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UTILITY THEORY AND PARTICIPATION IN UNFAIR LITTERIES
Nitin R Patel and Marti G Subrahmanyam#*

Since the development of the expected utility maxim by von
Neumann and Morgenstern, attempts have been made to provide a
rational basis for the observed behaviour of individuals under un-
certainty. Given reasonable assumptions regarding the form of the
utility function for wealth, certain stylised facts are sought to be
axplaineds Uhe such fact, which will concern us in this paper is the
willingness of an individual to purchase insurance and lottery tickets.,
In this connection, it has been pointed out that there is an incon-
sistency betwsen the standard assumption of diminishing marginal
utility and the observed phenomenon of participation by individuals
in fair or even unfair lotteries. If the marginal utility of wealth
diminishes consistent with a concave utility of wealth function, a .
fair lottery with equal odds of winning of loosing an identical
amount will never be undertaken. The gdin in utility from winning
will be less than the loss in utility from losing, so that the expected
utility from participation in the lottery is negative. Houwever, the

purchase of insurance by individuals is consistent with diminishing

#Both from the Indian Institute of Management, Ahmedabad.
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maroinal utility of wealth,

Two alternative explanations have been offered to explain
the observed purchase by individuals of both insurance and unfair
lottery tickets. The first one postulates a “specific utility of
gambling" which if added to the “negative" expected utility of a
lottery yields a positive value, The other approach suggestad.by
Friedman and Savage (1948) hypothesises a utility of wealth function
that is initially concave, has a convex segment and becomes concave
once more, Thus, there is a range in between where the individual
is willing to participate in an unfair loftary. While both these
explanations succced in Trationalising observed behaviour without jottie
soning the expected utility maxim, thay do not accord with the thoory
of consumer choiée. In this theory, the utility function in commndity
space is derived from the axioms of comparability, transitivity,
incréasing utility and diminishing marginal utility.

This paper provides an alternatiue»explanation for the observed
benaviour of individuals, that is consistent with cohgumsr choice theory.
The basic Aypothesis is that there arc certain commodities, mainly
luxuries, which are availabls only in integer amounts. Further, the
price of even a single unit of these commodities is large in relation
to an individual's budgct constraint, with the result that consum-

ption of these commodities implics sacrifice of consumption of other
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mor basic commoditics. This Ylumpincss® of high value commoditics
creates a situation where an individual is willing to partiecipate
in unfair gambles and yet is bchaving consistently with the
expected utility maxims,

We will first demonstrate that an indiyidual with a monotone
increasing, concave utility function in commodity space wi;l not
participate in 2n unfair gamble if the commoditiocs ;re perfectly
divisible,

Theorem: An individual with a monotonec increasing concave
utility function in commodity space who acts so as to
maximize expccted utility will not participate in unfair
gambles if thc commoditics arc parfectly divisible,

We assume thats

1e Thare‘are n commoditics indexed 152yeesseccssn,

r— —

2¢ - Ca is thc consumption vector, wheroc Ci is amount
C2 of commodity i that is consumed, i = 1;2y4ecs4n,
C = :
6n
3. P = (P1, PZ,......Pn) is the vector of prices, whore Di

is the price of commodity i, 1 = 142,eses.N4
n+ . A . R .
40 Us R—— R is tho utility function of the individual defined

on commodity space. Thus U{C) is tha utility from consuming C.



O+
S« ut R-—>3 R 1is thc utility function of the individual

defincd om wealth space. Thus u(B) is the utility accuring
from an amount of wcalth cqual to B,
6e Thce following rolations connects v and Us

u(B) = Max, U(C)

S.t. P.C & B
c>» o
Proof
We shall first show that u(B8) is a monotonc increasing concave
function of Bs Lot B,» 52(81 7 B,) be two valuos of wealth and

lct the corresponding optimal consumption bundles be C1 and CZ.
Lt AE (o, 1],
8y definition
u B+ (1-2)8) . =nax u(c) -
S.te PuCo SAB. +(1-3) B, CHO
Now C =)\C1 + (1-?982 is a reasible consumption bundle for this
budget, since PQ\C1 + (1-A)C2) =r’\PC'l + (1-A)DCZ =)\B1 +(1->952
so that .
urg + (1N8,) 3 U AC +(1-N)E) (1)
From the concavity of U it follows that

UAe, +(1-R)c,) ZAUCC, ) + (1-AU(E) (2)
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fFurther

Au(e,) + (1-2) u(C) =Au(E ) + (1-Mu(8,) (3)
from tho optimality of C1 and Cz.

