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Abstract

This paper grew out of a reading of an interesting exposition
by Danilov and Sotskov [1997]), where general one to one
correspondences are established between binary relations and choice
correspondences. Our purpose in thisg paper is to establish similar
and more specific bijections in choice situations that arise in
social choice theory. The kind of domain we consider here, has not
been considered by Danilov and Sotskov [1997].

We consider social choice problems of the type discussed in
the literature on axiomatic bargaining. Instead of choice
functions, we consider choice correspondences i.e. multivalued
solutions. Expositions of the main results in axiomatic bargaining
can be found in Thomson [1994] and an economic interpretation of
the problems can be found in Lahiri [1996]. Earlier forays into

rational choice theory on such domains are those of Peters and
Wakker [1991), and Lahiri [1998].



Introduction: This paper grew out of a reading of an
interesting exposition by Danilov and Sotskov [1997], where
general one to one correspondences are established between
binary relations and choice correspondences. Our purpose in
this paper is to establish similar and more specific
bijections in choice situations that arise in social choice
theory. The kind of domain we consider here, has not been

considered by Danilov and Sotskov [1997].

We consider social choice problems of the type discussed
in the literature on axiomatic bargaining. Instead of choice
functions, we consider choice correspondences i.e. multivalued
éélutions. Expositions of the main results in axiomatic
bargaining can be found in Thomson "[1994] and an economic
interpretation of the problems can be found in Lahiri [1996].
Earlier forays into rational choice theory on such domains are

those of Peters and Wakker [1991], and Lahiri [1998].

m imi : Let X be a universal set of

alternatives. A nonempty subset S of X is called an issue. Let I

be any non-empty set of issues. A choice correspondence Con Z

associates to each issue Sel a non-empty subset C(S) of S;



i.e. C:%¥ -- X such that

b=C(S) cSVSelX.

A choice correspondence C on X 1is said to satisfy the

Arrow Axiom {(ARA) if

VS, TeX,{ScTandc(T) Ns+*¢] ~C(8) =c(T Ns.

Given a choice correspondence C on p let

R.= U [C(S) xS] and R.=U [C(8) x (S\C(9)].
SeL Sel

A choice correspondence C on I 1is said to satisfy the

Weak Axiom of Revealed Preference (WA) if

x,yeX, (x,y)eR. ~ (y,x) & R_.

It is said to satisfy Richter - Sen Weak Congruence Axiom

(WCA) if given



SeL,yeC(S), [xeS and (x,y)eR.] -~ xeC(S).

It is easy to see that (WCA) e (WA) - AA.

Say that X 1is closed under intersection if
S, TeX - sl\TeZ. 1If ¥ is closed under intersection and C
is a choice correspondence on X , then C satisfies (BA) if

and only if C satisfies (WA).

We say that a choice function C on X is rational if it

satisfies (WA).

Given C a choice correspondence on X let

G(S,R.) =1{xeS:(x,y)eR.Vye 5}V SeX.

Observatijon 1:- Let C be a choice correspondence on X . Then

VSeL,C(S) c G(S,R) .

Proof: Obvious.



Observation 2:- Let C be a choice correspondence on X
and R a binary relation on X such that VSeX,C(S) = G(S,R).

Then C(5) = G(S,R,) VSeX.

Proof: - Let xeG(S,R.)). Thus (x,y)eR.V yeS.
Let yeS. Thus 37TeXl : xeC(T) = G(T,R) and yeT
~(x,y)eR.

~X€G(S,R) = C(8). Thus G(S,R,)cC(S)

Coupled with observation 1, we get observation 2.

Refinition 1:- A choice correspondence Con X is said to be

normal if C(S) = G(S,R.) VSeZl.

Claim 1:- Let C be a rational choice correspondence. Then C is



normal .

Proof:- Let SeX and xeG(S,R.)

. (x,y)eRNyeS.

Suppose x¢C(S). Let zeC(S).

~{z,x)eR; and (x,z)eR, contradicting rationality of C.

~xe€C(S). Thus G(S,R,)cC(S).

Coupled with observation 1, this proves the claim.

ition 2:- A binary relation R is called pseudo-transitive

if

x,yeSek, (y,z)eRVzeS and (x,y)eR ~ (x,z)eRVzeS.

Clajm 2:- Let R be pseudo-transitive and 1let G(S,R)+¢



whenever SeX. Let C(S) = G(S,R) VSX. Then C is rational.

Proof:- Suppose (x,y)eR. and towards a contradiction assume

(y, x)€eR.

~3TeX : yeG(T,R) and xeT\G(T,R)

~(y,z)€eRVzeT

But (x,y)eR. ~ 3SeX : xeG(S,R) and yeS.

~{x,y)eRr .

