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INTRODUCTION
Kenet [2] considered the problem of minimizing the
average deviation of job completion times about a comnon due

‘date.. Under the condition that the common due date eXceeds

the make~span of the job set, he obtained a procedure

"SCHED" which yields optimal sequence for the problem, In
this.paper we consider the general problem without any
‘eondition on d, We prove some general properties of the
Opfimal sequence. In particular, we prove that the optimal
#equence ié "V-shaped". We also prove that the SCHED
algorithm of Kanet gives optimal sequence under less
restrictlive and a2 more practical condition on d. We also
consider a few special cases and establish further properties
of optimal sequences. These include the complete solution

for q3'jobs.



THE PROBLEM AND NOTATIONS:

Consider a single machine with n jobs immediately
available for processing. All the jobs have a common due
date d. For a sequence of jobs let C4 denote the completion
 ‘fime for job 1. The objective is to find a schedule S which
minimizes

, n
Zz = 151'I C, -d |

In this paper we will be using the following notations:

: number of jobs

n

N & set of jobs {1, 2, .... n}.

d ¢+ common duc date.

S : a schedule of n jobs. 1i.e. a permutation
of (1, 2y weee NJu -

P, : processing time of the job that is at 1 th

pOSitiOﬂ il’l S. (i = 1, 2__, LN N BN N n)

P < P(2) L avers & P(n) are the ordered processing

.times.
] ¢ processing time of job i, 1 =1y eeee N
t, t starting time of sequence. t, 2 Q.

B ¢ For a given sequence, B is the set of jobs
which start before d and end at or befors d.

A ¢ For a given sequence, A is the set of jobs
| which start at or after d '

Mumber of elements in the met U,

o

€ >0 t Arbitrarily small positive mmber.
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GENERAL PROPERTIES OF OPTIMAL SCHEDULES:

‘Kangt [2] considered the situation d 2 g p; and
obthined a simple procedure called "SCHED" ti“gbtain an
optimal schedule. We shall consider the general case when
#ﬁ~restrietions are imposed on d and obtain nroperties of
. the optimal schedules; We give below some of these proper-

ties possessed by optimal schedules.

Property 1t |

For fhe general problem, we observe that it is not
necessary to consider schedules that have idle time inserted
between jobs in the sequence, The proof of this result given

by Kanet [2] applies to this general case as well,

operty 2 .
Lemma 1§ The jobs in B are sequenced by longest processing
time first (LPT) and the jobs in A are sequenced by shortest
processing time first (SPT),

Proof Samé_as the one given by Kanet [2, p. 647]. The

prbof given there does not depend on the condition
n

4> =
i--
When d 2 E p; Kanet [2] showed@ that one need not
i=1
consider sghedules which have a job begin processing before
d and end processing after d. This result is not true without

tais condition 4 > Z pi as the following example shows:
i=1
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Iet there be n = 3 Jobs with processing times

2 10 and 100 units, Iet d 101. It can be verifieq that
the optimal Sequence is in the order 160, 5, 10 with starting
-_time t = 0. 8See Figure 1 beloyw

100 _ 5 10

= 101-

Figure 1
N u.n.its .
The objective function value is 1 + Y4 + % = 19/ Here the
Job with the brocessing time 5 units starts strictly before d
and ends strictly after d.

The result is,'however, true if the optimal schedule

L]

starts ¢ at t = to > 0,

ilemma 2: Suppose there exists an ‘optimal sequence starting
at t = £, > 0. Then some job ends at d. 1.e. the last job
in_B'ends at d.
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g;gggi Suppose that in every optimal schedule, no job-ends
at 4. This means that, in every optimal schedule, the last
job in set B ends strictly before d, If B = ¢, this means
;that tﬁe first job in the sequence starts at t. = to >0 aﬁd
ends strictly after d. In either case, we see that there
éxists é job which starts strictly before 4@ and ends strictly
after d. Let k be this job and let ¥ be the last job in B.
let C; be the completion time of { . If B = ¢, take

'gg = t,. The positioning of the jobs is shown in the

'following Figure 2.

Figure 2

Letd - C; =A and Cy -d=At. Zet v denote the value

of the objective function for the sequence.

Cage 13 Suppose | B | £ | o |, then start the process at

t = ﬁo - €, where € 1s an arbitrarily small positive number.
Denote by v; the new value of the objective function. Then
vl.-'vw=]B-|e—|Al e -e= (|B|] - |A] ~1e< O

~ contradicting the optimality of the sequence.
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Case 2t |B}| > |a]|. Shift all the jobs to the right by A
units so that Gy = d + p, and let v, be the value of the

new objective function. Then

vy - v = JalA - B[A + A = (jal-]B] + A o0,

If v - v< 0, it contradicts the optimality of the sequance.
Henve vo, = v which means that we have found an optimal

schedule in which some job ends at d.

operty 4:

The discussion of Case 1 in the above proof implies
' that for an optimal schedule in which t, > O, B} « |a].
For, i1f |B] < 4|, we can start the sequence at t, - £ and
reduce the objective function. Thus |B| > |A|. The next
theorem states that either |B| = |a] or |B] = |a| + 1.

