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Abstract

In cooperative games with transferable utility, there is usually no
restricticn con the possible coalitions that can materiaiize. A
significant departure from this tradition, occurs in Moulin [19951,

where the ccncept of admissible coalitions arise.

In this paper we consider cooperative games with admissible
coalitions, requiring that both the grand coalition, as well as,
the null coalition are always admissible. We call such games,
'games with a coalition structure'. We define the concept of a core
for such games and introduce a generalization of the notion of
Shapley value. We define this generalized Shapley value to be the
unique value satisfying the Dummy Plaver Property, Anonymity and
Linearity. All these properties have been adapted from the standard
context to our framework in such a way, that the existence of a
unique value satisfying these propertiss is guarantesed.

We subsequentlv consider specific coalition structures and
obtain closed form solutions for the generalized Shapley wvalue in
each case.



Introduction:- In cooperative games with transferable utility,
there is usually no restriction on the possible ccalitions
that can materialize. A significant departure from this
tradition, occurs in Moulin [1995], where the concept of

admissible coalitions arise.

In this paper we consider cooperative games with
admissible coalitions, requiring that both the grand
coalition, as well as, the null coalition are always
admissible. We call such games, 'games with a coalition
structure'. We define the concept of a core for such games and
introduce a generalization of the notion of Shapley value. We
define this generalized Shapley value to be the unique value
satisfying the Dummy Player Property, Anonymity and Linearity.
All these properties have been adapted from the standard
context to our framework in such a way, that the existence of

a unigque value satisfying these properties is guaranteed.

We subsequently consider games with connected coalitioné
on a line. We consider three variants bf such coalitions. In
the £irst coalition structure, the first player (in the
natural ordering of numbers) must always belong to a non-empty
admissible coalition. In the second coalition structure, the
last player must always %elong £to a non-empty admissible

coalition. In the third ccalition structure, =svery non-empty

admissible coalition must contain either *“he first or last

=



player. In all the above cases, the only other condition that
a non-empty coalition must satisfy is that it must contain all
the players located between any two that it contains. In each
of the above cases, we obtain closed form sclutions for the
generalized Shapley wvalue. It turns out, that this wvalue
depends on the greedy algorithm and the reverse greedy
algorithm. In an appendix to the paper we develop the F-
Shapley wvalue for games with a coalition structure which
consists of all sets which were admissible under the three
pravious situations, and further, is closed under

intersections.

We also obtain the generalized Shapley value for games
with a bilateral coalition structure. These are games where
the player set is partitioned into two sets and the coalitions
that can form are singletcns or a pair with an element from
each of the two sets of the grand coaligion. It is very close
in spirit to marriage games, wherea singletons correspond to
unmarried individuals, pairs correspond ﬁo a married couple
comprising of a man and a woman, and the grand coalition
corresponds to an entirely cooperative living arrangement
amongst all the players (of course, then, in principle smaller
coalitions can form; thig we ignore in the present context.

Thus the interpretation in terms of a marriage game is not all

that appropriate) .



In the final section of the paper we consider coaliticn
structures which is essentially a partiticn and derive the
very simple Shapley wvalue £or games with such a cozlition

structure.

The entire analysis reveals the complete dependence of
the generalized Shaplev wvalue on the underlying coalitiocn

structure.

For a general survevy of results 1in cooperative game

theory, we refer the resader to Owen [1982].

The Model: - In this section we follow the framework laid

out 1in Moulin ([1995] closelv.

Let neN, Dbe the number of players and let N={1,...,n}

denote the player set. Let F be a non-empty collection of

subsets of N containing both N and ¢. For the purpose of

this paper, F will be called a coalition structure.

A transferable wutility (TU) cooperative game (with

respect to F) is a function v:F=R wich v ($) = 0. Hence forth

we shall refer to a TU coorerative game as a game. Let V'F) ke



the set of all games with ccalition structure F.

Given ve V(F), the core of v denoted C{(v) is the

following set:

c(v) = {xeR2 / 5 x; = v(N) and T x; = v(5) V SeF.
i=1

ies

At this point we should notice a slight difference in our
requirements on coalition structure F and the requirements in
Moulin [1995]. In particular, we reqguire N to belong to F
whereas singletons may not. Further, in this paper we do not
consider any extension of a game from F to the power set; that

is why we define F and C (v) as above.

Given a game wveV(F), a player i will be called a dummy

player if the following condition is satisfied:

VS, TerF with i¢S, ieT, ScT, such that thers does not exists a

proper subset U of T with Ifeu, ScU, we have v(S) = v(T).

