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Abstract

Choice theory is a mathematical discipline which studies the
problem of choosing a point from a set of points by studying the
mathematical properties of maps assigning an outcome to each
choice problem in some class of choice problems. A large
literature has grown up concerning choice - problems in Euclidean
EpPaces. A typical choice problem is then a compact, convex,
comprehensive subset of the non-negative orthant of a finite
dimensional Euclidean space, containing a strictly posgsitive

vactor.

For such choice probtitems, Yu (1973) and Freimer and Yu (1976)
have introduced a class ot sclutions obtained by minimizing the
distance of the "ideal point", measured by some norm. The equal
loss soluftion 1s one such. However neither Yu (1973) nor Freimer
and Yu (19761, succeeded 1in characterizing such solutions
faxiomatically. It was in Chun (1988) that we find a complete
axiomatic characterization of the equal loss solution for the

first time.

A brief glance at the proof of <Chun’s theorem, begs the
questions. whether there is a simple alternative proof. The
purpose of this paper is to provide such a proof, by modifying
the technique suggested by Thomsom and Lensberg (1989) in their

axiomatic characterization of the egalitarian solution.

in the later sections of the paper we <consider choice problems
with variable dimensions and obtain an axiomatic characterization
of the equal-loss-choice function using a reduced choice problem
property, first invoked in the relevant literature by Peters,
Tiis and Zarzuelo (1994). We are thereby able to drop the
assumption of Strong Monotonicity With Respect +to the Ideal

point, which is used in the original characterization.



Introduction: Choice theory is a mathematical discipline which
studies the problem of choosing & point from a set of points by
studving the mathematical properties of maps assigning an outcome
to each choice problem in some ciass of choice problems,. A large
literature has grown up concerning choice problems in Euclidean
spaces. A 1ifypical choice problem is then a compact, convex,
comprehensive subset of the non-negative orthant- of a finite
dimensional Eucliidean space, containing a8 strictly positive

vector.

For such choice problems, Yu (1973) and Freimer and Yu (18976)
have introduced a class of solutions obtained by minimizing the
distance of the "ideal point"”, measured by some norm. The equal

loss solution is one such. However neither Yu (1973) nor Freimer

and Yu (19769, succeeded in characterizing such solutions
axiomaticaliy. It was in Chun (1888) that we find a complete

axiomatic characterization of the esqual loss solution for the

first time.

A briet glance at the proof of Chun’s theorem, begs the
guestions, whether there is a simple alternative: proof. The
purpose of this paper is to provide such a proof, by modifying
the technique suggested by Thomsom and Lensberg (1988) in their

axiomatic characterization of the egalitarian solution.

In the later sections of the paper we consider choice problems

with variable dimensions and obtain an axiomatic characterization



of the equal-loss-choice function wusing a reduced choice problem
property, first invoked in the relevant literature by Peters,
Tijs and Zarzuelo (1994), We are thereby able to drop the
assumption of Strong Monotonicity With Respect to the Ideal

point, which is used in the original characterization.

2, The Frame Work: Let N = { 1, 2, ... n} where n € N be a set of
indices. A choice problem in l“,(tha set of all functions from
N to R, is a nonempty set S in lu§satisfying the following
conditions:

i) 5 is compact and convex

ii) S5 is comprehensive i.e. x €5, 0 § ¥ { x -» y €5

iii) there exists x € § with x »» o.

Let I be the class of all choice problems in l“r A choice

tunction on E¥ is a function F: EM-» l'ﬂsuch that F(5) € s V5 €

£V,

The equatl_ ilgss choice function on N s the function, E : 8'&—)
R", derined as roliows: |

@) E'{ (S) - u; «S) = EY(S) -u )V i, 5 EN

(b) E' (5) €W (5) = (x € SA’/ y €5 with y s» x)

Here V1 € N and 5 € LY ugs) = max (x ;7 x € S).

u(sS) = \ul(S). ««r» U{S5)) is called the ideal point of 5.