Theorem 1: Suppose that an optimal schedule starts at some
£0'> 0. Then there exists an optimal 351ution with starting
point > O and |B] = |Al = rif n=2r and [B| = |ao|+1=7

ifn=2r -1,

Proof: Since t, > Oy by Lemma 2, the last job in B ends

at 4. B # ¢, since ty > O implies that B] > |a]. Iet

|B| = 5 and let Py, Pé; esses P Dbe the proceésing times

of the first s jobs in B. P;+l’ seeve Py are the processing
times of the (n - s) jobs in A, Then

to ™ 4 - Pl - Py = ceases = Py > 0. See Figure 3 in

next page.
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i 1 { i | i f

+ ) . —
totPy - L tPytP, d d+Pq d+P_,

0 1+. o+ -

= Pl-b. .-+Ps+t0

Figure 3

The objective function is seen to he

P2 + 2P3 + ...+(S-1)PS +(n"'S)PS+1 +(1‘1-S—1)PS+2 + ste + Pn.

If the process starts at t, + €, where € is an arbitrarily
small positive number, the increase in objective functidn
is | |

| -(s=1)e + (n-s)e + €

= g {n - 2s + 2).

This must be » O in view of optimality of the given sequ
so that n > 2(s-1). ’

If the process starts at t, - €, the increase is

ge - (n - s) € = e(-n + 25)

This is 2 O and this implies n £ 2s. Thus

2(s-1) < n < 28 which implies n = 2s-2 or 2s-1 or 2s
Will show that n # 2s-2, For if possible, let n =
i,e.n -8 = s -2, This implies

@) | lal = [B] - 2.
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Let ¥ be the last job in B, Start the process at

to-+ P, - Then the increaseig

P, la] - Dy (IB] - 1) + p,

= Dby ¢(lal - Bl +2) = 0 by (2).

Tus we get an equivalent optimal schedule with new sets B*
and A% such that |B¥| = s-1, [&%] = n-s+1 and

IB*| - |4%] = s-l-n+s-1 = 2s-n-2 = O by (2 ).

1.e. |B¥| = |a*|. When n = 2s-1, n-s = s-1 so that

IB] - 1= |a|, when n =2s, n-s = s sov that |IB| = |Al. Thus
ve can find an optimal schedule with Bl = |4} 1if n=2r
and |B| = |a] + 1 if n = 2r - 1, This proves the theorem.

Property 53 (V-shape of Optimal schedule)s:

We prove an important property possessed by an optimal
schedule for the general problem, It states that the optimal
schedule is V-shaped. This means that in the optimal schedule
the jobs are processed according to decreasing order of
processing time until the job with the shortest processing
time is completed and then the jobs are scheduled according
to increasing order of processing times, The V-shaped
property of optimai schedule also holds for the single
machine sequencing problem if one wants to minimize the

yariance of the completion times. See, Eilon and

Chowdtury [1].
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Theorem 2: The optimal sequence is V-shaped,
“Broofl Consider an optimal sequence and define sets B and A,

Define the sets B and 4 corresponding to the optimal Sequence,’

We consider two cases: Case 18 BU A = N and

Case 2=BUA=N""{ S}, fOI‘ SomeS:l’ 29 s ese b n.

Cage 1t B U 4 = N: By Lemma 1, the jobs in B are processed =
according to LPT rule, and the jobs in 4 according to SPT |
rule. Since B U 4 = N, the sequence is V-shaped. Note that;ff
in the Case 1 we are considering, if B = ¢, all the jobs in
the sequence start at d and if 4 = ¢y all the jobs in the

seQuence are processed before d and the last job ends at d.

Case2:s BUA=N-{53}: for some 8 ¥ 1y 25 4u4e N,

It follows from the definitions of B and A that job s starts
strictly before d and ends strictly after d. By Lemma 1, the
Jobs in B are pracessed according to LPT rulé and the jobs

in 4 accordirng to SPT rule. Let § be the last job in B and.
k be the first job in 4. ILet Py 5 DPgy and p, be the process-
ing times for job f 4 89 and k respectively.

We distinguish two sub-cases.

~ .

