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" ABSTRACT

A qeng:al Markovian model represehting several multiple
unit redudant repairable system is proposed and it's transient
behaviour is studied. Specifically, for multiple unit reliability
system the reliébility and availability functions are derived
in an explicit form for the tfansient case. The stationary
availability and mean time to system failure are deduced from

the main results as special cases.
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Introduction

Extensive fesearch is reported in the area of stochastic
analysis of redudant repairable systems. In the recent ﬁonograph
Srinivasan and Subramanian [1] and Birolini [4] present the state
of art of such systems. The successful analysis of such systemn,
;gggng§ on the cpmplexity of the underlying stochastic process [4].
In-tha literature most of the analysis reporﬁed so far confines
to éhe measures like stationary availability, mean time to system
failure and interval reliability in the stationar? case 4], The
measures steady state availability and mean‘time'io system failure
-are independent of the transform varlable and hence are obtainable
in easxly computable form. However, in many reliability evalua-
tion models the transient behav10ur of the systems is important
and may even be essential. The purpose of this paper is to
provide the transient analysis of several multiple systems. The
soluéiqn procedure is presented for a general case and results
are obtained for the case of cold and warmlstandby systems as well
as paraliel redﬁdandy. This paper is organised as follows.
Section~l formulates the problem and section-2 presents the generai
methodology in obtaining the results. Sectlop-3 presents the

results for the special ¢ases n = 2 and 3“and numericaL*results.
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We liat below the asaumpticna of a densral system studied
in the paper.
i).- The system consists of n{ > 1) vnitc. The gyctom roguireg

k{< n) units for its successful operation.



4k)

iii)

iv)
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Initially k units are operative and (n-k) units are kept as

standbys.

There is a repair facility with r( > 1) repairmen. The

. repair policy is first-in and first-out (rlF ),

The life time and repair time durations of the units are

independent random variables with negative exponential dis-

tribution™ with parameters A and ﬁ respectively.

v)

vi}

vii)

viii)

ix)

x)

The }ife time of the standby is negative exponential random

variable with parameter As.

On failure an operating unit is taken to the repair facility
instantaneously where it is repaired according to the first

in first-out queue discipline.

The standby units are also taken to the repair facility on

failure to follow the same course of action as the online

'operatiyg units.

vhen the number of operabie units is less than k the system

is said to be non-operable.

On repair completion unit joins the pile of spares if there

are sufficient number of operable units otherwise it is

switched operativel

Repair is assumed to be perfect.

-+

Beveral special cases of thée present modols are obtained

hylapecifying the values oI the pégéméte:s k¥ and n.
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" a) Let k = 1 and r = 1: the resulting system is a n-unit

warm standby system,

O:the resulting system is cold

b) k=1, r=1 and As
standby system

As tﬁe resulting system is a parallel

[

c). k = l, r =1 and As
redudant system
d) : k= 1'(r > 1) and Ag = 0: the resulting system is a n unit

cold atandby with multiple repair f301lity.

be, we briefly sketch the stochastic behaviour of the
syastem deaéribed in the beginning of this section._

Let'x(t) be the number of operable units at time 't'} Then
"X(t), t > 0}is an integer valued stochastic process taking value
on {0,1,2,...,n} X(t) = 0 implies that system is down and X(t) =
implies the system is operable with all units 'n', The point of
discontinuity of the stochastic process are those epochs at which
either there is a failure (online and standby) or a-repair comple~-
'tioh of a unit. In both the cases gither the process X (t) decreas
or 'increases by one unit. In'view of the exponential duration of
?he life times and repair times X(t) is a Markov‘process and by th
physical nature it is a birth and death process. Because of the
multiple units in the models the death rates are state dependent.
We .use A to:dendte the failure rate when i units are operable and
‘4 be thé.repair rate.