From (1),(2) and (3), it follows that

u(AB1+(1J*)82)>A u(81) * (1-N u(B)

so that u(B) is a concave function of B.

Also, it is obvious that u(81)>u(82) for all 81) B, from
the fact that any feasible commodity bundle with a budget of 82 is also
feasible for the larger budget 81. Hencc, U(B) is a monotone ingreoasing

function.

Consider a gambla which will result in outcomes af wealth amount-

1

all i and ;E? qi = 1, Llet the gamble be unfair i.e.
m

fi; a,u, Z W where W is the amount of wealth possessed by tho

ing to W, W eeessasll with probabilities g ; g, eeesesed 5, g, g 0 for
% m 1 2 m i

individual before participating in the gamble. If he maximizes

gxpected utility, he will participate in the gamble if and only if

u(w) & % q.u(W ).

From the monotone increasing property of u, it follows that

<2
w(W) > u ( i;} qiui) (4)

From thec concavity of u, it follows that
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m m
u( Zqu) E; q; u(y,) (5)
m
u(w) > Eijqi u(u,) (6)

Thus ho does not participate in the gamble,

(Q.E.D.)

The kgy assumption in thc above proof was rcgarding the divisi-
bility of all commodities. Oncc we introduce lumpiness of somc
commodities, it is no longeor possible to assert the rojection of all
unfair gambles,

Thgorems An individual with a monotonc incroasing concave utility
function on commodity spacc who acts to maximize expccted
utility may choose to participate in certain unfair gambles
provided at lcast onc commodity is lumpy.

To prove this it will suffice to take the simplest case where
we have an additive utility function and only two commodities available
for consumption. We shall considor thc situation with ono commodity
being perfuctly divisible and the othor being lumpy. To avoid getting
into jirrcleovant complexities we shall further assumoc that the lumpy
commodity is available only in quantitics of zero or ons uﬁitt

Let us suppose commodity 1 is indivisiblo and only 0 or 1 units
of it can be consumcd. Llet us denote the additive utility function

by u1(c1) + uz(cz). Where u1, u2 are strictly conhcave, continuously

differentiable, monotone increasing functions,.
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To simplify our notation we will assumes
1« Scale and origin for u1 and u2 arc chosen such that
u (B =u(0) =0 andu (1) =1
(8 = 4, (0) (1)
2. Units of the commedities are chosen sg that the price of
gach commodity is unity,

)+ (To avoid carrying along a cumbcrsoma

3, UWe define u(cz) = U2(02
subscript)
Now lot us construct the utility function v(B) as a function

of the woalth B, Ffor B2Z1, the person has no choice but to consumea

as much commodity 2 as he can. Thus,

v(B) =u(B), B<1.

for B31, he can’choose between consuming O eor 1 unit of commodity
1(spending tha remaining wealth on cnﬁmodity 2).
Thus, v(B) = Max { u(8), 1+u(B=1) & B2

Thers are two distinct casess$

i. u(1) < 1. This casc .implices a discontinuity in
u(B) at B8 = 1,

ii, u{1) > 1 This case implies continuity of u(B)
In sach case we will show that thero will be unfair lotteries which
will be attractive to an oxpected utility maximizer whose wecalth is

in a certain range.