Our definition of a dummy player extends the existing one for
TU games with respect to the power set, tc TU games with
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respect to an arbitrary F.

We next introcduce the concept of a value. A value is a

function f:V(F) = R?® such that VveW(r) X £, (v) v(V).
ieN

We will be interested in the following prcoperties that a

value would be required to satisfy:

(1) Dummy Player Prcperty: Given veV(F) if 1 is a dummy

player for v, then f£f;(v) =0.

(ii) Linearity:

Vv, weV(F) , Y a,BeR, F(av+Bw) =af(v) +BL(w) .

(1ii)Anonymitv:- Given veV(F) and i,je Nwith i # j if

VSsaM\li, j!, with SUileF and SKjleF, w e have

v(sUi}) =v(SU5h , then £.(v) = £, (v).

-



Let ¢=SeF. Define u_: F=R as follows:

g

u, (T)=1 if S<T

= 0 otherwise

whenever 7TE€F,

u;, 1is called the unanimity game for S.

It is easy to see that V(F) is a vector space and

lu, :+ & » SeF} 1is a basis for V(F).

The existence of a. F-Shapley Value:- We now prove a key

theorem of this paper.

Theorem 1:- There exists a unique value ¥ which satisfies

Dummy Player Property, Linearity and Anonymity.

Proof:- Let ) satisfv the abtove three properties and



consider Se€F. Let u, Dbe the unanimity game for S. Let

x=y (u,)

It is easy to see that if 1i¢S, then i is a dummy player.

Hence x,=0V 1¢S.

Thus X x; = u,(N) =1.
ies

By anonymity x; =x; =1/iS|V i,je S.

Hence ¥ is uniquely determined on f{u, . ¢ * SeFh.

By linearity ¢ is uniquely determined on V(F).



Given Theorem 1, we now have the following definition.

The F-Shapley value 'w is the unique value to satisty

the Dummy Player Property, Linearity and Anonymity. Note, the

exact form of ¥ depends on F, which is why we are making no

attempts (at least here) to arrive at a closed form solution

for .

F-Shaplewv Val for Conn e litions on Lin ntainin

11':_

As in Moulin [1995], fix the natural ordering of the agents

and consider coalitions of the following, form:

SeF~ either S=¢ or there exists IeN with-S=i1,2,...,1-1,1}.

The interpretation that is provided is the following: the
players "are located along a road and cooperation within S
requires setting a cable. connecting all members of S.
Agreement of player i is necessary to go through location i.*
We add to the above interpretation the condition that all non-

empty coalitions must contain 1 (the veto plaver).



The greedy algorithm G:V(F)=R"

is defined as follows:
G;(v)=v(l1,2,

.., ih-vily, 2, .
Since

,i-1)), for ieN and veV(F).
G (v) =
ies

v{S) V SeF,G(Vv)eC(V)VveV(F).

We are here interested in defining the F-Shapley value

y.
Theorem 2:- The F-Shapley value

¥ 1is given by
n =
Y.(v) = Z =G, (v)VieN, V veV(F) .
F=iJ
Proof:- Let veV(F) and for ¢#SeF, let u,
corresponding unanimity game.

denote the

.....

s} . Since
o

lu,/SeF, S#®! is a basis for



.....

,,,,,,,

.....

n
Thus v = ZG;(v) u,

..... i}
=L 7

By Linearity,

Y. (V) = GV . un i
J=1

10
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But ¥, (W, o) =

-Shapl Value for Connect=d Coalitions on a Line Containin

Now suppose,

SeF~ either S+ ¢ or there exists I1eNwith S=\i,i+1,...,n.

The interpretation of F here is similar to that in
section 4, except that here player 'n' plays the role that
player 'l' played earlier.

We can now define the reverse gr=ed algorithm

P

H:V(F) = R?® as follows:



HA(v) =v{d,..

Since I H.(v) = v(S) V SeF and veV(Fr),

ies

H(v)eC(v) V veV(F) .

Theorem 3:- The F-Shapley value ¢ is given by

$.(v) = 5 H,(v) V ieNand¥ ve V(F)

Proof:- As before, for veV(F), lec

i=1 J \_/.1:"'1 .,11}
n .
Now v({i,i+1, , ) = 'Z_:;I_C":j,jf-l,...n} SEL el .,n}({l:l+l,
n
= _?i Gj J+1i, ..., n}

12

) - v{i+l,...,n), for ieN and veV(F).



