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BEHAVIOUR OF INTEGERSs SOME PECULIAR PROPERTIES

ABSTRACT

Tha intention of this paper is to highlight certain latent and
interesting characteristics of natural numbers and thair highsr
rpomsra vis=a~yis tha ultimate sum {single digit sum) of the digits
in such integers and their higher pouwers, t..esir sums and thelr

multiples.

Tha peculiarities owe thair charactaristics indeed, to the decimal
system of integerse. And it is the axistance of such pecullarities

that this papar sndeavours to demonstrate.

Whila the author is not aware of any practical use to which the
interesting preperty of 1ntegars‘dnacribad in this papar could be
put to, it may possibly of soms intarasf to those inveolvad with
chackg and vepification of numerical sclutions on computars, apart

From of coursae the number thaory buffs,



BEHAVIOUR OF INTEGERS SOME PECULJIAR PROP IES

The intentien of this paper is to highlight certain
latent and interesting characteristices of natural numbers
and their higher powers vis-—a-vis the ultimate sum (single
digit sum) of the digits in such integers and their higherxr

pPowars, their sums and theix multiples.

The peculiarities owe their characteristics indeed, to the
decinal svstem of integers. and it is the existence of such

peculiarities cthat this paper endeavours to demonstrate,

The understanding of the entire phenomena is likely to De

enhanced, if at the outset, we study the contents of Table Te

Table 1 : The first column of the table consists of inte-

gers from 1 to Z20.

3tarting from the integer 10 in the first column, 1t is
clear that In the . column representd& by 3(I) the digita
of the integers have been added upf viz. lu— 1+Q=1, 1ll=1+l=

2, 12— 1+42=3 and so on.

The second column {represented oY 3{I¥ ) gives the ultinate
| sum of digits &8 the integers ovbtalned by squaring the corres-
ponding integzers in column 1, Iié; intdger 4; at the crossec-
tion of column 2 and row 7, 1s the ultimate sum of the digits

present in the square of ¥ 1.0. 49 (7=49-> 4+5==13-+ 4) und so on.

Javing thus understood the structure of the taple, we shall

proceed to list out the peculiarities presented by‘tho Table A.
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Note : a. The first nine rows are recuxs_ive {Bex T repeats itself as Box 2).

b

e. Examples;
(*3)is 15" m 225224245 u 9,

Represants horizantally recurring cycles.
(*1)is 2% 165146 = 7. (*2)'5 4w 6456+ 4 = 105140 = 1
(*4) i1 16° = 4096 54+0+9+6 = 19> 14 Dmt

Where the sign ‘>’ dencotes the operation of arriving at the
single digit sum, expressed as operator S5 in the text.

» Box 1




However, before progressing fiurther, it may be in order to gat

acquainted to some of the notations used in the paper:
l. The paper dealas with patural numbsrsa, symbolised by N.

2. 3 i3 an apera@mr aeant to represent the ultimnate summ-

ation of diglits in any natural ausver.

3. S{N) stands for the ultinate suamation of the digits

"in N.

4, S(Iﬁ {where I,K€ N} stands for the ultimate summation

of the digits in I

S, Ultimate summation means the summation of the digits,
t11ll a single Aigit number 1s obtalned as the sum,

8.8 1P T =29172, 3(I})=2+9+1+7+4 =23~y 2+¢3 =3,

Thue, \f I,E€N, S(I) € {1,2,3,.. .9}

AIERVATIONS anD PROUFS &

1: The first 9 rows of the table repeat themselvea scarting

at every {(9n+l)th row.

This 13 a natural outcome of the decinal svstem 6f inte srs
o needs little further elaboratlon. However, this coservation

blecomes clesrer 83 ¥& anialvsz the next obsearvation,

2. All I{Le ) which corréshond to a alngle wvalue of 3(IL},

ruld azain vield a single value of S(f), for any wvalue of K in NW.

in\s may be expresged ass



Theastem; Where

If 3(I, 51 ,...I4)= 1 (Li:Constant and iél{l 2,...?} and
All Ts€ N )
Whers
3(L, I, e IN) 2 3(=j({ J=Constant and je{l,z,...g} and

Iy ,I2,i3, stc, are all integars
the digits in whilcn add upto the 3amne 1)

SXaMPLZ :

| The numbers 43, 52 and 61 all have their sum of the digits as 7.
fhus the numbers 1849, 2704 and 3721 {the squares of the apove three
numbers raspectively) all “ave their sum of the digits asi4 (ulti-
mate sum) which is the same as the ultimate sum of the square of

the number 7 (7°=49— 4+9=13— 4).

PROQF :
3y virtue of the decimal system of integers, the addition of

integer 9 to any N leaves the 3(N} unchanged,

i.e. 3(N)= 3(N+9).

