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1 Introduction

The present paper attempts to provide simple proofs of two theorems in the
literature of axiomatic bargaining with a variable population. Both theorems deal
with axiomatic characterizations of the egalitarian solution due to Kalai (1997), in
the variable population framework. The egalitarian solution assigns to a
bargaining problem (arising out of the problem of dividing a bundle of goods
amongst a finite number of agents) the utility allocation which is both Weakly
Pareto Optimal and has equal coordinates. There are several exhaustive
treatments of the central issues in axiomatic bargaining with a variable
population, notably Thomson and Lensberg (1985). The origins of this line of
speech can be traced to Thomson (1983a).

The first theorem whose proof we simplify is the one appearing in Thomson
(1983b), where the egalitarian solution is characterized by a population
monotonicity assumption. Unlike Thomson (1983b), our proof relies heavily on
the fact that the set of potential agents is infinite. Thomson (1983b) proves the
result even when the set of potential agents is finite.

The second theorem whose proof we simplify is the one appearing in Lahiri
(1998), where the egalitarian solution is characterized by a weak reduced game
property due to Peters, Tijs and Zarzuelo (1994). Although, we provide this proof
for the case where the set of potential agents is infinite, a quick study of the
proof reveals that it is equally valid if the number of potential agents is at least
three. Thus this is really an alternative proof. '

Since this paper is primarily a technical note, we do not provide any intuitive
motivations behind our assumptions or results. In any case, elaborate
discussions of the properties are available in the literature cited above.



2 The Model

Let I = X (the set of natural numbers). I is the set of potential agents. Agents in
I are indexed by the subscript i. P is the class of nonempty finite subsets of I.
Given PeP, | P| is the cardinality of P and ®" (resp. %°, %" ). Given Pin P a

bargaining problem (briefly, a problem) for P is any nonempty compact, convex
subset S of such®® that

(a) S is comprehensive : 0<y<x e S, impliesy € S;
(b) there exists x € S such that x >> 0.

In the above, givenx,y € R x>y o[x > yiViePl.x>y < [x2y &
Xzyl, x>>y e [x>y VieP]

Let 37 denote the class of all bargaining problems for P and let ¥ = o P
Let X= u R° .
PeP
A solution on ¥ is a functionf: 3, = X suchthat F(S) e SV S € }..

The egalitarian solution on X, denoted by E : . - X (or simply by E) is
defined as follows : given P ¢ P and S € 3, E(S) = te,, where

(i) t =max{te R./te,e S}
(i) epis the vector in ®® with all coordinates equal to 1.

A solution F on ¥ is said to satisfy :

a) Weak Pareto Optimality (WPO) fforallPePandSey , xe R, X>>
F(S) implies x ¢ S;

b) Anonymity (AN) ifforallP, Q e Pwith|P| = |Ql andSe ¥’ Tex® ifT=
{r(x)/x e S}then F(T) = n[F(S)] where n : P — Q is a one to one function
and forx € ®°, n(x) =y where y,i,= xV i € P.

c) Nash’s Independence of Irrelevant Alternatives (NIlA) ifforallP € P, S, T ¢
P with S T, [F(T) € S implies F(S) = F(T)]. :

d) Continuity (CONT) if for all P e P, for all sequences {8} in X  and S in &"
with lim..,.. 8 = S (in the Hausdorff topology), lim._. F( S*) = F(S) (in the
Euclidean topology).

e) Monotonicity with Respect to Changes in the Number of Agents (MON) if for
alPQePwithPcQforallSeX andTe X% ifS=T, thenforallieP,



F.(S) = Fi(T), where T' = { xo/ x € T}. (Note : given x € R®, xp is the
restriction of x to P).

3 The Main Theorem :

Theorem 1 : The only solution on . to satisfy WPO, AN, NIIA, CONT and MON
is E.

Proof : It is easy to see that E satisfies the above properties. Hence let us
assume that F is a solution which satisfies the desired properties. Given P € P
and S € ¥, let u(S) € ®* be defined as follows : u(S) = max { x/ x € S}

wheneveri € P.

Lemma 1 : Let F satisfy WPO, AN, CONT and MONon 3. Given S € 37 (P € P),
suppose

(@u(S)=y(S)vijeP.
Then F(S) = E(S).

Proof : Let S satisfy the hypothesis of the lemma. Suppose {x e S/y>x—>y ¢
S} = {xeS/y>x—yeS8}

Let E(S) = ber with b > 0.

Letk ¢ I \ P and let Q = Pu{x}. Without loss of generality assume P =
{1,...x-1). Let 8°=S; let Q' = {2,....x} and let o' : P —~ Q' be defined by = (i) =
(i+1) mod k, let Q*={1,3,4,..x}and let x> : P - 02 be defined by n%(i) = (i + 2)
mod x. In general for 1 <j < x-1, IetQ‘—(Pu{x})\{j}and let @ : P > Q' be
definedby w'(i) =(i+j)modx. LetS' ={r'(x)/x e S}.

Let T be the smallest convex and comprehensive set containing S°, S',
§%...,.8°" and{ beg}.