,,,,,

Il
' V=§ H_-,(V) u(j,j+1,....n}

J=1

agy (V) o= jgl HAV W (w50, 0)

e

= R H (v)/(n-j+1)
Jj=1

F-Shapley Value for Connected Coalitions On a Line Containing

ither '1' or 'm':-

Now SeF- either S = ¢

or there exists 1eN with S

[}
—~
[
}—l
——t

or there exists ieN with S = {i, ..., n}.

Here either player '1l!' or player 'n' 1is required for an

admissible coalition, with the remaining part of the

13



interpretation being the same as before.

Let wveV(F). Thusv= % C.u,, where u,
b=SeF

game for ¢ * Se€F.

4 =G;(v) VieN\ o, veV(F)

and @ = H (v V ieN\ {1}, vev(F)

.....

n-1 prd
Clearly, Cy=v(N) - I G;(v) - L Hi(v).
J=1 j=2 7

Thus,
n-1 n
veZ eV, 4+ B HL
n-1 n
+| v(N) - X G;(v) = £ FE. (V)| uy.
F=1 =2 7 o ‘

14

is the unanimity



Theorem 4:- The F-Shapley value

¥

is given by

-1 ks
jer 7 =

n-1 1 1 235 3 - :

= = G A(v)+=| v(N) - G.(v) - £ H,(v)| for 1=1

=2 J j=1 7 =2 7

2 l 1 ) n-1 n
=y —= H (v)+= v(N) - X G.(v) - X H,(v)| for i=n.
j=z (n-7+1) n jer C j=2 1

Proof:- Easy,

sinca the methed is almost the same as before

Let M,

W  Dbe

two non-empty disloint subsets of N with

15



MUw=N

Now,

SeF - either S=¢p or S =Nor s =1{i} for some

or S = {i, j,} for some ieM, jeW.

Without loss of generality assume

0 = v{li}) = v({j}H V ieM, jew.

Given vwveV(F), let v= X C(C.u

Then, ¢, = v({il)Vien
Gy o = v{li, jh VieM, jew.

vimy - 2 2 v{li,

ieM Jew

Cy

Theorem 5:- The F-Shapley value ¢ 1is given by,

16
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a
¥

rvii, 70 ]

e

Cy

YView

X

£ -

:- Similar to earlier prcofs.

C.E.D.
F-Shapley Value for Games With a Partition Coalition
! re:
Let  {S,, ey

S.} Dbe

a partition of N and 1lst
SeF - either S=¢ 0z S=Nor Sels,,..., S}
Given wveV(F), let v = X C(C.u,
¢ = SeF
Then, Cg = V(Sj) and
Iy
Cy=|v (V) - Zv(S,)
>=1 Tl
Theorem 6:- The F-Shapley value W

is given bv,

[
~d
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m

v(Sy) + = |vim - £ v(S,)

where 1eS; ieN.
Proof:- Similar to earlier proofs.



APP IX

SeF~S =¢ or there wexists i, 73, € N with is3j and

S=1{i,i+1,...,7-1,7!

Without loss of generality assume v ({i}) = 0 forall i belonging to

N.

Let wveV(F).

Then v({1,...,7) = I C.ug
$d=SeF

Now C = v({i}) Vien

and v(li,i+1}) = v(ih) +v{i+ih) +C. .y

Thus, Cy, ey = v, 1+1D .

Now for i < 7,



V({i, P p]}) = V({il e -/j_l}) = C(i bl + C‘(j} + C‘(j_j_,j}

= Gy gtV WI-L, 5 - v(G-1h - v(gh
= C'{i _____ 5) + V({]-l,j}) .

vi,....7) - vdi, ..., 7-2h

Thus C;‘...,f)

- v({j-1,7) For i<j.

Now, if ¢ is the F-Shapley value,

£ c/ls|

leseF

<
S
I}

_ 1 . A . .. _ L
= iz(:j (j~i+1) fvdi, ..., b v({i,...,7-1h v({ij-1,7h1

1 . R .
+j§;(i-j+1) vy, ..., iH - vdg, ..., i-1D

-v({i-1,i)] if 1 <1 < n

20



J=2

> (_;.) (vile, ..., - v, ..., 5-1

v(lj-1,7h] if i =1

‘n—l 1 . i a \ a B _ R
—jgl(f)"j"'l} vi{i,...,nH - vz, ..., n-1}H viin-1,nh1
if 1 = n.

Note,

¥ (V) = & i)[G.(V) - vili-1,]
t j=2(j‘ g '

where G;(v) = vil, ..., 1) - vil1,...,1i-1) V i=1,...,n

corresponds to the i** term of the greedy algoi‘ithm.
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