Case (i) (u(1) < 1)

To trocat case (i) we need to distinguish two subecasas,

namelys
(i/1) at (o) € g
(i/ii) - ou' (0) 71

Sub-cass {i/i) (u(i) <1, u'(@)< 1)

Figuro 1 dopicts v(B) in this sub=-case,

Figure 1

v(B) -
1 ' /
,O
ol IR SR
) N Lo /
U(X)F /_,. : ’/f

0 x 1 Wealth (B)
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e notice in this sub-case that the 1line joining (0,0) to
(1,1) is above u(B) (and hence v(B))for 0 ,g B 1. Hence
u(x)< x for (= (0, 1)
We will show that if the individuals wcalth is bstween 0 and 1 he
will participate in unfair lotteries. Lot his woalth be x (0  x
Consider the following lottery:

Probability of winning = x + ulx

N

Amount gained from winning = 1 = x

Probability of losing = 1 - x + qu)
2

Amount lost from losing = x

This is an unfair lottory, since its cxpected valuse is

(1=x)  (xru(COL+ (-X'kf - x ugxa"
2 : 2 J

v

=§x + ugng- x =u(x) - %<0 since x»u(x) for x in (0,1)
2 3 2

However, thc expoccted utility of the lottery will be

Cx+ ulx) \ 1+ 02> u(x)

(2 '
where the right hand side reprosents the utility of not partici-
pating in the gamblec,
Sub-case (i/ii) (u(1)<1, u' (0)>1)
in this casa u' (1)/(1. For, J;.f“ noty u' (x) @ 1 for all
x in (0,1) and u(1) :/-u' (x)dx}/“l-dx =1 mhich-contradicts the
[+

hypothosis of case (i)

1)

(7)

(8)
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From the assumption that u is continuously differantiable,
and u' (0)>1, u' (1)< 1 it follows that there is a p€ (0,1) with
u' (p) =1 =v' (p)s Also, sincs for BP1, v(B) = 1+u (B-1) it
follows that at 1 + p, the slope of v is u' (p) = 1.

For this suh~case, the nature of v is depicted in Figuro 2.

Figure 2

\
\

-

Utility ‘ /§7// !
v(B) ; d//

Ny
/U(
rd

d

e

- e o cam o N e

Wealth (B)

3|

A

Wo will show that the line passing through A(p,u(p)) and .*
8(1 4+ p, 1+ u(p)) is a common tangant to v at A and B. This follouws
dircctly from the fact that tha slopo of the 1ina = 1 = v' (p) = v'(1+p),

The cquation of this line is y = x + u(p) - p and the line segment AB
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ontirely abovc v(x) for xé(p,‘!*p).

Now, if the individual's wealth = x, xﬁf(p; 1 + p) again we can

construct an unfair lottery that will be attractive to the individual.

(x +

To see this consider the following lotterys

Probability of winning = x + v(x) - u(p) - p
2

Amount gaincd from winning =1 + p - x

Probability of losing = 1 - x + v(x) - u(p) - p
2

Amount lost from losing = x -« p
The lottery, is unfair, as its axpeccted values is given by:

v() = ufp) =) (1*+p -x)+ - x+ulx)u (p)p)(p-x)

2 3 2 J

‘.

= v(x) = (xru {p) - p)&L 0 since x + u(p) - p is a point on
> X
tha line segment AB

The cxpected utility of this lottery

= (x+ v(x) = ulp) = D)U(1+P)"‘£|- sty (x)-u(plep Lulp)
2 2 y
L !

(x * v(x) = ulp) = p) (1+u(p)) +{'1 - mgxz—uggl-g-}u(p‘»

2 2

x4+ u(p) - p+ v(x)
2

it

But x + u(p) - p is a point on the line segment AB and is

grsater than v(x), so that the expected utility from participating

in the lottery»v(x) the utility from not participatinge Hence he

(9)

(10)



will participate in this lottery, which is unfair,
Case (ii) (u(1.)31)
In this case, the function v(x) has no discoptinuity at x = 1,
since
v(x) = ) u(x) 0 & x L 1+h
1+d(x-1) x P 1+h
where h (> 0) is tho solution to u(1+h) = 1 + u(h).

