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Abstract

In this paper we show that essentially the only mechanism
which is strongly fair in an gconoamy with production is the
@qual income marginal cost pricing (EIMCP) machanism. A
variant of the anatlysis would prove that the on!y mechanism
which guarantees strongly fair net trades is the marginal! cost

pricing (MCP) mechanism.



1. Introduction :- Equity and efficlency, ara two concepts
which are at the center of many economic analysis.

In Foley (1987), originates an ordinal concept of equity.
the cancept of an envy-free allocation. This concept has haeen
analyzed by Varian (1974,1975). Interesting resulits for pure
exchangae economies exist (for instance in Foley (1987)),.
Schmeidler and Vind (1972), Kolm (1972), Schmeidler and Yaari
(1971). Goldman and Sussangkarn (1578)). Sonme ganaralizations
and modifications of the above concept, In the context of purae
exchange economies have been worked out (see Themson and
- Varian (19758) for a summary).

In the context of economies with production, analysis of
aqulty considerations exist; but the body of !itarature has
grown m@much less compared to the analysis in pure eaxchange
economies. This is probably because, the inputs of two
different individuais are nbt always of the same variety.

To compare the inputs of different individuals, Mimises
(1974), 1invokes the concapt of produ;tivity. Qur paper
analyses the equity issue in an economy with production, where
productivities of the individuals méy be differens. We have
adapted a concept of strong-fairness (due to Sato-(lgs?)).

proposed for an economy with public goods, to the present

context, and we show that the eggqual income marginal cost
Pricing mechanism is essentially the only mechanism satisfying
strong fairness. Conceptual difticulties about the

interpretation of the results arise., That forms the subject aof
our discussion in the conclusion.

2. The Model :- The sconomy has two private goods: Labar is
used as input to produce corn (the output). The production of
y units of corn requires x=c(y) units of standard labor. For
the sake of simplicity, we assume that the function c:iR ,—%h
linear: i.e. Jc>0 xuch that cly)=a.y,W>O. ’

We have n agents. Inttially, agent i is endowed with vy
units of leisure (lefsure can be consumed or used up as labor)
and no corn, At the final allocation, he sues partion of his
leisure, say Xis &8 labor and oconsumes yiunits of corn. His
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prefarences are degscribed by a utility function u i(“i' x 1 v
yi) gvaer leisura x corn,

We assuma that the productivity of agent 1 is given by a
positive real number wm; which tsl!s us the gquantity of standard
laber that one unit of his labor produces. Thus agent i is
more productive than agent i is equivalaent to saying that =, >
‘l't} .

An allocation (X,¥)=(X | ,eessXqi¥ | seccrYy Y} is thus
feasible if and only {f _

0<xy $w ,08y ¥V 1 and Elymy xy= ¢ (& Mag vy) (D)

For the sake of simplicity we assume that for each 1. uy
:lz. ->R is continuous .and strictly increasing. Such is the
tamiliar framework of an sconomy with production as conceived
by Mirlees (1974),

A feasible allocation (x,y) is said ta be gfficient if
there is no other feasible altocation (x’,y*) such that wu;
Cwy =X Y oy (W -xy .yy) for every agent i.

An agent i envies an agent j at an allocation (x,y) if u

.

x
(W =%;.74 y<Cuy C (wy %y Yo¥ ). AN allocation is envyfree
Rl -

{f no agent envies any other agent.

Definition - An allocation (x,¥y) is fair it 1t is both
efficient and envy-frese.

Throughout our analysis wa will conslider the preferences
and the cost function as fixed and address our concerns to the
tollowing problem: There is given an aggregate amount of
standard leisurs W>0. We consider the set € (@r=tw, tx,y))ER",
x(B% ) ¥ /", % W =¥ and (x,y) is an allocation for w}. A
cholce function is a function F:l“-Nl‘.)s such that F(W)E
E(F)VQEI,,. A choice fungtion is said to be efficient it W0,
F(w)alw, (x.y)) implies (x,y) is efficient for w. It is said to
be envy fresg tf WO, F(W)=(w,(x,y)) implies (x,y) {s envyfrees
far w. 1t 1a said to be fajr 1f 1t is Dbath efficient and envy
free.