-

Let - P (t) = PE{X(E) = 3/%(0) w i} 1.3 ¢ {0.1,2,...,n1}

1

get Byle} =P ylt}, J e'(0,3,2,...,1)
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'rho: function Pj (t) satisfy the following Chapman-Kolmogrov
equation
P;(t) '.-(Aj+u) Py(t) + A5y Pj+1(t) + uPy, (t)

l <j <n (a)

Py(t) = - )}n P (t) + pP__, (t)
25(£) = - WP, (E) + Ay Py(t)
ana By (0) = by,
and the equations s&tisfied by y (t) are
@j(t) = ~Ogru) q (L) + Ay 5, (8) + qu,liti
| | 2 <j <n (b}
ap(t) = = Ay qgue) + g, (t)

Q! (t) = =(A+u) g {t) + A, Q,(t)
' 1 ! ¢ 72 sormA® SARABFAL LINRARY

; ' awstas nSTITUTE OF MANAGEME!
with g (0) = 8, . maixarur. AHMEDABAD-388 613

lehe stationary distributions of the stochastic process {X(t), t >
is obtained by solving the system of equations .obtained from (a)
by setting the derivatives equal to zero.

let © w, = lim P.(t), we get,

s b
' "-—-jr"l T 0. <3 (1.1)
T, = - m <4 <n .
3 p ) k=341 L =
L]
n-1 5 n o
T, =1+ nik I yi o {1.2)
k= u i=k+}



‘and qy(t) = PE{X(t) = j/X(0) = n, and X(u) # 0, 0 t)
. 0 n

Al A
IAIA

u
3
The functiong Pij(t) represent the probability that thg system is
in state j at time t given that the system is at t = 0 in state i;
. Thé’function qj(t) represents the prébability that system is in
state j at tihe t, given the information that state 0 has not been

initiated in (0,t). The functions Pj(t} and qj(t) adequately -

describe the important operating characteristics of the system.
For example, the availability function of the system is

A(t) = 1 - P, (t) (1.3)

and the stationary distribution of stochastic prbcess

: L m; = lim Py (t) (1.4)

~ t+x

The stationary availability of the system is denoted as

B = 1-1m =

o LIS (1.5)

1 -

[

j

The reliability R(t) of the system is given by

n
R{t) = I aqylt) (1.6}
i=1
and
_ _ no
MTSF = / R{u)du = L / gq,(u)du (1.7)
' 0 =1 0

Thus, it is clear that the evaluation of the operating character~-

isticae of the system requires an evaluation of the functions

'Pj(t) and qj(t)
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2. General Methodology:

In this section we solve the set of equation (a) and (b) in
an explicit form. On taking Laplace transform of (a) and (b) and
denoting the Laplace transform of the function f(t) by f£(s) the

'system of equations (a) and (b) reduce to

(2.1)

where A is a (n+l)x(n+l) real symmetric tridiagonal matrix and P

is a column vector and In+1 is a column vector. Specifically,

s _ ’
s+ Al O
-u a+11+u - Aé
(::) ~u BHA qtH —Ay
L - 8+A .
[ B (s) [0 T
Pl(s) 0
P_(s) | 1
L B < m+l L

T

Similarly the system of equations (b} reduces

BO -'1n _ {2.2)
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where B is a (nxn) real symmetric tridiagonal matrix obtained v
supressing the lst row and first column of A. I, ig a unit col.ni
_yvector with unity in the nth place and Q is a column vector

I ’

qots)

qlts)
Q= .

L _qn(s)

' Prom equations (2.1) and (2.2) by using Crammer's rule the Lapiace

transform of the function_Pj(t) and qj(t) are explicitely dou.

mined as
IAj(s)|
Pj(S) = m ., 0 €3 <n (2.3)
and
B4 (s) ] _
ths) = B(S)l v 1l f_J f_n

where Aj(s) and Bj(s) are obtained from A(s) and B(s) L
the jth column by the unit vector in the R.H.S. of (2.}

The MTSF of the system is obtained by setting s = 0, in

equation (2.4) and summing over all J=1¢ton.