We first note that u' (0)» 1. Since u(1) =

/ / }
/u‘(x)dx%u'(ﬂ)dx = u'(0)

it follows that u'(0)> u(1)> 1

Also, we can show that u' (1+h) € 1 from the f‘ailouing argument :

1¢h I+b
u(1#h) = u(h) +/ u'(x) dx =u'(x)dx = u(1+h)-u(h) =1
% h - »
From the concavity of u, u'(x)> u' (1+h) for x < 1+h, so that
1+
ut(1+h) < /u'(x)dx = 1

L o)

From (13) and (14) and the continuous differentiability of u, thers
must bo a point p€ (h, 1#h) with u'(p) = 1. Since p>h, it
follows that v (1#p) = 1 + u(p) and v'(1+p) = u' (p) = 1. The

solution is diagrammed in Figurs 3,

(11)
(12)

(13)

(%4)
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Figurc 3
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R
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Utility T
v(B) : !
i
<\ vl
1 o :
____________ v !
v !
. o
V P P I
L ] ' '
: ot ]
1 + ! i i
t ) : ) \

: ! L I -

h p 1 1+h 14p Wealth (8)

Again we have a situation whers the line segment connecting
A{p, u(p)) to B (1+p, 1+u(p)) is thc common tangent at A and B to
V. Using exactly the same argument of casec (i) sub-case (i/ii) we
can show that if the individual has wealth x, x& (p, 1+p) he will be
willing to gamble on unfair lotterics.

We have thus shown that in all cases, there are unfair
lotteries. which the individual will participate in, if his wealth
falls in certain ranges.

(G.E.D)

The propensity to participate in unfair gambles is dimihished
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when there is a possibility of saving and consuming the lumpy
commodity., To illustrate this consider an individual with a tuwo
period utility function which is additive across commodities and
across time U (G A) +u (C B) + U (C A) + U (C B) where subscripts
11 11 2°72 2" 2 _
A and B indicatc the two psriods. Making the same assumptions and
using tho same notation as in the previous analysis, consider casc
(i), sub casa (i/i}, where the individual has an income x + % sach
in the two periods, where Ds:x<(%. If the individual saves and does
not participate in the gamble his utility is given by
I"]ax{z u(x + %), 1+ 2 u(x)}
From the concavity of u(.), it follows that

u(x) + u'(x) « $>u (x+ 3) (15)

Since u'(0) £ 1 and u" (o) €0y u' (x) <1, so that,
a(x) * 3D ulx +3) (16)

which implies that the utility of saving = 1 + 2 u(x)
If the individual participates in the lottery defined earlier,

assuming that the interest rate is zero, a@pscted utility of gambling

= x4+ u(x) [142u(x) + 4 + {1- M}_7{2 u(x + %)} (17,
2 1 j z )

Incremental utility of saving = 1 + 2u{x) = 2 u (x+})

- (X + ulx
2 (18)
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from the concavity of u(.),

u(x) *u' (x) G-0S u x+1)
2 2
or u(x) + (3 -x)>uvlx*1)°
2 2
8inco u! (x) (1yes u' (0) <1 and u* (L) < 0

sincc x Y u(x) in this case, it follows from the above in--
squality that it is botter to save than to participate in the
unfair gamble that was proviously attractiva,.
CANCLUSI ON

This paper has demcnstratod that a basic explanation can be
provided for the commonly observed phenoménon of partiecipation in
uynfair lotteries. 'UG provide en explanation that is consistent
both with consumcr choice theory and the von Neumann-Morganstern
akioms, and results from theg lumpiness of many commoditios, which
are available only in integcr amounts. In this situation, it is
recasonable to participate in a lottery which providos a greater

chkamgg of purchasing the lumpy commodity. The expected utility

of participation in tho lottery cxceeds the utility of consumption
of more basic commodities which are divisibla. In gaeea whore
saving is possible, gambling bcecomes less attractive since the option

of buying the lumpy commadity through accumulation of savings over

time becomes ettractivs,.

(19)
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