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Abstraot

In this paper we study the problem of project selection as ul
group decision making problem and obtain a characterization of
cost monotonic group decision mechanism. We furnish two oxamploui
of cost monotonic group decision mechanisms - the egalitarian
mechanism and the egalitarian equivalent mechanisa. The latter is
shown to belong to the core of the group decision making problem.
In the process of defining an egalitarian equivalent mechanismsE
we invoke the concept of a composite public good.



§ ¥ !utfoduotlon t= A large lft.rntur. on the dco.ntrlltzod
allocation of resources in the process of provision of a publlo
project has grown up considering the public project to be a (one-
dimensional) public good. A notable contributfon in this line of
sctivity {is the paper by Moulin (18987), where he defines an
egalitarian equivalent group decision mechanisa and shows that it
fs the unique mechanism ¢to satisfy cost monotonicity, Pareto
efficiency and individual monotonicity.

In Mas-Colell (1980) can be found a model! which studies
decentralized rescurce allocation in the process of provision of
@ public project, where the public project is not necessarily =
single public good. Take for instance the situation where )
community decides to build a swimming pool for the sole
consunption of the members of the community. Clearly the
dimensions of the swimming pool - length, breadth and depth -~
influence the preferences of the agents. There is no way {n which
thg swimming pool can be captured as a one dimensional publie
good in the process of consumption. [t may be argued that after
all what matters in calculating the cost of constructicon of a
swimming pool is its surface area. However, the same surface area
is compatible with several different dimensions e.g. one which is
very deep but has less length and breadth and another which has
comparatively greater length and breadth but is shallow. From the
point of view of a swimmer, it is not the surface area, but the
vector of dimensions which is important in deciding which
swimming pool to choose. Thus we are compelled to consider the
space of public projects as a general metric space as in Mas-
Colell (1980). 1t may be worth noting <that the concept of ﬁ
ratio-equilibrium due to Kaneko (1977) is easily adapted to the
general framework cf Mas-Colell (1380).

It is. precisely in this framework that we establish the
equivalence of the two concepts of cost monotonicity (due to
Moulin (1987)) and solidarity (due to Moulin (1991)) when the
group decision mechanism 1is Pareto efficient, Cost monotonjcity

says that {f one production process 1{is uniformly cheaper théh
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another, then everyocne should be at least as well off (n ¢
first production process as in the second. Solidarity says tha
given any two production processes, either everyone is at leas
as wall of in the first as in the second or it is the other wa:
round. The example of an egalitarian group decision mechanisa
(which satisfies the solidarity axiom) is furnished to show that
Pareto efficient and cost monotonic group decision mechanisms are
not scarce.

Next we consider public projects which appear like s
composite public good to the consumer. This is typically the case
when a public good has several dimensions (as for instance a
swimming pool to be used by a community). In such a framework we
define the concept of an sgalitarian - wequivalent state,
originally due to Moulin (1887), and adopting the proof of a
similar result in Moulin (1988), we show that for a large class
cf environments, an egalitarian - equivalent state belongs to the
core of the group decision problem (as defined by Mas-Colell
(1980)). Egalitarian-equivalent mechanisms are naturally cost-
monotonic., This is the final result of our paper.

In our presentation, we follow closely the description of
the model existing in Mas-Colell (1880).

2. The Model and Assumptions :- There is given a nonempty, metric
space K of projects and a finite collectivity of agents
N={i,...,n}, Every agent iEN has preferences on tuples (x,m) of
pProjects and amounts of a unique private good (to be called
"money"), represented by a8 continuocus~-utility function Uy (KR +
->R, such that Vx,m,(x, o’ )&6R, ,a>n’ => uy (x,m))ulA(x,m’).
Further maoney is indispensable for each agent {.e. ¥ tEN, VY m>0
and V x,x’€K u; (x’,m)>u(x.0)=0. We assume every iEN is endowed
i 20.

Let c:K->R, be a cost function for the provision of the
proisect.

with a positive amount of money w

Definftion 1 :- A state is a (n+1) tuple (x,m,,...,m, JEKxR ",
It is denoted by (x.m).
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Retinttion 2 1- A state (x.p) ig feasible {1t

C(X)(-—.zia Vi‘ z1€n mi
Pefinition 3 :- A state (x.p) is Pareto efficient if it s
feagible and it there is no feasible state (x’.,m”’) such that uy

(x‘.m’l Y2y (x,my ) VY i€N with strict inequality for at least ona
i€N,

Pefinition 4 :- A state (x,m) belongs to the core {f it |is
feasible and there is no S g N, §S » & and a state (x’,m’) with
c(x"IEjge Wi~ Ejg ' ‘m’y AT TLE® V i€5 with strict
ineguality for at least one 1i€S,

and ui(x

Let wu; ,i€N; w;, iEN be fixed and let c the cost function
be a variable. Let £ be a set of cost functions.

