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ABSTRACT

In this paper we provs the non-existence of pure bargaining
solutions which satisfy Pareto optimality, Anonymity and
Invariance With Respect to Allowabls Ordinal Transfdarmations.



1.

2.

Introductiont

Consider an arbitrator responsible forhelping two players
to coopsrate in gams situations. For any bargaining
problem which the players might faca, ha must be

prepared to recommend a fair cooperative agreement for
the two pleyers. The received theory of bargaininog
assuymas that the preferencas of the playsrs ovar

distinct outcomss is representable by a cardinal utility
function. A notable exception in the paper by Hyeradﬁ
(1977), uwhare he shows that ths sgalitarian solution of
Kalai (1977), is invariant under som= ordinal

transformation of the preferences of ths players.

Our purpose in this paper is to prove that if the
arbitrator was to impose a mild anonymity requirament
then it would be impossible to find a bargaining solution
which is Pareto optimal and invariant with respsct to

'allowable' ordsr preserving transformations.

efinitions and Notations:

[ ]
In this paper, we will follow the axicmatiwe approach to

the bargaining problem as initiated by Nash {1950), We

restrict our attention to two=psrson bargaining

problems.

formally, a (two-person) bargaining game S.is a proper

A
subset of the plane ﬁa satisfying
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1) § is closed, convex and ‘sup'{ x. /x € S} e R
for all iE{‘l_.z} H

2) e (= (o,0) )E,S and x% O for some xes :

3_) S is comprehensive, f.a. for all x ¢ S and

1
y € ‘R y 1f y{ x then ye-S é

Let B denote ths family of all bargaining games, When
interpreting an S € B, one must think of the following
game situation. Two players (bargainers) may cwoperate and
agras on a feasible outcome x ing ¢ giving utility X to
player-l = 1,2, or they may fail to co‘operata, in which
case the game ends in ‘the disagreement outcome 0. So for
any SG 8, the disagresment outcome is fixed at O.
€losedness of g is required for mathematical convenience;
convexity stems from allowing lntteéias in an underlying
bargaining situation or concave and monotone utility
functions in fair division problems. Further, it is
assumed that gis bounded from above, but not from bslow,
since we allow free disposal of utility. The reguirement

x % 0 for soma xeg servas to give each player an incentive
to cooperats. Not all of tks restrictions in (1) - (3) are
necessary for all of our recults, but assuming them
simplifiss matters and, morsover, none of them goes

against intuition.

2
A (two-person) bargaining sclution is a map ¢ : 8 > R
assighing to sach S € B an outcomz CP (S)GS_ and such that

Axiom . 0 holds:

Axiom O 13 Cb (S) dapends_.}:nly on (the shaps of) s.



Axicm Blis crucial in view ofthe rasult obtained by Bhaplay
(1969), that if we mllow for arbitrary order presssfving
transformatiocns of the utility scales of the players

and require the bargaining solution to remain invariant
undar such transformatiﬁns than Axiom D is viclated.

Thus in order to establich our result we will naeed to
rastrict tha class of allowable order presserving
transformations. We shall prove that even by restricting
the class of order preserving trangformations ¥e canngt

hoepe to do much batter.

An ordsr-preserving transformation of the reals is a

function g: TR-;R such thzt g is one~to-ons , onto,
g (0) =0 and xyy implies g (x)> 9 {y). It can sasily
be shown that an orderepresarving transformation must be

a continuous fuhction.

An ordipal transformation ie a pair of ordar preserving

transformations (g, h).

ng__s_,g#s.__ Wo_shall say that (g,h) is an allowable

ordinal transformation if and only if it is an ordinal

tranafarmation which satisTies the additional conditiont

) § $= {600, ) / (yreS)
implies g {x} = x, b {y) = y for all

(xsy) € IRz

A T gy P,

For such allowable ordinal transformations Axiom 0 is
trivially satisfied. Hence on this subeclass of ordinal

transformations Shaphy's (1969) theorem has little to say.



On ths other hand es Shubik (1987) points out, there are
soma noplinear groups of utility - scals transformations
that do not run afoul of Shapley's Bargainsrs Paradox.
This raises the interesting possibility of intercadiate
utility types, betwesn ordinal angd cardinal. Howaver,
as we show subsaquaently we cannot hope to be vary

optimistic about such possibilities.