Sub~case 13 Pg is an Intermediate job in the sequencs,
1.6 B # ¢ and 4'# ¢. The following figure illustrates the
positibngng of jobs , 3; and k.
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! { l i i
{ e e ._.-':) .;é..-._... [ .—-—-}
q?-l Cg pd d v Cq Cx
Figure %

CQ y Cgy Cy are the completion times or the jobs ¥ 5 S, k

respectively. QQ- 1 is the completion time of the job
immediately preceding {g. Iet . 4 - C{ = x and CS -4 = ¥y
so that x + y = Pge et v‘denote the value of the objective

function. We distinguish the following four possibilitiest

(1) pg 2 DPg 2 pk'

(11) »p¢ % Pgs Pg < Py
(1311) pg < DPg S Pg

(tv) py < DPg? PS‘> Pyce

The first three possibilities (i), (ii) and (iii) above
show that the sequence is V-shaped (Recall that jobs in

B follow LPT rule and jobs in & follow SPT rule). We have

to establish the V-shaped property only for (iv). 1i.e. We
want to show (iv) cannot happen in an optimai sequence. We
prove this by effecting a reduction in the dbjectivé functiot

by suitable interchanges in the given sequence.

Suppose now (iv) holds, We first show that py < X.
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Suppose, if possible, p) 2 X. Obtain a new sequence from
the given optimal sequence by interchanging the positions
of jobs s and k. JLet vy be the new value of the objective
‘function. The change in the objective function is seen to

be

v-y; = (Cg=d+C)-d) - (Cq + py =a+ Gy -d)
= Cg-C¢ = P = Pg= P20
Thus the objective function is reduced, contradicting the
optimality of the given sequence, Thus Py < X.

Now, obtain a new sequence from the given optimal sequence
by interchanging the positions of s and ¢ o et vy be the
new value of the objective function, If, after this inter=-
chaﬁge, s endé between Cg and d, then the change in the

objective function is
Vv = V2 = d-}cq - (d. - CCQ _l + ps))h‘.
= ps = pf by 0

which contradicts the optimality of, the given sequence. If,

after the interchange, s ends after d, then the change is

v - vg = (d - Cf ) - Cg-l -pgtd
=d~Cg-Cpy*d
=4 - CS + (px + x)
C3) =x-y+px
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We will now establish that x > y. From the given
.optimal sequence, we obtain a new sequence by interchanging
ﬁhe poéitions of s and k, ILet C; be the new completion
'.time for job k. Since py < X, C; lies between Cf and d.

Sinece the given sequence is optimal, we have

L3

d -Gk _>_ CS"'d

But d-Cy > dmc’fc

so that 4 -Cy > C -4
il.e. X > ¥

Thus (3) is > O which again contradicts the optimality of
the sequence. Thus (iv) cannot hold in Subcase 1, which

establishes the V-shaped property in the subcase.

§gg-ca§§-2:' Pg is not an intermediate job. i.e. either
B=¢ or A=¢, If B = ¢, the optimal sequence will be as

-

‘ghown in Figure 5 below. UNote that t = 0, since B = ¢.

———
P
4



Thus -@ﬁﬁaﬁiﬁ&fﬁe the value of Dgs the optimal seqﬁence is
v-shaped. Similarly, if A = ¢, the jobs in B are according

to LPT and the optimal sequence is again V-shaped.
This proves the theorem completely.

GENERALIZATION OF KANET's RESULT:

We show in this section that the SCHED algorithm
n
proposed by Kanet [2] for the case 4 2 £ py also holds
i=1
under less restrictive condition on d, Let n=2r-1 or

2r, The algorithm yields optimal schedule for the case

d 2 p(n) +"cooo-o + P(n_r+1).

{,e. if the common due date 1is not less than the sum of
the processing times of any T of the JOPE1l, 25 seses I

where n = 2r or (2r - l). .

Theorem 3: 'SCHED" algorithm yields optimal schedule if

) 42 Py * Pma1) ¥ oo T Plnor+l)

where n =2r or (2r -1).

Proof: To prove the theorem we need only to establish that
there js an optimal schedule satisfying the following proper=.
tiess:

(1) There exists no job which starts strictly before @
and ends strictly after d. '
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~ (i1) Property (3) of Kanet's paper [2, p. 648]
ﬁﬁbperties\ cov i(1) and (2) follow from Lemms 1 and
Theorem 1 of this paper).