Since R is pseudo transitive, we get (x,2z)eTVzeT -x€G(T,R)

which is a contradiction.

~C 1s rational.

Definition 4:- A binary relation R is said to be star-shaped



if ¢ * C(S) = G(S,R)VSeX implies R = R,
In general R, as defined here is said to be the star-shaped

part of R and R_cR:

(x,y)eR,. - 3SeX : xeC(S) and yeS

«dseX : xeG(S,R) and yeS

-~ (X,y)€R.

.

Claim 3:- Let C be a rational choice correspondence on X.

Then R_ 1is pseudo-transitive.

Proof:- Let x,yeSel, (x,y)eR.and (y,z)eRr.NVzeS.

Suppose yé¢C(S); let zeC(S).



Thus (Z,y)eR. and (y,z)eR. contradicting rationality of C.

Ly ecC(s).

By (WCA), xeC(S)

~(x,z)eR_V zeS.

.. R, 1is pseudo-transitive.

Theorem 1:- Let C be a choice correspondence on X. C is
rational =3 a binary relation R:

(a) C(S) =G(S,R) VseZlX

(b) R is pseudo transitive

(c) R = R_.

Proof:- Suppose C is rational (and hence normal by Claim 1).



Thus C(S) = G(S, R.) V SeZX,

Set R = R,

Clearly R, is pseudo transitive by Claim 3.

On the other hand, suppose 3 a binary relation R : (a),

(b) and (c) hold. Towards a contradiction assume,

(x,y)eR. A (y,x)eR; ~35eX : xeG(S, R) Ayes. Further

37eX : yeG(T, R) AxeT\G(T, R) .

~(¥,2)eR=R_V zeT and (x,y)eR = R.. But xeT By pseudo

transitivity of R, (x,z)eRVzeT. Thus . xeG(T,R), which is a

contradiction. Thus C is rational.

Theorem 1 is our understanding of a corresponding theorem
in Danilov and Sotskov [1997]}. However, since this theorem
will be used in the sequel, we thought it was desirable to

present it here. Before we close this section let us introduce

one more axiom.



Given a binary relation R on X, let R = R and for

teN 122, 1let R = R p ={(x,y) € XxX:3 zeX with

(x,z)er" Y A (z,y)eR.

Given a choice correspondence C on X say that it

satisfies Houthakker's Axiom of Revealed Preference (HA) if

Vx,yex, (x,y)eT(R.) ~ (y,x)&R;.

-

Given a choice correspondence C on X say that it

satisfies Richter-Sen's Strong Congruence Axiom (SCA) if

Vx, yeSel, [yeC(S)A(x,y)eT(R.)] ~ xeC(S).

It is an established result that (HA) = (SCA). Further

(HA) ~ (WA).

Given a binary relation R on X, we say that

10



(i) R is complete if x,yeX,x*y - [(x,y)eRV (y,x)€R].

(ii) R is reflexive if xeX -~ (x,Xx)€X

(iii)R is transitive if [ (x,y)eRA(y,z)eR) - (x, z)eR

A binary relation satisfying the above properties is

called an ordering.

.

Richter [1967, 1971} contains the following landmark

result:

T Theorem 2:- Given a choice correspondence C on X , C

satisfies (HA) - 3 ordering

Ron X : C(S) = G (S,R) VseX.

A choice correspondence which satisfies (HA) is said to

be strongly ratjonal.

let C be a choice correspondence on Y . Then

11



C(8)<cG(S,T(R)) V SeL. Given SeX, let C° (S) = G(S, T(R.)).

Proposition 1:- Let C be a choice correspondence on X.

Then C satisfies (HA) only if R, = R. Further if C is

rational and R, = R.*+ then C satisfies (HA).

Proof: - (x,y) eR.~3SelX ; xe C(S) ANyes
~3S5el; (x,2) e RVzeS A yes
-3s5el; (x,2) e T(R)VzeS A yes

~-35el : xeC(S) Ayes

~ (x,y) € R.%

~R.cR.. (irrespective of whether C satisfies (HA)).

12



Now suppose C satisfies (HA).

(x,y) e Rx~3 SeX : xe C'(S) Nyes

-35eX : (x,z) € T(R)VzeS A\ yeSs

Suppose x€C(S) . Let zeC(S) . Thus

(z,x)eR;A(x,2)eT(R) . This contradicts (HA). Thus

xeC(S) .

. (x,y)€R,.

.'.RC*c Rc,

Hence R *= R_.

Now suppose R.*= R,. Towards a contradiction assume

3 x,yeX: (x,y)eT(R)A(y,x)eR. . Thus there exists

13



SeX : yeC(S)Axes\C(3) . . (y,z)eT(R)VzeS. Thus yeC'(S).

But (x,y)eT(R.) AyeC*'(S) ~ xeC*(S).

