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ABSTRACY

In this paper we obtein an axiomatization of the

eqalitarian solution using a reduced game propsrty.
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1. Introduaction - . .

in & recent paper, eters, 71}

H
W

3afs

Zarzuelo (1994) an  axiomatic characterazation of the kale

Smorodinsky (192791 eslution and a large clazz of zolutions
containing the egalitarian solution of talay [1577] has been
provided, using a reduced game property. n crucial point in
the axiomatic chatracterization of the aeneralizad

proportional solution of which the egalitarian solution s a

tm

member  is that the set of potential plevers has to tie
intfinite., The other point to note 1is  that even 17 an
énonymity assumption is added to the list, the proposition
under discussion {i.e. Theorem 49 doee not uniquely
characterise the egalitarian seolution. Hence, 1t would be
appropriate  to >%uggest that althouah a large family of
solutions containing the egalitarian selution has been
characterired in Theorem 4 of Feters, Tij)s and Zag;uela

s
{1994]), +there 1is no characterization - Sf the egalitarian
. . ~
solution available on the bazig aof what haz been proved

elsewhere in the same paper. FOT instapce the Kalpi-ﬂnorodinsky
(1975) solution satisfies all the above mentioned properties.

Our objective hare iz to prezent an
independent characterization of the egalitarian solution, by
using the same reduced game property and the independence of
irrelevant alternatives assumptions. Qur axiomatization draws

heavily on Thomsan (19873).
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« The Framework - R

We shall usa the same notations as 1n Fetars,

Ti1)s and Zarruelo [1994].

iy, 3 finite subeet of the naturz]l numbers,

denotes a set ot players. RM,  denotes the set of all

fenctions from M to K, (the nor-negstive raalss. Let « €

N\

RM., Then x(i) 1s dennoted Dy xg. fOr @li 1 € M. & bargaining

problem far M iz a zubset S oF kM, €atisfying the fo)llowing

14

requiremants
(a4 = iz non - emply, compacth, Sonve: and conbtaing 3
sttractly pouitive vector.
(by S is comprehensive, i.e. y € S whenaver v € fM, and y &
x for some x € &.
3
Let B™ denote the =set oY all bsargaining
problems for M.

Lat M be a given s=et_ (populstion: of

.
L

potential players, whether finite or infinitae. Let ék =y B™

@ F M €
\ . - 18 finits

By denctes the collection of all bargalining

problem for all finite subsetsz of N.

M
A solution on By is a function F :hBy == U R4

8 F Mg Hh
Mi1s finite



that ¥4 S € By , F(S) € 8. -

We z2re intarested in asiomatically
characterizing the egalitarian solutiron € detined an follows:

VY & € Bua

E (8) =t & i iT S € By @ #F 1 g M, 1M finite,
vhere aw 1s the vector 1n FM,  with ail co-ordinstes egual to
one and t = max { t € Ry / ¢ en € 35 ).

The following properties sre 26s81ly “2en to

bte satisfied by £ :

vealk FPareto Optimality (WFPO) =
There does not{ exist v € 5 with v >» F B},
whenever. 85 € Bw.

Anonimity (AR : For everyv finite M ¢ N, ali i, J € M, and
all S, T € B™ gsuch that T arises from 8§ by i1nterchanning the
itn  and j®*» co—ordingfes of the pointes of £, we have ¢ ¥,

(8) = Fg (T), Fa(8) = FdT) and Fo(S)=F, (T} % k #\i\.J.f

Homogeneity (HOM) : Far every finite subeset M of N and every
a € R".. with a,=a, for all 1, J € M, wa havae F (a8) = a
FS) (HHere for a € FR™. , @ € FM, , aZ denotzz tha vectaor

vwhoge 1t co-ordinate (ax)y = a; x40 fOr S c R™, , a § = { ax

/ w € 8 )



Nazsh's Imdependence of Irrelevant Alternatives (MITAY :1- Far

e ]

all 8, T € B™. MWhere M is finite and M c N it & ¢ T and F(T;

& 5, then F{(8) = F(T). :

Continuwity (CONT) - For all e f M ¢ W, M fintta, for all

zequences {8%v) of elements of B, 1t &Y —-—3: § € BP, then
F(SY) —=» F (8%r. (In this cefinition, convergence of 5v to I

15 evaluated in the Hausdorfft topology.

