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ASSTRALT

In this peper we provioce a general framework for
studying threat bargaining games with correlated beliefs,
In this framework we obtain a charactwurization of the
Kalai-omorodinsky solutior without any monotonicity assumption,
The approach ados a dose of realism to the already existing

literature on threat bargaining games,



1s Ffr3 mewer K and Definitions 3
In & pure bacrgeining problem between a group of two participants

thare is & st of fedsible outcomes, «ny ons of which «ill result if it
ie specified by the unanimous agreement of all participints. In the
svent that no unenimous agreement is reached, @ given gisagresment
outcome cbtains. We shell dgsuas that the utility spdce or the sst of
posaible peyoffs ia Rz i.8., 3 two person bargaining problem ig a plir
(H,d) of a gubest H of Rz and of « point d&H. H is the feagible get,

and d is the gigagresment (or threat) point.

The class of bargaining problems we consider is given by the
following definitions

pefinition 1 1= The pair |"‘ = (H,d) 1s a two-person fixed threat

bargaining game 4if HG Rz is compect, convex, comorehensive with non-

empty interior, dG H, and H containg atlsagt one element u gsuch that
u))d. (Notes H ¢ R2 is #did to be comprehensive if y¢ Rz, x)y)d

for eome x¢ M implies y CH).
Definition 2 s~ The gat of two—person fixed thrsat bérgeining gimesg
is denoted W.

For the purpose of this piper we define a golution to bargaining

problamg in W ag followss:
Definition J 3- A eolution ig a function F s M —)a: satisfying
(8) F (Hyd)cH ¥ (H,d)e W (foaginility)

(11) yeH, y3F(n,d) impliss yw F(H,d) (Pareto ootimality)



(144) F(H,d)>% d ¥ (H,d) C @ (individusl rationality)

(1) 16 (a8 2 0, (88 )c A W' = [yeR¥y maix 0,

1212, y=(y,y)s x=(x,x)& n} and

] [} s
=ad, +b i1 =12, d = (di.dz), then

dy =89

1'

[ ] ]
r, (H, d ) --1r1(u.a) *b ia=1,2

1'
(Independence with respect to affine utility

trengformd tiong)

The conditions we impoge on & golution tao pargeining problemg

are at ndeard end dre s4tisfied by the more well known golutions to

bargaiining problems (e.ge Nagh (1950), Kalai-Smorodinsky (1975) ).

we nNow mike én agsumption which ia edtigfied by mogt femiliar

solu ons to bargiining problems and which will be required eigni-

ficently by usee

Agsumption (FWD) 4= Let (H,d)C and P(H,) = {(x,,x,)€ H/x = (x,.x,),

ot

117/61. i =1,2and y"b Xy yCH implies y = l}

L] L}
Then ¥ (x,,x,)¢€ P(Hd),} d ¥y, oF d, 3 d, such that

(1) F (ms d;. d,) = (x44x,)

]
(11) ¥ (M3 61 .dz) - (11,12)

(fullness through unilaterel deviations).



‘3

This agsumption requires thit unilateral deviation from the
given disigreement payoffe yield any Pareto Optisel and individually
rational outcome. Ag mentioned esrlier thig property ia eitigfied
by 411 the more well knoun solutions to burgeining problems, including

some of thoss which miy not sdtiefy some of the conditiong of

Definition 3 (seg. the Proportjonel Solution of kelei [1977] ).
Our analysis requires the notion of & true bargeining prodblem,

which in view of the sbove «ng following Anber énd Kelai (1978) may

bs defined ag followss

Qc[lnigion 4 3= A true bargaining problem H ia @ compact, convex

subset of the unit square containing (0,0), (1,0) and (0,1).

The interpretdtion of such a bargaining géme ig that the true

gigégreement point of the pleysrs rwve besn get equal to (0,0) and
the gime hag been narmalized in such a wiy that the utility demands

of the players belong to the closed interval [0,1). Let ua cdll the

set of all true bargaining problams W.

Every member HeWw defines uniquely a monotone non-incredging
conoave function # : [0,1] - [0,1] by v, (x,) -—x{ 7
(x ' X )G N} Convu‘uly every monotone non-incressing conceve
function ¢ ¢ [0,1] -r @,1] such that @ (0) = 1 determines unicuely a
set N‘Cf; by H‘ - {_(x1.xz) : D/,:t1 _L__1. 04:2 _./= g (11)} o« For
svery such function § we define the (generslized) inverse

ﬂ-': @,1] 7‘ [0,1] by f'(xz) & Bdx {’(1/(!10‘2)(‘ H‘} .



tet 6, ¢ [0,9] x (0,1] & b,1] be the conditional cistributio
function which eussdrizes thes belief of pluyer 4 ebout playesr
JA & (3's opponent) accepting @ utility outcoms, given player i's
utility outcome, 4 = 1,2, Thus, 61(x2|x1) is pleyer 1'g dasespsent of
the probeability of player 2 accepting & utility outcome X, or less,

given that pleyer 1's utility outcome is X

The non-cooperative geme we heve in mind ig the following. The

underlying true bargeining problems HeW being given esch player i

amounces & disdgreemant utility d;. The pair (H,d), d =(d,,d,) is &
fixed threat bargaining problem in W. Beged on the information snnounced
by the players the arbitrator uging @ solution F selects &n t;utcolc

F (H,d) which s«ch pleyer acceots with & probability determined by

61 and 52 respectively. In the svent that the outcoms is rejectsd, by
any ons or both the playsrg, the piarticipants settle down for their

true digigressent payoffe 0 = (0,0).