A group decision mechanism is a correspondence
F: £ ->->KxR* such that:

(1) (x,m), (x’,m"IEF(c) => u; (x.m;)=u (x’,m’ ;) ViEN

(11) (x,m)EF(c) and uy (x,m d=uy (x",m’ ) ViEN
=>(x*,m’)EF(c) where m’! =(m’; ;.

(111) F(e) g ((x,m)EKxR", /c(x)<E g w; - Kgm}.

Pefinition 5 :- A group decision mechanism F is said to be cost
monotonic if V¥ ¢y »o € Rwith c 4 (x)<cy (x) Vx&K we have u

(»x.mi)zui (x’,m'i ) whsnever (x.x_g)GF(cl) and (x.g__’)EF(cz).

Definition 6 :- A group decision mechanism F is said to satisfy
the axiom of solidarity if Ve, ,c,€ Rand (x,m)€E(c ),
(x’,m’)EF(c, ) we have either (i) uy (x,m Nug(x’,m’ 1)V ieN

or (11) u; (x,m{)<u {(x’,w” P ViEN,

3. Existence of Cost Monotonic Group Decision Mechanisas :-
Thecorem 1 :- Let F be a Pareto efficient group decision mechanism
1.e. (x,m)EF(c)=>(x,m) is Parsto efficient for c€ £ Then F is
cost monotonic {f and only 1if 1t satiasfies the axiom of
sclidarity.

Proof :- That the axiom of sclidarity implies cost monotonicity
in the presence of Pareto optimality is obvious. Hence let us

prove the canvarse.



Let F be cost monotonic and let o, ,cp& £ Let ocix)=minl{o,
(x),c, (x)IV x€K,

Let (x' ,m' JEF(c). Thus ct(x' ) is either equal to c (x ') or
cy (x' ). Without loss of penerality assume, c(x '
c(x)<c; (x)V x€K., by cost monotonicity,

u, (' .m')=u [F(e) 12y [Flc )1V i€EN.

Now c(x "' )-citx' limplies c(x * JEE g%~ E iﬂm'i'

Hence by Pareto efficiency of F, u; [F(c)l=y; [Fl(c ] vV ieN.

But c(x)<c, (x)Vx&; by cost-monotonicity

v [Flcydl=uy [F(e)1ujlF(c 911V ieN,

This shows that F satisfies the saxiom of solidarity.

)=¢C l(" ' ). Since

Q.E.D.
Example :- The Egalitarjan Solution :- Let K=lk, for some kEN

and c:lk, ->R, be continuous and strictly increasing with c(0)=0.
Thus the set {(x,m)ERY, x R /COOCE jgv; - Ejgm ; } i compact and
comprehensive.

Let uy 2, xR,-> R, be strictly increasing V i&N. It is
easy to see as in Villar (1990), that there exists (x ',m' )
which is Pareto efficient and such that u; (x'm li)=u 3 (x ' .m', ) 4
i, JEN.

Let @£ be the collection of all cost functions satisfying the
above properties. Let F: @ ->—>lk,x R% be defined as follows:

(x' Lot )EF(eIc=dug (xL,mty =y (x' L'V 1L 3EN and (xfa t)
is Pareto efficient.

F satisfies the axiom of solidarity on @£. Hence F is cost
monotonic by Thecorem 1.

4, A Composite Public Good :- Gften times agents in a society
treat a public project as a composite public good i.e. one which
behaves 1ike a Eeingle public good in the prcoccess of yielding
satisfaction to the agents. The preferences of each agent i&N are
then summarized by two functions v :lz, ->R, and t:k->R,(the
latter being independent of i) such that:

(a) v; ie continuous and strictly increasing
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(b) ¢t is continuous

te) vi (t(x),m ) measures the satisfaction tc agent i from the
consumption bundle (x,m; )&k, .