By WPO and AN, F(T) = beq = E(T).

Now S = 8% = {xp/x e T}.

By MON, F(S) > Fg(T) = bep. _
But then by WPO of £ and by the assumption made on S, F(S) = bep = E(S).

By CONT, F(S) = E(S), whenever S satisfies the condition of the lemma.
Q.E.D

Proof of Main Theorem Continued : Given S e Y*, P € P, let a = min {u(S)/i
€ P}. Suppose



{xeSly>x->yeS}={xeSly>x—-yegS}

If aep = u(S), then by lemma 1, F(S) = E(S).

Hence assume, u(S) > aer >> 0.

Clearlyy >>aep —>y ¢ S.

Thusy>aep—>ygS.

If aep € S, then since aer>> 0, for all i € P, there exists X' €S such that X; >a.

But this contradicts definition of a. Thus aer ¢ S.

Let S(0)={x e Six;<aVieP}

Now E(S) << aep,

Thus E(S) = E(S(0)) = bep (say).

By lemma 1,F(S) = E(S) = E(S(0)) = bep.

Further, bep € rel. int. {x € S(O)ly >x >y ¢ S}.

Let S(t)={x e S <tui(S) + (1-t) u(S) Vie P}, t [0, 1].
Suppose F(S) = F(S(1)) = bep.

By NIIA, F(S(1)) € S\ §(0).

Further, for t < 1, F(S(t)) € S(0) — F(S(t)) = bep. Since ber € rel.int. {x € S(0)
ly>x—y ¢ S}, we get a contradiction of the continuity of F.

Thus F(S) = E(S).
By CONT, F(S)=E(S)forall S ¢ X.
Q.E.D.

Remark : In the above proof we have implicitly assumed that beq is Weakly
Pareto Optimal in T. Let us now show why this would actually be the case. Let V
be the smallest convex comprehensive set containing 8%, S', ..., $" and let beq
= E(V). By WPO and AN, F(V) = beq. Let d = max {b, b } and U be the smailest
convex comprehensive set containing S°, S',...,S' and deq . Further, Us = S.
Thus by MON, F(S) = F(Up) > Fe(U) = der > bep. Thus by our assumption, F(S) =
bep. Hence bep = dep. Thus b = d. Hence beq is Weakly Pareto Optimal in V and
alsoinT.

4. Auxiliary Result :
Once again a solution F on X is said to satisfy :

() Homogeneity (HOM) ifforallP € P, S € 3", and A > 0, F(AS) = AF(S). (Here
given x e R and A >0, (Ax)i=Ax,V i € P; AS = {Ax/x & S}).
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(g) Weak Reduced Game Property (WRGP) if for all P, Q € P with P — Q and
| Pl =2forall S e 3% F(S) # 0 implies F(S:‘s’) = Fp(S), where Sp = {Xo/ X €

8}, Si® = A(Se, Fe(S))Se and A (Se, Fe(S)) = min{A € R,/ Fp(S) € ASp.}

Theorem 2 : The only solution of ¥ to satisfy WPO, AN, HOM, NIIA, WRGP and
CONT s E.

Proof : It is easy to check that E satisfies the above properties. Hence, let F be
a solution which satisfies the stated properties.

Lemma 2 : Let F satisfy WPO, AN, HOM, WRGP and CONT on %. Given V ¢
Y™ M e P, suppose

(@uV)=yV) Vi jeM
Then F(V) = E(V).
Proof : Let V satisfy the hypothesis of the lemma.

Suppose {x € Vly > x -y ¢ V} = {x € Vly >> x = y € V}. We will show that
F(V) has all coordinates equal , so that by WPO it must agree with E(V).

LetP={i,j}cMandletS=Vp Letx € T\{i, j} and let

Q={i, ], k}. Construct T € X° as follows : Let $°= S,

S"={(y, ) € R Iy, =x, y, =X, for some (x, %) € S}

S?={(yw i) € R® fy, =X, yi=x, for some (x, X; ) € S}.

Let T be the smallest comprehensive convex set containing S° S', S2
Clearly, Te = S and by WPO and AN, F (T) = E (T). By WRGP, F(TI™) = Fu(T) =
Er(T), by HOM, F(T.™)
=F (A (Te, Fe(T))Te) = M(Te, Fo(T))F(Te).

Therefore, F(S) = F(Te) = 1 Ep(T).

2 (T, F.(T)
Therefore, F(Vp) has both coordinates equal, whenever P ={i,j}c M.
By WRGP,

Fe(V) = F(VE™) = F(A(Ve, Fe(V)) Ve)
= A (Vp, Fa(V)) F(Vp) (by HOM).

Thus, Fp(V) has both coordinates equal whenever P ={i,j}c M.
Thus, F(V) has all its coordinates equal.
By WPO, F (V) = E (V).

Q.E.D.
Proof of Theorem 2 Continued : The argument now is identical to the
argument in the proof of Theorem 1 appearing after the proof of Lemma 1.



Note : The above theorem and proof would be equally valid if instead of
assuming I = N , we had assumed | I| > 3.
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