For SE€B, 1at P (8) ={ xE S/ for all ye¢ S, ifyd xy

then y = x} denote ths Pareto optimal subset of S.

2
Let ¢ : B-)TR be a bargaining solution. The following two

axioms will play an important role.

Axiom 1 (Parsto Optimality, PO) :HS)e p (S )

for all S € 8.
"IRRAWM BARANNA] LIBRARY
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Axiom 2 (Invariance With Respsct of Allowable Ordinal

Transformations, IAOT): Let (g,h)bs an allowabls ordinal

transformation. Then, (ge 44 (S}, h 943 (s)) =
(§ 6l niy) ¥/ <‘x,y)e5} ) uhenever; SL(gcx), h(y) )/
(xyy) € 5} € B.

Axiom 3 (Anonymity, AN) 1 Lat TU 3 {1,2}4{1,2}
bs a function such that §T (1) = 28, 1t (2) = 1.
For (x , y )€ IR1 denote (x, y).

= (y, x) and for A€ R 1at

A = e R/ coneh )

Then & (S,) = ($(SY ) 4 Se b,

e
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We adopt another notation : for a finite numbsr of vectors

(x1’y1)' £x2’y2), sescey (xlt)’l)
in rR. '
Sy 629D eennnn, Ghayh) )

= { (xoy)e BT (xsy}{ (%, ¥) for some

R Y O T R o} }

Axiom 4 (Pureness of Solutiens, PS)-: Given,
S Gy 623y%) e, (Aiyty ) =56 8,
b (s) € { (x',y"), (xznyz),------. (xl.yl)}-

The terminoloaical convention of denoting such outcomes, and
hence the solution, as pura, is in contrast tao dafining a
canvex combination of two such outcomes as mixed. The
significance of the ansuing results, in problems of sockal

choice is therefore quite obvious.
Main Results:

In this section wa state and prove tha main theorem of thig
paper. Tha content of this theorem is that thare does not

exist any solution sttisfying Axioms 0 to 4 on the class of

.games B,

Theorem 1 31 There does not exist a function d?; B-)(Rz
. such that CP(S)E S Se B

satisfying Axioms 0, 1, 2, 3 and 4.

Proof ¢ et S = S(g (v, 0Fy?) ), uitn

(!1sy1)n (Xzyyz) € P (S). Suppose tovards a

..6



a2
contradiction that thers exists a solution d? H B’ ‘R
such that @ (5)€ 5 ¥ S € B  satisfying Axioms O, 1, 2,
3 and 4. Uithout loss of genarality assums that 4? (s) =

1 1 2
(x',y ) and x x2. Hence y‘{ Y o
Congider,

' =5 ( ("), (2y?)) with

(5_1,11), (52,3_2)6 P {5') and _1_)52.

Suppose SI #5. Clearly thets exist order preserving
trangformations g3 IR,-: I?\, and h 3 R’) R./ such that
o (Y =x'y 9 A =L ) =yt h 6O =4

with othsr points on the parcato frontisr being defined

linaarly.

Thus by axiom 2, (b (Sf) = (,51, 11)
Ey axiom 3, CP(S‘K) = (.'L‘f: .-11)'

]
since 5 can be obtained from S, by an allowable ordinad
transformation, which assigns xz to 11, 11 to _gz, yz to _>_<_1,
y1 to 52, cther points on the Parceto frontier being

dafinad lingarly, we gst by Axiom 2, that

¢ (5) = (xz,yz) and a cantradiction ¥his proves ths thooram.

Q.E.D

Canclusionst

In this paper, we prove a thaorem which asserts the none
existence of bargaining solutions under sesmingly innocuous
agsumptions., Shapley (1969) proves the non-sxistence of &

bargaining solution which is invariant under ordinal

T T T Pl bl Fa057Y Rraitmirmr aco=srdbo that Fhara



2.

3.

4.

are bargaining solutians which are invariant under order-
presstving non-linsar transformations. e show that the

class of such non-=lingar transformations could definitely not

be very large, if in addition we require enonymity of barga#ning

solutions.
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