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A NIC:E Y AND S UFFICIINT CORDIT IOE FOR i
M.IFIX 10 Bt TOI,LLY UNIMODULR

;rrtroduction and Cummary

A-ts-uc-{o“) is said to be totslly unimodular if the
detarminant of every minor of C equals 0, 4} oF wl. Some of the
g;gggggjl examples of totally unimodular matrices are the co-

“efficient metrix of the transportation problem, the node-zxe

incidence matrix of a graph and the node=edge incidence motrix

of a graph with no odd cycles. Some of the propsrties and charace
teristics of the totally unimodular matrices have been studied by
many authors, e.g. A.J. Hoffman and J.B. Kruskal / 2 7, 1. Heller
and C.B. Tompkins 1?1_7

characterization of these metrices with utmost two non-zero
%entries in each column wne nrovided by'Heller and Tompkins Zfi_z.

i detailed analysis along with some cufficient conditions for a
matrix of 0% and 1's to be totally unimodular was given by Hofiman
and Kruskal /2 7. - Hoffman and Kruskal mention in their japer (pe235
and 245) that necessary and sufficiznt conditions casily applicable
on the given matrix itself would bz vury interesting., This papser
provides a nagessory and sufficient condition for a matrix C with
¢lements O, 1 or -1 to be totally unimodular. This condition in turn
Jrovides an itezatiue method directly applicable on the motrix itself”
to recognize total unimodularity or otherwise of any given matrix.

‘2. Let C be 2 matrix with m rows and n columns ard @ith rank

Pe By a funzamental 2lementary operation on the matrix G, we mean



any of the following operationss ‘
(i) Intetchange of any two rows (colgmnS)_ﬂ

(ii) Adding or u subtracting ons rov (olumn) from
another row (column) o

(iii) Multiplication of & xow (column) by =l..

First ve have a simsls "necesszry" condition for a mrtrix to be

totally unimodular.

Theorems  In ordsr that th* mutrix C be totally unimeduler
it {c n@cessary that the m-trix C c2n b+ riducud by fundamentszl
elementary op-rations to a matrix with p» 1's in the lwading diagonal

and 0%s clsewhore.’

Proof: Let C b: totally unimodular. By sorforming furda-
mental elementaryﬂdperations, if necessany, we con make the leeding
element of the matrix_qduél to 1. By fundamental :lementary
opurations we first make all the clememts in the first column
{ixcepot the leading clement) egu~l to zeso and then all the elumunts
in th: fifst Tow { except the sacding element) equal to zizo. Lwlote
the firzst ro and the fire: column of the mrtTix and we can show
thet the raiuce. (m-1} x {n-1) metrix iz alsc totally ﬁnimodula;.

To sce this, su:j0se th-t this rzduced matrix is not totally uni-
modulsr. Then thete exists © x r miror with determincnt not equal
to 0, + 1. Consi‘er riow the (r+l) x (r+l) minor vbtained by
adjoining to the {r x ) inino. the corsesyonding elements of the
deleted row an< column. Th: value of this {(r + 1) x (r + 1) minox
is unchangzd and sinc: this minos is obtaind by the furdamental
glem -ntaxy Egérétions,‘ths some (r + 1) x (r + 1) miror in the
original matzix C, has for its d&terminﬁht-fhé same value. his
contradicts th: fact that C waec totally unimodular. lepzit

succesrively the above opurstions on ths recuced matrices and we



finzlly arrive at th: form indicated in the theorem. This completes

the proof of the theorem.

The proof for the above theor.m indicates sometimes 2 method
(directly applicable on the elements of the matrix) to recogrize
non=total unimodularity. If in tho orocess of the ruductinn to the
roquired form we get an entry 4+ 2 in th. reduced matrix, ws cin
cunclude that the given mstrix i= not totzally unimodular. Theo

following oxaisple illustrates this point.

tx@mplﬁ—l

A 10 x 10 nen-totally unimodular metrix r-cognized by the

angve method. d
1 1 11 1 -1 -1 -1 =1 -l
1 ) 1 0 | o -1 0 -1
1 1 o © 1 -1 -1 0 0
1 1 11 0 0 -1 -1 =1 -l
1 1 1 0o -1 = o -1 0 =1
-1 -l 0 -1 -l 1 1 1 1 1
1 0 1 0 1 -1 -1 0o -1
1 1 11 0 0 -1 -1 0o -1
-1 -1 -1 0 0 0 1 0 1
1 0 1 0 1 -1 -1 0 -1



The above theorem provides only a necesr.ry condition for a
metrix C to be totally unimodular. The condition is not sufficicent

2z can be seen by the following example:

Example 2@ \

1 0
o1
11

Cc O -

1
1
0

This matrix is not totally unimodular but can b. roduced to the form
indicated in the theorem. The author is indebted for Profesczor £. dolas
Tor the above example. -

We give next a ﬁecessary and sufficient condition for a metrix
C to bc.totally unimodular, This condition is casy to state and ylelds
an iterative method dizectly applicable on the elements of the matrix
to determine whether a given matrix is totally unimodul-r o rot.
Corsidir the first column of the matrix. If all the o'ements of the
first column are zero, delete this column from the matrix ahd then
consider the socond column. Without lose of gen&ralitv,tbungofe,
assum: thaot not all elements of the first ¢olumn arz zero. SUpI0se
41 2 O 'By‘fundamental elementary op.rations we con make 21l cjl with
5 = % 1 equal to zero. Thendeleto this first column and e h-wve 2
reduced matrix of dimensiuns mX (n-1). Consider all these zsduced
mztrices obtained by consiering éep&rately all'thc ele Dnts'ckl with
1 > 0. Clearly the numbe: of such reduced matrices‘equals tha nuaber
of elements S1 ¢ k=1, 2, .. m that ave not zero. We hsve then the

following theovoems

Theorem; 2
The given metrix C = (cij) with m.rows a2nd n columns is totally
‘unimodular if and only if cach of th. above~defined reducecd motrices

ar: totally unimodulor.



Prooifs Necess1t

uup)OS' that one of these ;ecuced mhatrices, say, obtainhed from
the ith row (c;y 5 0) is not totally unimodular (TU). This implies
that therz exis ts a minor of. order r whose dwterminont 1s not O or t 1.
Carte 13 If this does not c)ntain the ith row, we can cors irlar, as in the
wrocf of Theorem 1, the (z '+ 1) x {r + 1) minor by adjoining ths
corres soniing elements of the it h row an the 2lements of the flrst

column with leading element cii and others all zero. again by th: same
argument as in the arocf of Theoram 1 we would get a cont. adiction that
the given metrix C was not TU. Case 2: 1f the minor of geder T
involvas the ith row, conesiderastion of the same r X T minor in the
civen matrix C suffices to bring out 2 contradiction that C vas not

TU.

Sufficiency:

ASsum: now that each of the raduccd motrices is TU but the given
matrix C is not TU. Then there exists a submatrix of C whoss deter-
minant is not Oy + 1. gain we distinguish two cares. ggig:ls This
metrix involvas the first column. Then there must be a non-zzro element
in this column (otherwise the determirent wi}l be zero) say Cip* Then
the Toduced metrix corresponding to this clement will be non TU, =
contradiction. Case 2: The matrix does not involve the first
column. Thic determinznt will h:ve the same vaelue (neither O nor
4+ 1) in all the reduced matrices contradicting acain the fact thet
-every one of them is TU., Thix completes the proof of the theorem.
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