Let LLy,M be nom-empty Tinite zubsets of N with

L ¢ M. Let & € B, For ¢ € FM, , let % daenote the projection

of  on R, . Then S, denotez the bargaining problem [ x

€ S ) in B-, Let x € &, x # 0, ¥ fo. Lat

/\,(51_, ) = min { A & RL 7 o € S0

:
The reduc=a2d game af § with respect to L and X

iz the following bargaining prablem for L

It is easy to check that x_. 18 an element of

thae weakly pareto optimal subset of 5= lees X € W(S% )

"

K3
[N

v € S®_ / there 1is no Z € B%_ with Z »» v )

Reduced Game Property (RGP)

al
=X

t For all non-empty subzets L ¢

of N and all § € B™ : if FL(S) § O, then F(5."®)= F(S).

It is eazy to check that the egqgalitarian

solution E satisfies RGF.



3. The Characterjization Theorems ¢ -
he Lt :

Lemmal : Let F be a zolution on B, (IN! & 2 ) which satisfies
NIJA and CONT. Let @ # M ¢ NH. with |n|= 2 and let § € Bm. 1t

K € 8, x =& E (8) implies F1(9) = E(Sr, then F{(8'=E£.(8) 4 § ¢

M

B,

Froof :~ This ie Lzoma 4.2 in Thomson ang Lensberg [ 1989 ).

Thearem 1 t- A solution on By ¢ |H] - ) satistiss WFO, AN,

Bl

HOM, WIIA, RGF and CONT if and only 1t 1t 15 tha egaiittarian
solution.

rl

Fraof - Let uvue check that the abhove axiome charactarize &,

since wa already know that E satisties the above aitiomsz,

Let us as in Feterse, Tije and Zarzuelo (15641

first prove that if !M\r= 2 and S € B M, then F(3) = £Ei%)

N

where F satisfiesz the dasired properiies

Let M= < 1,7 ) and 8§ € B9, Let B 2 NP and

—— -—

E(G) = A S where A & G, Let L = fTivivkl. Conztruct a

€

sc-f:ﬁ:‘T in R-. as follows @ '

T = comprehensive convex hull of {3‘,31_’ §}

\

Clearly TM = S

let U ={xe RL+/é:in < 3'71}

By AN and WPO, F(U)= e .
Case 1:- xe€&S 2>x S 2 E(S).

In this case SC U



Thus TC U
Since }-\,eLe T, by NIIA, F(T) =% e
By RGP , F(TMF(T’)=ReM
By HOM, F(T,) - A

| AT,

Thus F(S) = A e

M

Fy(T))

M

ATy, Fpy(T)
Since F(S) and E(S) are both Weakly Pareto Optimal in S and lie on the

diagonal, F(S) = E(S).

Case 2 :~ Lase | does not hold
Then by Lemma 1, F(S: = E{(5}
Let now { Ml » 2 and 8 € BN Let 1.' )y € M. Then

-

Fv (Ses.33) = Fy3 (S¢s,.32?2 by the apove

Thus by RGP and HOM, Fy (3) = F, (&. Since this hokds for

all 1.J € M, we gonclude‘b# WFD, FSr = o020,
For {M] =1, and & & B, Fs) = E(S) by WPO ~

This proves the theorem.

wWeat: Reduc=d Game Fraoperty (WRGPY ¢ For allmn-empty finite

subsets L and M of N with L ¢ P and IL‘ = 2 ang all 8§ € prt



F g v (8 = F(S),

Theorem 2 - & solution on By ¢ |N]. 2@ zatiefiee WFO, NIIa,
COotit AN, HOM, ang the WRGFE 1€  and only 1T 1t 18 the

agalitarian solutiion.