(d) v (t(x),0)= 0V x&(

Let t=supit/ 3 (x,WEKxR"with c(x)<Eyg w; - Ejgm;and v
(t,wi)dv (x,m )V i€EN} \

A— teasible state (x,m) such that v; (t(x),my J=v {(t,w;) V
iEN 1is called an egalitarian eguivalent state (in the sense of
Moulin (18987)).

Lemma 1 :- An egalitarian equivalent state is Pareto efficient.
Proof :- Suppose (x! .g:)is an egalitarian ejuivalent state whiclj is not
Pareto efficient. Then there exists @ feasible state (x’,m’) such
that

vi (tx’),mf vy (tix") Lo W PEeN tby (a) and (d))

tThus vy (t(x’),m" | I>v (—{.wi)ViEN where v (‘t',.ui )=vitix 5.
m'if\fiEN.

‘Hence 3 €>0 such that v (t(x*),s’ {)>v, (2+€,w )V iEN,

coﬁfradicting the definition of t and (x' .g:

) as an egalitarian

equivalent state.

Lemma 2 :~ If (x ! .g:) is an egalitarian equivalent state with v i

(text ).mn 12vy (I.w,.)V i€EN, then there exists a feasible state

(x* ,m% ) with v, (t(x’),m’ [I=v ; (t.w;) Vi€EN, |

{ taxrmtodv g (e
i (texty,00=0gv (Ew; )

Clearly m'i>0 and v
By the intermediate value theorem for continuous functions

Proof :- Suppose v ) for some i&N

there exists 1>a>0 such that v . (t(x').an z)=v i(z'"i )

1
t & t &
Clearly, c(x )éqaw i"‘ txﬂ n i_(-_ tie' Wi ':ﬂ m j_ am

i
J et
This proves the lemma.
Q.E.D.
Theorem 2 :- Let (x'.g:) be an egalitarian egquivalent statse.
Then (x'.g:) belongs to the core,
Proof :- Suppose towards a contradiction that there exists ¢ « S

s ’ I 4
€ N. and a state (x’,m’) with c(x )g_’:is Wi~ Eig ®

i and v

i i
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(tex’),m?, 1oy ctex® r),m% IV te8,
Define y’€R" as follows:
y’y =u’; V i€S
Y'1 =W VY iEN NS,
By Lemma 1, N NS ¢ @
Let v; (ttx'),m=v [ (E,wy W i,
It t(x’)¢t, then v (tix’ 1.0 Jgv ¢ (t.w) V iEN,
contradicting v (t(x”),n pov, ('{.\v}V i€s.
Thus t(x’)>t. Hence by strict monotonicity of v
Thus v, (t{x’),w I>v; (t,wpd=v ((tix 'O Vien N\s
Thus (x’,y’) which is a feasible state, Pareto dominates (x '
.m: ), the latter being an egalitarian equivalent state. This

contradicts the result in Lemma 1 and proves this theocrem.

Q.E.D.

The significant thing to note about this theorem is that,
although the public project is assumed to behave like a composite
public good in the process of consumption, it is not assumed to
function like a composite commodity in the process of it being
produced. The cost of producing the public project may depend on
one or more of the dimensions defining the project.

It should also be noted, the group decision mechanism G:

2 -> KxR® such that VcE® G(c) is the set of sgalitarian
equivalent states for ¢, defines a cost-monotonic group decision
mechanism. However in view of our example in ;ection 3 it is not

the unique mechanism to yield cost-monotonic and Pareto efficient
states.

Theorem 3 :- Let G:2 -> le“, be the egalitarian-aquiva!ent
mechanism {.e. Vc€Q, (x' .m')€G(c) if and only if (x" ,B') is an
egalitarian equivalent gtate for c¢. Then G is8 cost monotonic.
Proot :- Let ¢; ,0 € @and suppose c | (x)€cy{x) Vx&, Let (x ,
g:) be an egalitarian equivalent state -for €y, Thus, there
exists 0, such that vy (t&xh, @l d=v [ (R,w; ¥ i&¢ (without
loss of generality and by Lemma 2).



But (x" ,al) is a feasible state for o,
Hence TE(LY/ @ (x,m) with o) (x)C Ejgv

» ’
g mjend v (tGx),my v (tfw IV 16N) = A

Thus sup t’>t
t’€a

Let t* = sup t’
t’ea

Lovy (t’.ui );v‘(i.v i)V i EN,

since v. is strictly increasing.

i
Thus u;lG(cy)l=v; (t",w {12v; (X, w)=u {G(cy)]
VY 1EN, proving the thecrenm.

Q.E.D.
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