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Abstract

In axiomatic bargaining (choice theory), a choice function of
some importance is the utilitarian choice function. Basically, this
choice function selects the vector of utilities whose sum is
greatest, among all utility wvectors. There have been several
axiomatic characterizations of the utilitarian choice function.
Notable among them are the ones due to Myerson [1981], and Moulin
f1988]. A variant of the utilitarian c¢hoice function, called the
additive choice function (: the latter being defined on a larger
domain, than the domain permissible for the utilitarian choice
function) has been axiomatically characterized in Lahiri
[forthcoming] .

In this paper, we present an axiomatic characterization of the
utilitarian choice function, which is similar to the axicmatic
characterization in Moulin [1988], except that we now replace
Nash's Independence of Irrelevant Alternatives by an assumption
called Weak Localization, essentially due to Peters [1992].



Introduction:- In axiomatic bargaining (choice theory), a
choice function of some importance is the.ucilitarian choice
function. Basically, this choice function selects the vector
of utilities whose sum is greatest, among all utility vectors.
There have been several axiomatic characterizations of the
utilitarian choice function. Notable among them are the ones
due to Myerson [1981], and Moulin [1988]. A variant of the
utilitarian choice function, <called the additive choice
function (: the latter being defined on a larger domain, than

the domain permissible for the utilitarian choice function)

has been axiomatically characterized in Lahiri (forthcoming] .

In this paper, we present an axiomatic characterization
of the utilitarian choice function, which is similar to the
axiomatic characterization in Moulin [1988], except that we
now replace Nash's Independence of Irrelevant Alternatives by
an assumption called Weak Localization, essentially due to

Peters [1992].

The M l:- Let N denote the set of natural numbers, g

the set of real numbers, R the set of non-necative reals

and R the set of strictly positive reals. Given

-



neN, n» 2, let R# denote the non-negative orthant of n

dimensional Euclidean space.

A bargaining problem (game) 1is a non-empty subset S of

R? satisfying the following properties:

(i) S is compact, convex, comprehensive (i.e.

osx<yeS-xeS)

(ii) there exists ye¢ g with x >> 0 i.e. x 1is strictly

greater than zero.

Let y» denote the class of bargaining problems.

Given ¢ + 7cp?, let cch (T) denote the smallest

comprehensive, convex set containing T. It is called the

comprehensive, convex hull of T.



Given ¢ = T<R?, let p(T) ={xeT/v>x-yegT} PI(T)

is called the Pareto set of T.

(Note, y>x«y2x and v # x. )

Given ¢ # Tc R}, let z(T) ={xe T/y>x-~y ¢ T}t 2(T)

is called the Weak Pareto Set of T.

Given 7TeX, we safy that T is semi-strictly convex if

and ae(0,1),ax+{(1 - a) y &€ P(T).

Let X° ={%e3/s 1is semi-strictly convex }

A domain is any non-empty subset of X.

Let V be a domain. .

A choice function on V is a function F: v- R? such



that p(g5) e sV Se V.

Let p. y- R? Dbe a choice function.

(1} F is said to be Pareto Optimal if p(g)ep(5)VSeV

(2) F is said to be Translation Covariant if

VSeV, VaeR? Wwith

cch(sSHal) e V,F(cch(s+al)) = F(5) + a.

(3) F 1is said to be symmetric if VSeI/-' such that

S=n(8)¥Yx:1{1,...,n}~-11,...,n) which are

permutations, we have p (s) = F,(S) Vi,jell,...,n}

(4) F is said to satisfy Weak Localization if vy g 7 v Such



that whenever there exists a neighbourhood W of F(S) in

R withwNs=wNT, we have F(Ss) = F(T), provided

F(5) € Z(5).

For some of the undefined expressions above (like that of

a permutation) we refer the reader to Moulin (1988).

The utilitarian choice function ., p° - g? 1is defined

as follows:

U(s) =es/Zf..,x;28..y,Vyes}

It is easily checked that u is well defined and satisfies

all the above mentioned properties.

The Main Result:- We now establish the main result of the

paper.