We first prove (i) above, If t, > O for the optimal
schedule, lemma 2 will establish (i). Suppose, if possible,
t, = 0 and that there exists a job which starts strictly.
before 4 and ends strictly after d. Start the process at

€ > 0, where € is an arbitrarily small positive number. |

The increase In the objective function is

- Bl e+ |[A] e+ ¢
= & ( |a] - |B] + 1),

Because of condition (&%) and to, has been assumed to be zero,

we have [B| » r. Purther |A] = n - |B] - 1. Thus

la] - Bl +1 = n -2 |B]

ar-2[B| = 2(r - [B]) ¥ ©

If n=2r, n-2|B] B
2r-1-2 |B] = 2(r-|B}) - 1< O

i

If n =2r-1, n-2|B]

Thus by.starting the process at € >|§, the objective function
does not increase. If the increase is < O (reduction in
objective function), it contradicts the optimality of the

given schedule. If. the increase is = 0, we get an equivalent
optimal schedule where the starting. time is £ > 0. Then by
Lemma 2, there does not exist a job which starts strictly

pefore d and ends strictly after d. This proves (i).
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Property'(3) of Kenet’s paper holds under (&), since the

proof given by Kanét for the case 4 2 .g py is also applicable.
« By (i) above ve can assume that in thel;;timal schedule some

job ends at d. Then by Theorem 1, |B| = r when

n=2ror (2r = 1). The condition (4) ensures that, in the

prbof of property (3) given by Kanet [2], t5.1s 2 O, after

the interchange of a job from set A to set B.

SOME SPECIAL CASESS

1. When Some py 2 d

Suppose k » 1 is the first dindex such that P (k) 2 d.
If k= 1, the optimal schedule is clearly

, P(1)> D(2)? +++e=e P(n) with t, =.O' Assume therefore
that k¥ > 1., It is clear that amoéng all schedules which
gtart with a Jjob whose proceésing,time ié z.d, the best
is P(x)s P(1)? *ee°* P(n) with t, = O.‘HWe shall, there=~
fore, consider only schedules where the first job is not

the one with the processing tipe 2 d.

By lemma 1, all such jobs (pj > d) are scheduled
in the end in SPT order and all jobs whose processing
times are < d precéde them, If to,? 0, the contribution
to the 6bjectiVe function from jobs with processing time.
> d is independent of the ordering of Jjobs ﬁj with '
py < d. Thus the problem for ty, = O case reduces to

sequencing of jobs each of whose processing times are €< d.
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Finally we consider the schedules with tj > 0. Since,
by Lemma 2, some job ends at d in the optimal schedule, all
joba with P 2 @ will be scheduled last in SPT order. Herey

thchontribution to the objective fuliction from jobs with

pj 2 d will depend on the ordering of jobs processed at and
after d. If there are p jobs whose processing times are

> d, the contribution to the objective funetion from these
jobs will be p(Ppyq + .eeee * Pp_,J where as usual |IB| = .
The problem is still reduced to the case of all py < d but

the objective function is different.

Suppose that the jobs indexed by 1, 2, ... (n-p) have
processing times < 4 and jobs indexed by (n-p+1l)y ...s N have
processing times > d. The problem is to schedule the (n -p)

jobs such © that

(i) the starting time & t, > 0.

(i1) some job ends at d.
. _n

(iii) The number of jobs in B = r. We have T = -5~

if n is even and r = EE; if n is odd.

(iv) The objective function to be minimized is

n-p '
j‘-z_:l l cj - d l + p (Pﬁl + TR NN ] + Pn_p).

2. When p(n) <4< p(l) + p(2)5

Suppose that py < dy 1= 1, ... 1 and p(gy * prpy 2 de

In this case we can show easily that an optimal schedule
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is given by either 2 1 3 4% 5 ......o nor
31 2 4 5 .,.... D0, With t_ = 0 in both the solutions,

To prove this, note that the objective function is given by

Z =(n-2)Pl + (n—l)P2 + (n-2}P3 * cest 2Pn_1 + Py - (n-2)d
and this is minimm for either 2 1 3 % 5 .....n OF
3 1 2 % 5  .is4es nwith t, = O

OPTIMUM SCHEDULE FOR n = 3: '
Using the properties deveioped in the paper we give a

complete solution for n = 3 jobs including the case of some

jobs with processing time 2 d.

n =3 Case Optimal Sequences Under Different Coggitionga

Case Under Condition(s) Optimal  Starting
Discussiont ' sequence point to
OB @ pgyrezy> e o 3 0
(11)  p(yytp(3)¢ @ 312 d-p(1)~P(3)*
Pzt - 123 0
2)2d! p(lj<d'l ) (i) p(l)+p(2)>2d ’ 123
" (11)  pepytp(ysed 213 o
Pe3y2ds p(o)<d (1) pryy*e(p)”d 213 0

P(1)*P(2) £ ¢

(ii) 213 d-p(l)—p(2)

e

2(?(3}'d)>d‘P(l)‘P(2)

“P(y) TPy 4
(4i1) 2 i 312 0
((2(p(3)=a)8d=P(1)P(2) |

We see that even for n = 3, the description of the optimal
- sequence is quite complicated.
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