B is closed set.

Proof: Let {A®),,x © Bwith 210 32 - 3 ¢ R.

Hence V meN, E!(x,‘.")f_1 e A such that

1) (x7)]., eP

is1
1) uy(x7) 2 u (A" x7)Viej, i,5eN.

Since P is a closed subset of a compact set A, P is compact. Hence{(x;')l‘,’_l}

meN

has a convergent subsequence. Without loss of generality assume that the

original sequence is convergent to (x,)?  eP.

Thus, uy(x;) = A3 uy(xP) 2 330y (am x2) = u,(2 x2)

Viej, 1,jeN.

Thus A e B. Q.E.D.

Lemma 4: B i1s bounded above.



Proof:

Case 1: u satisfies (a).

Let {A®},.n D€ @ sequence in R, with é’;’:‘o AP = 4o

’

Let {(x7)} . De the sequence of allocations associated with {(A™)},.n. Without

Yoss of generality and since P is compact assume {(xr)}_,, converges to (x;) eP.

There exists at least one i such that x > 0. Thus for large m,
Jor i, uy(A® x7) > uy(x57) since the lower contour sets of u, are compact and
1A x7| - +=. This contradiction establishes the non-existence of a diverging

sequence.

Case 2: wu satisfies (D)

Since u, /L) > 0V i, and equal division is feasible, in the above construction
' n

of a divergent sequence x;eRY, Vi.  But then uy(A™ x7) > uy(x}) for

sufficiently large m, leading to a contradiction.

Thus B must be bounded. Q.ED.
We are now equipped to prove the foillowing theorem:
Theorem 1: Under our assumptions max (B) exists.

Proof: Since 0eB, B iS5 nonempty.

Since it is closed and bounded above max (B) exists and belongs to R..



Q.E.D.

Let A = max (B) and (x,)"  be A - fair. This allocation is the implied

recommendation in Diamantaras and Thomson (1990).

Note: .In the above theorem we implicitely use the fact that P » 0 (in order to
claim that B+ ¢). But this follows easily from the compactness of A and the

continuity of the utility functions.
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