Theorem: The only choice function on 1y ¢ which is Pareto

Optimal, Translation Covariant, Symmetric and satisfies Weak

Localization is U.



Proof: Having already asserted that U satisfies all the

above properties, let F be any choice function which satisfies

the mentioned properties and let g 3°, By Translation

Covariance, Pareto Optimality and Symmetry we may assume U (S)
= be where b > 0 and e is the vector with all coordinates

equal to one. Towards a contradiction assume,

.z=F(s) +U(s). Thus 3T z < nb.

i=1

Let = {xeR®/ B, x, < nb ).

Let T be any symmetric set in y e such-that.

(1) ScTckKk

(ii) z & P(T)

Clearly such a set T-contains the smallest symmetric set

in y»¢ containing S. By Pareto Optimality and Symmetry, F (T)

= U (T) = be.



Let (g <¢a <1 Such that ;e 7\ p(T) where mf _ o1

This is clearly possible for [, <close to 1.

Now p(7/y = U(T) = a be, Since F and U are both Pareto

Optimal and Symmetric.

Consider g 7/. By Weak Localization of F, and since

sN 7 and S agree on a neighbourhood of z,

F(sNT) = F(S). = z.

But g 7. and T' agree on a neighbourhood of ype.

Thus, by Weak Localization, g(sNT) = F(T) = abe.

Thus = 4 be ¢ P(S)*



This contradicts Pareto Optimality of F and proves the

theorem.

Q. E. D.

Example: Given ScR], let ch(8) = {yeR]/ysx Lor some xeS}.

ch (S) is called the comprehensive hull of S.

Given Se¥, either

(i) there exists a a(s)eR?, such that S =ch(la(s)}) or

(ii) there exists T(S)eX and a(S)eR” such that

S =ch(T(s) +{a(s)})y and P (T(S)) = Z (T(S)).

Define pF . 3%° - R" as follows:

)
w0
"
sl
w0
P.
Hh
0
n

ch ({a(s)})

-

= a(8) + te if S = ch (T(8) + {a(s)})

where ¢ =max { t/a(S)+te e 3}.



F is Pareto Optimal, .Symmetric and Translation Covariant,

but F does not satisfy Weak Localization.

An example of a choice function which is Pareto Optimal,
Symmetric, satisfies Weak Localization but is not Translation

Covariant is the Nash choice function (see Peters [1992]).

Note:- There is no choice function F on 3y which is Pareto

Optimal, Symmetric, Translation Covariant and satisfies Weak
Localization. We prove this for the case n = 2. Towards a

contradiction suppose H is a choice function satisfying the

above properties. Let g = och {(0,1) ,(ili)}
Y

Case 1:- p(s) # (0,1),H(S) #(

FNg I
o |w
S ———

Let K = cch {(0,1), (1,0)}.

By Pareto Optimality of H, in this case, there exists a

neighbourhood W of H (S) such that yNg=wnNx Thus

H(K)=H(S). However, by Pareto Optimality and Symmetry of



H, H(K)

&)@p(s)_ Hence Case 1 is not possible.
"2

=

1}
r——

Let T = cch (S + {a}) = cch {(3,1) . (1,
4

]
——

By Pareto Optimality and Symmetry, H(T)

I
——
o]
ol
—_—

By Translation Covariance (however), p(7) = t%ljJ or(l,-i)
4 4

Hence Case 2 is not possible either.
In view of this, it is not possible to extend the

characterization theorem above, to non-convex problems such as

those considered by Zhou [1996].
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It remains to show that Weak Localization does not imply
Nash's Independence of Irrelevant Alternatives (NIIZA), the
latter property having been used by Moulin [1988] in an

earlier characterization of the utilitarian choice function.

A choice function g, y - R? 1s said to satisfy NIIA if

VS, TeV, ScT,F(T) ¢ s implies F(T) = F(S).

Let y=3or% and let . y-R:* be defined as

lfollows:

here p . y- R? 1is the Nash [1950] choice function.

G satisfies Weak Localization but does not satisfy NIIA.
However, it is an open question whether along with Pareto

Optimality, Weak Localization implies NIIA.
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