For all 8§ € XN, W(S8) is called the Weakly Pareto UOptimal set of

5.



y

Let F: gN -» i‘, be a choice function. We say that

W(is)

‘wii) F satisfies Symmetry (SYM) if ¥ S € £ Nand if

N -> N which are 1 - 1, p (8) = §, then Fi

J € N,

. (i) F satisfies Weak FPareto Optimality (WPO) if ¥ S € K", F(8) €

for all p 1@

Fy (5) Yi,

Here for p : N -> N which is 1 - 1 and x € RN, p (x) is the

vector in RN with P i)t

S).

(iii)F satisfies Translation Covariance (TC) if ¥ S €

coordinate X P S

{pix?)/ » €

K" and all

e BRY, T= (e R,/ J z €5 withy ¢ x + z) implies F(T) = x +

F(s).

(iv) F satisfies Strong Monotonicity With Respect to the Ideal

Point (SMON) if VS, T €, N with u(s) =

impiies F(s) < F(T).

3. The Main thoorom

ultT? and S T

Theorem 1l: The only choice function on z" to satisry WFO, SY, TC

and SHON is E'.

Proof lt is weasy to check that gt satisfies

the desired

properties. Hence let F: X“ -> lm.be a choice function satisfying

the above properties and let s € &N,



Let X = (X, «..., %) € R, be such that

X; = max; g y (uj(S)) - u i(S)}.

Let T=(y €RY/J z €5 withy gz + x}
Thus u (T) = u (8) + x

Thus E (T) = beNfor some b » O

Let V = comprehensive convex hull { E '(T). (u' (T), O, ¢, QO),

e (O, O, 4,, Uy (T))

U]

By SYM and WPO, F(V) E° (T

Now u (V) = u(T» and V& T

.

Thus by (SHON), F(T) 2 F(V) = E
Case 131 E' (T) E iy €ET/ x €T, x 2 ¥ -2 x =y} 2 P{T); then F(T)

= E' (T)»

Case 2: E' (T # P(T)

"Let TE = convex hull (TU {(€g + EYT))) for € » O,

E' (D % P(T) -»}y €T such that vy 2 E'(T), y # E' (T)= b ey
Let y; .» b for some i € N

Thus u; (T) » b.

Since u, (T) = u; (T) Viéen, u (T 2 bV j €N,

Hence for € » 0O, € small, u (Tg = ulT), T € Tg

But E' (Tg = € ey + E(tT) -2 (by case L) F(T g = € eN.+ ' (M

By SMON, F(T) & F(Tg = € ey+ E ' (T)

Thus E' (T) ¢ F(T) ¢ € g+ E' (T) V € » 0 sufficiently

small.Letting € go to zero, we get, F(T) = E .

Note, E'(T) = EXS) + x and F(T) = F(S) + x, both by (TC).



Thus F(5) = E'(5,.
Note: In the above ey is the vector in‘lﬂ with all coordinates

equal to 1.

4, Variable Dimension Choice Problemss: This section is inspired

by Peters, Tijs and Zarzuelo (1994).

Let | &€ N (the set of natural numbers) denote the set of
potential dimensions, and G the class of all finite subsets of I.
For N € G, £M is class of all choice problems in l"v

= N - N
Let X = UpeoRyand £ = UpeeE

A ohoioe funotion on E is a function F : E -» X such that F(S) €
S V¥S €E.

As before the equal loss choice function E*: £ -» X is defined
bys

) EY sy - ups = EY - ue)V i, S ENEG

(ii) E'* (5) € W (57

whenever § € L,

Let L, M be non-empty elements of G, and let S € g, 1f L& M,
then 5, = (y élL, t thers is x € S with y = x,}. Here given x €
R, X, = (xjq

Lat x € 5, x 2 O with x, F 0. Let A (5 x) = min (A €R,1 x €
\-).TSL).

The reduced choice problem of 5 with respect to L and x is the

following choice problem for L:

S% = A4S, xp S



Because, x f O, A tSB)xL) + U and therefore SXLE ok Note, %, €

W (s"u

Reduced Choice Problem Property (RCPP): For all nonempty subsets

L, MEG and all S € £"if L €H, Fi5) ) 0 and FiS) # 0, then

FesPS ) = Flas.