To begin with we propose the following chofice funotion:
V0, let F(dda(u,(x,y)) matiaty,



(1, "l Wl" xi"’unjv
(11) JIp>0, such that (xl +¥y) maximizes

;- nY;‘)
s.t. my (w -xi’ }'pri’-:?!i w g

uy (wi-x
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We call the above choice function, the egua] incoms,
marginal c¢ost pricing choice function as P in the above

definition would have to agqual the marginal cost of production
‘e*., It is easy to see that the equal income marginal cast
pricing (EIMCP) choice function is fair.

We now propose a further strengthening of the fairness
criteria by suggesting a definition of strong fairness along
the lines suggested by Sato ¢ :87).

Let (x,y)ER", xR"be an allocation for w=(w frereswy A",

n =

n
It u;, (E 8 (w, ,-x),E B,y 2>% (w; -x,,y ;) for
ijalii 17X1742 1Yy 02 Oey mxey
\1-‘._ n
s0me n non-negative rational numbers (lenklwhusa'sum. E ﬁjzl.
j=1

£l
-

then agent 1 is said to have a gtrongly legitimate complain.

The allocation is said teo be strongly envy free if there is no

agent who has a strongly legitimate complaint. If {n addition
it is efficient for w, wae say that the allocation is strongly
fajr.

A choice function F:R,, -)(ln,)a is said to be gtrongly
anv e 1t W>0, F(@)=(w,(x,y)) ieplies (x,y) 1s strangly
anvy frae for w, It 12 said to bhe gtrongly fair if it 1z hoth
effiolent and strongly envy free.

3. The Main Theorem :- The main theorem af this paper
characterizes the na c solution
(EIMCP) uniquely in terms of strongly fair allocations under
mild assumptions

Iheorem § :- An EIMCP allocation {s strongly fair. Conversely,
it utility functions of the agents are quasi-ooncave then a
strongly fair alioccation is a EIMCP.

Ergot 1~ The first part of this theorem is easily verified.



S0 we prova, the second part. Let (x,y) be a ltronglﬁ fatr

allocation for w=(w  ,...,w,). We need to show =« f W T = W o,

since Pareto optimality of (x,v), implies that there exists

p(=c) with respect to which (x;,y;) maximizes u i(wi-x;,y;)

s.t. x (wl-x;_ )+p)1‘ =w oWy Oix;'. Oiy; WViE{l,....n},
Suppose, there exists 1, &N such that = jwiom Weg

o T (W o-x g Yepyy >y (wy —xy)+py

s (L (w; -% ).y ) lies above the budget set of j.

™

By continulty and quasi-concavity of u {?
R% ->R IBE(0.1) such that,
*1
uy (8 —-- (W =% ),yi)ftl-B)(uj “Xj a Y })>uj (wj-x j-yj}
i
By centinuity of u j.B can be chosen rationat.

This contradicts that (x,y) is strong}y envy~-freea.

s

Thus =; » =ulx1¥i.jE{1.....n}.
o Q.E.D.

4. Conclusion :- Much though we would 1like to vicw-thig as a
planning problewn, it is difficult to conceive of mechanisms,
which allocate labor (or leisure) across individuals to begin
with. Thus the significance of the above problem remains
purely positive {.e. if allocations of leisure were such that
T WEwy Uj\d.jEN. then the MCP allocation would be strongly
fair and conversely.

To i{nterpret the above result normitively. we would have
to conceive of the numeraire good am something other than
labor, something which can be distributed by a planner across
tndividuals., and which alsc aenters as an input 1in the
production process for a simple two good econeomy. Then our
above result becomes a strong endorsement of the EIMCP
mechanism. However, what™-different productivities of this
numeraire good nmeans, {s not clear except poxsibly in an
international trade context,

In a different context, we could have defined the concept
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of a strongfy fair net +trade and shown that {t implied a
marginal cost pricing (MCP) allocation. Since the analysis
would be completely analogous, we rest content with the result

obtained above.
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