Thus (x,y)€eR_*= R_. But (x,y)eRA(y,x)eR.  contradicts

rationality of C. Thus C satisfies (HA).

Theorem 3:- Let C be a choice correspondence C on X and

let C° be defined as in Proposition 1. Then C is strongly

rational <~d a binary relation

R : (a) C(5) = G(5,R)VSeX.

(b) R is pseudotransitive

(c) R=R.=R_

Proof:- Suppose C is strongly rational. Then by Theorem 1 and
Proposition 1, (a), (b), (c) is satisfied.

Conversely suppose (a), (b), (c) is satisfied. Then by

Theorem 1, C is rational. This coupled with R, =R and

-

Proposition 1 implies, C is strongly rational.

14



i hoi in i hoi mains:- Let

neN, and X = R]. A social choice problem S is any nonempty

subset of R} satisfying the following properties:

(i) S is compact and convex,

(ii) S is comprehensive, i.e. 0<x<yeS - xeS.

Let ¥ now denote the set of all social choice problems.

Given Sel, let P(S) =i{xeS/y>x -~ ye¢Sl. P(S) is called

the Pareto set of S.

We endow 2 with the Hausdorff topology: Let 1S} . be

a sequence in X and SeX. We say that 1lim S, =S if and

Vo=

15



A Al

only if S = {xeR’,’/VveN, 3 x, es, Alim x, = x}

We say that a choice correspondence C on X 1is closed

if |J [c(3) x{8)] is closed in the product topology on XxI.
set

Claim 4:- Let C be a rational choice correspondence on X.

If C is closed then R, is closed.

Proof: - Let {(x"'y")}veN be a sequence in R, with

lim(x,,y,) = (x,y)eXxX

Ve

Let S, = cchlx,,y,} e ZVvveN.

Clearly x.eC(S,) VveN by rationality of C.

16



Let S=cchix,ylel.

lim S, = 5.

v-e

Since C is closed, xeC(S).

~{x,y)€eR,.

Claim 5:- Let C be a rational choice correspondence on X.

If R, is closed then C is closed.

Proof:- Let s} = be a sequence in I  such that
lim$, =SeX and let x, e C(S,) VveN. Suppose
Py —

lim x, = x.

v=-o

17



Let yeS. Thus VveN,dy, e S, such that limy, =y.

Vs
~(x,,y,) € R.V veN,
Since R, is closed (x,y)eR.. This is true VyeS. Since C

is rational, xeC(S).
Lemma 1:- Let C be a choice correspondence on X such that
C(S)cP(S)VSeL. Further suppose C is rational and closed. If

(x,y)eR. then for any ze co lx,yl it follows that
(z,y)eR.. (Here as else-where co. stands for convex hull).
Proof:- Suppose not. Thus there exists 2z, €co. {x,y} such that

2,¢C (cchlz,,yl). (Here as else-where cch stands for

comprehensive convex hull).

Now xeC (cchix,y)) . FPurther Cl(cchiz,, y)) cco.lz,, yleco.lx, yi

18



since C(S)cP(S5)VseX. Thus since C is closed, there exists

a neighborhood b of z, such that C (cchiz,yh N6 = ¢

whenever 2zeco. {x,y}. Thus there exists two nonempty disjoints

subsets A and B of co. {x, y} such that |J C (cchiz,y)

ZeA

and |J ¢ (cchiz,y)) are separated by & (: it once again

zeB

follows from the <closedness of C that for a given

zeco.lx,y},Clechlz,y)) cannot intersect both sides of ¥
simultaneously). Clearly there exists zeAUB such that every
neighbourhood of 2z intersects both A and B. Without loss of

generality assume ZeA. Then choose a seguence in B

converging to A. We will then be contradicting the fact that

C is closed.

0. E. D,

Lemma 2:- Let C be a rational correspondence on X

19



such that C(S)cP(S) V SeX, and suppose C is closed. If

(x, t)eR. Ateco.ly, z} then, either (x,y)eRN(x, z)eR,.

Proof:- Let aeC(cchlx,y,z). Since

C(S)cP(S)VseX, aeco.lx,y,zl. Now teco.ly, z) - either

aeco.lx,y, t} Y aeco.lx, z, t}.

Let aeco.lx,y, t}. Let beC(cchlx, z, t}) . Once again,

beco.lx,z,t}. Now co. {a, b} intersects co. {x, t} at ‘¢’

say. (a,b)eR.~- (c,b)eR, by Lemma 1. By rationality of C,
ceC(cchix,z,t}). Further (x, t)eR,. - xeC(cchix, t}) by

rationality of C. Thus (x,c)erR.. By rationality of C,

xeC(cchix, z, t}) . Thus (x,z)eR,.