Froct = as 1In the orcet of theorem 1.
Call a solution F- on i Strangly Individoally Ratianal (SIRD

1t F(S)Y 2> 0 far all now—eapty subszts M of W oand 2li S ¢ BO

temma 2 1 Let F obe a2 Strenals indirvides)ls Rational sag
Homopenaous  solutisn on By s=ati1sfving the Faguced Hane

froperty, and lat M pe a non—emplty Tinite propor sotisst of il

1)

~
A

t S € BM, Then F(S) € WIS) = { X & S,v -+ ¢ implies vy 1'53

Froof @ - Des Feter:

m

SRR

1

and Zarzuelo 119947 N

Theoremn 3 11— Let N be infinite. 4 solubtion an hH. satisfties

Aanomynity, Continuity Homogsnei by, FRaduszad Osme Frocarts,

Strong Inthividual Rationzlity and Nash g inoependence of

Irrelevant’: Alternatives Assmption, 1f 2nd anly 1f 1t is the

. '

@galitarian solution. ' A

#roof ¢ Immediate conzeguence of tha2orsm | sand leoms 2

4., Relation with 2arl)lies wdrk -

As pointed out in Feters, Tiis and Zarzuelo
£192G43, if a solution for By setisties Homopeneity and

feduced OBame Froperty, then it alzo zat:

R

zfiez the following

¥iom ~



Menctonicity with respeact to chargees 1n the mamber OF zcaents

(MON
Far 211 non-emot,y Tinite subsets L o M of N
anc 211 & € B~, T € B, 1%t & = T, then F(S: L F (T

G Lanivi (1953 w2 2:zCUSE £0MR (nf2rsestin

progerties of solutions sactistyvina this axxamj

Thev 2180 pravigce 2 counter = z2pple to show thst the

18 not true.

Thomszon (19821 charactarizes the egalx:érian
solution using WFD, AN, NIIA, MIN and CONT. Thus Thomson s

characterization implies Theorem 1, though not Theorem 2,

A sat S & En 18 sasic to b

e  =uriitly
comprehensive 1f = &€ 5. v € Z. y > = 1mplies that thers

grxists 2 € & with 2 2 w, ( This definition can pe founad 10

Thomson and Lsneberqg (198971 for instanc=:,

Let & € By v € § 18 Pareto optimal 1n S it »

€.5, ¥ - y 1mplies x = v \

in the proof of the following theorem we
sppeal to the] fact that Tor any § € EP. Wnere @ = M g N, M
finite., there levists & <seguence =+ of sa2tz 1n B™, &acn

strictly comprehensive and S --3> £ 1n the Hawsportt

topolagy.

10



Trheorem 4: Let F be a solution on B, (|N}|>2) satisfying SIR, HOM,

NITA, MON and CONT. Then F satisfies R G P

Proof: Suppose TeB" is strictly comprehensive for ¢ # MCN, M
.flnite.

Letbgd and suppose towards acontradiction that,
COfE, (TIfA(T, Fu (T)) F(TL.

"'Iiéiif‘zﬁl.'d('r“ F, (T)).

“Since F, (T)$0, A*>0.

. Observe F, (T)LF(T,) by MON.

'-Since T is strictly comprehensive, there exists -i.>7s' (sufficiently

close to A’) such that F,_(T)# AF (T,) = F(AT,).

(This is true even if A' F(T,) weakly Pareto dominates F,,(T),"since
F . (T) 1is alﬁays weakly Pareto optimal in A" T,. Note the final
equality follows from HOM) .

Clearly F,(T)eAT,

Consider S={yel", /y,_e_l‘l‘,,)

and S’'=TA S

S is the cylinder with base 7\,'1‘,_ and S’ is the intersection of T

"with the cylinder whose base is -lTL.

S’CT and F(T)eS’ => (by NIIA), F(S’)=F(T).

11



Now S’,=AT, => F(S’,)=F (AT,) =AF (T,) .
'Hence by MON, F(S’,)=AF(T,)2F (S’)=F,(T)

But we have FL(T)i AF(T,) which leads to a contradiction.

The proof is comploted by appealing to CONT and by observing that

A is a continuous function of its arguments.

Q.E.D.

_As a consequence of Theorem 3 and theorem 4 we have:
2Theorem S:- Let N be an infinite set. A solution on B, satxsf;es
SIR, AN, HOM, NIIA, MON and CONT, if and only if it is the
egalitarian solution.

In theorem 5, we have replaced the assumption of WPO used in
?ﬁomspn and Lensberg {1989) earlier. Since SIR by itself does not

fﬁply WPO, we may view this as an alternative way of statihg an
aa&;%j\;ier result.
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