Let (61.62)(41 be the announced disagreement payoffs of the

Teadetthve playars. 1Y F 1g the solution being uged by the arbitrator,
the expected payoff of player 1 is

P (d,.8,) = F (Hid,,0)). c‘(rz(um‘.az)'r1(n;¢1,d2)).

The expected payoff of player 2 is

Po(dysd,) = F (Hid,s0,)e G (F,(Kid .0 )} F (Hid,,0,)))



A threat bargeining game wdth correlated beliefs

Qufiniuon S s-

squipped with & solution F i én ordersd triplet (H,f,C) where

(1) w -é is e true bargeining problem

(%) F s 9 ->R2 is & bargaining seolution
(444) C = ((;1.52) is & peir of conditiondl probebility distri-

bution functions on [0,1].

The noticon of 4n eguilibrium thit we 4dopt in this paper is
given by the follouwing definition,

An equilibrium for & threst beargaining gdme uith

pefinition 6 -

corrslatéd beliefs
* *
an orderaed pair (d1.d2)G H such that

equipped ith & golution Fs i.e¢ (H.F .G) is

(1) 91(d:.d;)}, P1(d1.d;) v d.e [0,1]

® a [ ]
(11} pz(d‘ Odz) >/ pi(d" .dz)'v dze [0 .1] o \,fIAK‘PfI‘,M C i p g Dt a2y
: : : : P ALEMNT

VA af e A
This is the femiliar Nagh equilibrium which may dint of its

self enforcesability finds @ distinguished plaeced as a solution concept.

In the cige of thraat bargaining problems, the iolauan.hip betusen a

Negh equilibrium and well known golutions to bargeining problems have

peen gtudied sarlier, : _



2. Fain Theores 3

In this section we shsll try to impose conditieng under which
truthful revelation of dissgresment utility will be guaranteed by a

bargaining solution,

The main theorem of this peper is the follouing:

Theorem 1 3~ Lot 61(x2\x1) = ain gx .xg } if x4 > 0
4
= 1 ir x1 =0
and Gz(x1\ xz) = ain {x1,x2} ir x, > 0
X2
= 1 i Xz =0

Then (0,0) is @n equilidrium of the threat bargaining game
with correlated beliefs . {H,F,C) equipped with & golution F is

and only 4f F 4is the Kelai-smorocinsky [1975] solution .e.
F(S) = arg max {n.ln (x, (x))] = arg mx {.lin (xz.cf.'(.z))}
0 /_::1 L1 0 Lx, L1
5 €.

Proof s- Given G, and C,, P,(d,,d,) = min {r,(nm‘,cz),

PulF4(Hidy00,))}

-1
P(d,et)) = min {rz(ngu1,u2) .?H(rz(n;dvdz))}._



Observe that by property (i) of a solution I’z(sz‘.dz) -
-
?H(Fi(ﬂtdl.dz)) and F (Hid,,d,) '?u("z(“"'p"z”

Suppose f = (F,,Fz) is the Kalai-Smorodinsky [1975J solution,

P,(H30,0) = -m{r,(u;o,o) ,Cfﬂ(r1(nzo.u))}>, ®in {xvcfH(xQ}VO‘[ xq {1,

by definition of the solution.

since P (Hid,,0) = min {x1,<rﬂ(x1)} for some x.& [0,1] ,

we get,
p,(u;o.o)),:i‘(n:dI.n)V d.& E.ﬂ .

By @ similar argument it follows that

P,(30,0) ) P (W3 0,d,)¥ d,&[0,1] .

Hence (0,0) is an equilibrium for (H,F,G).

Conversely suppaes that (0,0) is an equilibrium for (H,F,G),
but F is not the Kelai-smorodinsky [1975] solution. Let (xf.ff’“(x:))

be the Kelaji-Smorodingky solution outcomas for H ¢ v. By assusption
L}
(FD) and without loss of gmndlity] dy% 0» euch that
] Y *
Hence
] & &

contradioting that (0,0) is an equilibriuva. Hence the theorem.

Q.ED.



3. Conclusion

Apert from achieving a characterization of the
Kalai=-5Smorodineky (1975) solution without & monotonicity

assumption, we have also extended the framework of threat

bargaininy games to include correlated beliefs in owr

mooel, This eccounts for edditional realism in our stucy.

The structure of the beliefs used to characterize the
Kalai=Smorooinsky solutiorn i& not as straightforwara as
the uniform distribution used in charscterizing the
Nash (1950) solution (see Lahiri (1989)). hone the less
it is generated by g genuine distribution function and
one that cen arise very natuwally in the pressnce of

incomplete information,
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