Let F: £ -, X be a choice runction, We say that

(1) F satisfies Weak Pareto Optimality (WPO) if F(S) € W(5) V¥ 8
€ k.

{2) F satisfies Anonymity (AN) if VL, M€ 6, and p ' L -» H

one-to-one, if S5 € E'and T € £hwith T = p (57, then F(T)

P(F(5)). Here for x € RL, P (X} € l"guith P (X)) = (p{x )PﬁﬂiéL

ang PxJspy = x iV i €Ly x \3) = {ptx) / x € 8),

F satisfies Translation Covariance (TC) if Y S € 2'1 M€ G
and all x en",,T = {y el'k/a z €S with y & x + =z}

implies F«T) = x + F(§5).

t4) F satisfies Homogeneity (HOM) if VS €r" M € Ganda>o0, F
(a8) = a F(8).
(Here,for X € R"Uax € l", with (ax); = ax; V i €M and a5 = {ax/x

€ S},

Theorem 2: Let If 2 3 «l1l means cardinality of 1), A choice

function F: Z -, X satisfies WFJ, AN, TC, HOM, and RCPP if and

"

only if F E



Proof: That E' satisties RCPF is clear. Lot now F be & solution
gatisfying the four axioms. We first prove that if |H| = 2 and 8§

e M, then Fi(s) = E' (5.

Let M = {i, j} and 8 € ZH. By TC and the method in the proof of
Theorem 1, we may assume u, (5) = W(S{ = a » 0.

Let k € | v M and

T = convex hull of {5, {a ek)}, where aseke I(Lj’k&ith ® ﬁ = Q,
if 1 f k, o= L if | = k,

Now by AN, F(Tn,kﬂ)= tas/2, as2) and F(Tih hﬂ= (asr2, a/2)

Now, by (RCPP) F(TFl

D FT)
T 0= 4 T Fru ¢ Tuuand TV g n= & (T gy F gy ‘T”T{,*,k]

i -

By HOM, A& (T i Fyig \TI)@rZ, as/2) = F(jy (T)

and A (T(j.“, F(j.k) \TJ)) (ass, a/d) = F(j,k) (T

Thus A (T i Figg (T =2 (T Fyp (T)) =4 > 0

"‘l. Fi(T) = FfT)

>:But A (T(L“' F(L” (T)») F(T“’”)= F“'“ (T) by RCPP and HOM and 5 =
T,

Thus F, (3) = % \5)

By WPO, F(S) = E %(5)

Suppose now M| -, 2z and S € E" with (without loss of generality
by TC) u;ts) = a, 0V i € M. Let i, 3 €M

Then F, (Sihﬂ) = F}S ti, 7 by the above.

But F(; S) = A WS¢y » Fyij ¢S8)) F(S(j by RCPP and HOM. Thus
Fi (S)= Fj(S)

By WPO, F(S) = E “s).



The following Ilemma has been established in Peters, Tijs and
Zarzuelo (1954).

Lemma 1t Let F be a choice function on I satisfying RCPP, HOM
and SIR where

F satisfies SIR (Strong lIndividual Rationatlity) if ¥ S € E, F(5)

M$ 1 and let 5 € EM Then F(S) € W(S).

Using Lemma 1 and Theorem 2, we have the following Corolloary.
Corollary L1 Let | be infinite. A solution F on £ satisfies SIR,

AN, TC, HOM and RCPP it and only if F = E*,

Remark:
i, RCPP along with other axioms has been used in Lahiri (15956)

to characterize uniquely the egalitarian choice function.

L Our theorem & and Corollary 1, resembles the relevant
characterization theorems for the Kalai-Smorodinsky choioce
function avaiiable in Peters, Tijs and Zarsuelo (1994). It is

worth noting that the Kalai-Smorodinsky Choice function does not
"satisfy TC and the equal loss choice function does not satisfy

Scale Invariance used in the other paper.

3. The difference between the result reported here and that
reported in Lahiri (1995) is that the egalitarian choice function
does not satisfy TC and the equal loss choice function does not
satisfy the HNash's Independence of Irrevalent Alternatives

assumption used there.
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