Now let any IP‘QIL+1 (Whexe [,,i € N and iE{i 8,...#} )
(Ip)-(QIL+1) ( where K€ N)
S((1p ) ) =8( (o1 1)®)
= 3((91)+Ke, (SL)1+K¢, (1) Thee..sth
._b((i) ) ( The rest of the integers being
multiples of 9, would not
affect 3{(1)* e
3. The fact that integers 3 and 6 do not figure anywhere in
the table save column 1, can be expressed:
Jhagram; Ir 3(1)=23,6
Then ',)/I—?N, ‘whare ng N-{l}

PROOF ¢

Now 3(I)=3 or 6>I= Szia, whero Ia 13 not further wholly
au
divisible by 3, as for any[l €N, I,E {1+(n-1)3} v U {2+(n-1)3], waere

nEN, and it is obvious that none of the Integers in the above set



-

of values of I[4 would be wholly divisible by 3.

Now 1I= 3 x I,
) \
(I = (3% (1 /7

Thus (I)V"E N IFP, (af“en and (LJ"e N
But (:sy“;én

Hence (If""f N.

{The proof holds true even for NE R-{1}, where 3 represents seal Nos.)

4. 1Implicit in the table are the additive and multiplicative

properties of the fumction 3.
2. The additive characteristic of 3 is rather obwvious and may

be BEpresead. as:
Theorem:

3(I +la+eea+In) =3(3(I,)+3(Iy)+e..+3(Ln)) (for all Ise N )

ThooJ%h The multiplicative property of 3 may be expressed as:

S(IyeT2eeeeIn)® SES(T, }o3(Is)eese3(In)) (for all Is€ N)

PROOF : Let I, and I,€E N
and 3(I¢) =]

(te{1,2,...9} )

(Je {1,2,...9} )
Now é(I‘.Il) = S(I,+I.+I|+;aa+1z times)

—

3(3(1, )+3(I, }+e.e+I, times)

= 3(1+1+i+...12 times)

- H

5(11,)

H

S(I;+I,+....%1 times)

_S(S(IL.)+S(ILJ+....+1 timas’ N
=8S0i+ 34 - ftimes)
=3(1))
=38(3(1,)3(1))
The result may thus be generated for N number of I3 as follows

S(I‘ ‘IL‘I3‘°"IN) = S(S(Il )OS(Il)toctS(IH}



€. 4 corolory of the multiplicative property would be :
S(IN) = 3(5(1);“: S((S{I)f&.{S(I)r’) ( where N, +No= ¥
and N, ,N, € ¥)
X AMPLE:
l. Now 3(38> 49 x 57)= 3{106134)= 6

Al3083(3(38)x3(49)=3(57)) =3(8x &% 3)= 3(24)= 6

2. 3(14%)= s(7%29336)= 1
Alsa 3(3(14))=3((5)%)= 3(15625)= 1
Also  3((3(14F) .(3(14f) ) = 3((3(196)).(3(38416)) ).
= 3(7x4)=3(28)=1
Also  3((3(14)) .(3(14/) ) = 3((5(14)) . (3(537824)) )
=3(5%2)=3(10) =1

5. For rows 2 and 5, it will be observed in table 1 that
' \
contents of the rows, between coluans 1 and 6 repeat themselves in
cycles atarting at powers waich may be represented as &a+l (for a€ n).

This may be expressed as ;.

Theorem;
If 3(I| ’Il,o-oIN): 2,5

-3(I|k,I:"-I.I~K) = S(I:.’I;:’-OOI':;) 'ih@l"e K=6A+i

\for all Is, A, K € §¥ and 1 €{1,2,...6} )

PROO®
301 = 300 ™ = st b s st sty
= 3(3(1‘)3(1‘):.; A times x 3(I%))= 3(I1*)
("hen 3(I)=2,5, 5(1‘)c 1 (see Taole a)).

Hence the result.

3inilarly it gan ve proved tﬁat :



If

If

if

If

And if

6.

S(Il ,ll,co.IN)'—' 4,7
S(ITJI;L!"‘I:): S(I‘\':I‘z‘::'-'I:)

Yhere K= 3A+i
SlI,,l;_,-..l,q).‘:e

K : .l .
S\II,I':_,UCGI:):S(I:',l:‘_,oool”)
W¥here K 24+i

3(I|,Il,-oclu): 1

S(Ir,li’oool:): 1

S(I' ,ll:’QODIN)z 5,6

S(ITJL:QOOOI:)-_- -Q

S(Ij';Iz’oool,J): 12

S‘IIK’.L:,.'..I:)-— 9

(for

(for

{for

(for

{for

all K AEN, 1 € {1,2,3))

all K,a€ N,1€{1,2})

all K,A€XK )

all xe N-{1} .

all EE€N )

4ll the above proofs implv that for all I, 3(I¥) can bpe

determined, without actually having to find out * {for.-all I, Keh ).