20



Lemma 3:- Let C be a rational choice correspondence X such

that C(S)cP(S) V SeX. Then (x,y)eR,., (y,t)eRNVteco.lx, 2)

implies (x,z)eR..

Proof:- Let S = cch {x, y, z}

Let us show that yeC(S).
Now C(S)cP(S)cco.lx,y, 2.

Let us show that (y,t)eRVteco.lx,y, 2.

Let teco.lx,y,z). Then 3teco.lx,z) such that teco.ly,t).
Now (y,t)eR.~ yeClcch.ly,t}) (by rationality of C.) Thus

(y,t)er,.

21



Hence yeC(S) by rationality of C.

But (x,y)eR.. Hence xeC(S) by rationality of C. Thus

(x, z)eR...

Let R be a binary relation X. Say that R satisfies

{a) Starnegs if (x,y)eR, teco.lx,y} ~ (x, t)eR

(b) Reflexivity if (x,x)eRVxeX

(c) Almost Transitivity if

(x,y)eRA(y,t)eR YV teco.lx,zl - (x,2z)er

(d) Concavity if

(x, t)eRAteco.ly, z1~ [either (x,y)eR Y (x,z)eR].

(e} Closedness if R 1s closed.

We know that if C on ) is a rational choice

22



correspondence then R. satisfies Starness and we have shown

that if also C(S)cP(S) V Sel, then R. satisfies almost

transitivity. If in addition C is closed, then R, satisfies

concavity. Reflexivity of R, is true if C(S)<P(S) V SeXl,

(simply take S = c¢ch {x} ). Further, C(S)cP(S) V SeZ,

implies the following:

X, yeX, x>y - (x,y)eR,.

Lemma 4:- Let C be a rational choice correspondence on X

such that C(S)c<P(S) V SeX, and suppose C is closed. Then

VseX,C(S) 1is a convex set.

Proof:- Let y,zeC(S) and suppose xeco.ly,zl.

By reflexivity (x,x)eR.. Thus by concavity of R_,

23



either (x,y)eR.Y (x,z)eR_.

By rationality of C and the fact that y,zeC(S), we get

xeC(S) .

Theorem 4:- Let C be a choice correspondence on X such that

C(S)cP(S) VSeX, Then C 1is convex valued, closed and

rational if and only if 3 a binary - relation R on X

satisfying (a), (b), (c), (d) and (e) such that

C(S) = G(S,1) V SeX.

Proof:- Let C be convex valued, closed and rational. Put R=R..

We have shown that R, satisfies (a), (b), (¢) and (d) above

and by Claim 1, C(S) = G(S,R.)VSeX.

Now suppose d a binary relation R on X such that

24



C(S) = G(8,R)VSeX and R ‘satisfies (a), (b), (c) and (4).

First let us show C is rational. Let Xx,yeX with (x,y)eR..

Thus 3Se¢¥ such that xe€C(S) and yeS. Towards a contradiction

assume (y,x)eR.. Thus I Tel such that yec(T) and

xeT\C(T) .

. {y,2)eRVzeT

But {(x,y)eR

Further (y,t)eRVteco.ly,z! since T is convex.

Thus (x,z)erRVz.

Thus xeG(T,R) = C{T) which is a contradiction. Thus C is

rational.

Now R is closed. Let {(x,,y,)} , c R. and suppose

25



lim (x,,y,) = (x,y). Cexly (x,y)eR sine R is dossl ad R, © R.

Voo

By rationality of C, for &, = cchix,,y,}), x, e C(S,).

v

Further 1lim S, = S = cchix, yl.

v~a

Let zeS. Then 3z} .zeSW such that limz =Z.

v

Now (x,,2,) e RW and 1lim (x,2,) = (x,2) -(x,z)eR, by

LYY

closedness of R.

Thus, xeC(S).
~(X,y)eRr,.

Hence R, is closed.

By Claim 5, C is closed. By Lemma 4, C is convex valued.

26



Theorem 5:- Let C be a choice correspondence on X such that

C(S) ¢ P(S) VSX. Then C is convex valued, closed and

strongly rational if and only there exists a binary relation

R on X satisfying (a), (b), (c), (d), (e) and R, = R_* such

that C(S) = G(S,R)VSeX.

Proof:- Follows easily from Theorem 3 and 4.

Conclusion:- In this paper we have established necessary and
sufficient conditions for rational choice correspondences for
social choice problems. The social choice problems we consider
are standard in the current literature on axiomatic
bargaining, except that unlike the predominant situation, it
is not necessary for such a problem to contain a strictly
positive vector. This becomes4 necessary since we invoke
reflexivity and closedness for our brand of rational choice.
For basic results and notations used in this paper, a good
source is Suzumura [1983]. It should be mentioned that Theorem
3 is definitely a new result in abstract rational choice

theory. So is Proposition 1.
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