Thus n ‘-
MTSF = L qj(O) (2.5)
=1
vie next show that the palynomials la($}| and ]B{a)l havé
real and distinct roots and hénce 2 partial fraction expresaion of

pj(ei and qs(i} is faasible. tThis is achieved by using &emé



elementary rows and columns transformation on |a(s)| and
|B(s) [. Now |A(8)| can be expressed as |a(s)| = s|D(s)|. Then we
get |D(s)| and |B(s)| as real symmetric, tridiagonal determinants

with;mn-zéro and non-positive off-diagonal elements i.e.

- —
s+kl+u —/Alu
—/IIE B+A 4y T-II;E (:::)
| B YT 8+A g4y A
D(s)=
<::) | -/xn_zu S+An_l+p - /Xn_lu
o -/ n'lu 'S+An+u _
(2.6a)
and
_§+Alu - /IIE .
- /Xlu B+A,+u - JI;E (::)
- e YT
B(s)=. . .‘. .
O Y StAnatd - YA
k - /T;:Ih' B+A_tu
- .

{2.4b)
Now the roots &f the polynomials!DtsJ]and]E(E}Iare the

negatives of the eigen values of the matrices n ang ¢ given by
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Al+u - /xlu
st A2 O
- /x2+u 13+u - /X;U
D - ‘ » - [ ] L] L]
O YR pat - TNae
L - /In_lu A +u
(2.7a)
and -
r
v 0
S e -7
(::) -/Ap_zu An_l+u - /ln_lﬁ
- ' _ - /xn-l“ A tu J
(2.7b)

Thus from.[ZJ weé observe that the eigen values of C and » are
real and distinct and from [3) we find that these matrices are
positive definite and hence all the eigen values are positive.
Denoting oy, k and Bn'k (k = 1,2,...,n) as the eigen values of D

and €, respectively we can write

lags)| = {s+ “n,kj

1

=9

k



and o
|BGs)| = 1 (5% By )

so that _
| |a; (8) | ) |2 (s) |

n
8 kgl (S"'an ,k)

and

- |B. (8)]
qj(S)'ﬁﬁL
' N (s+B_. )
k=1 K

and using partial fractions, we get

a . n ai.
(8) = —§1— + izl T;:fal—TT

pj n;1i

and b
i3
(s+ Bn,i)

I g8

Qj(s) =

i=l

.After some algebra we obtain

|a. (0)]
a .. = J

Lo} n
i

{a )
k=1 n,k

k=l nrk - nfj

Bﬂd

:11:

(2.8)

(2.9)

(2.10)

(2.11)

{(2.12



lBj (-anj)l

by = (2.13)
kzl (Bn;k - Bn'j)
j#k
rTaking inverse Laplace transformation of (2.10)we have
DL n 'an,it
. (t . . s
py(ty = 293 + iil ajy €
. |Aj(0)| ) n |Aj(-an'i)| e_a“'i t
_ o .
B! (“n k) ‘ i un.i n (an:k unrl)
k='1 . ' =1
i#k
0 <} <n
1 &1 sn
and
n -f t
g (t) = T byye ned
b i=1
- g lBj(-Bn,i)l N -Bn,it
i=1 ¢ - _
1 Bk Bn,i 1 43i<n (2.14)
17k

Again as % % are all positive, stationary distribution for pj(t)
» |

exists and is given by

ﬂj = agi . (2.15!

which is the same as shown in (1.2)

4

3 Speical Cases

paking n = 2, we find that a, ;i = 1,2) and By (=102
L4 1=

are the esigen values of the maerices



[ ]
A - AH
I 1
D' =
- 2")
Ay ~ JAm
c''=

and these.work out to

= - i- - 2 - -
mag,1 ™~y tgh) Ao - a0, - w

.. N~ 7 2
(Apraghu) + JOHgrn s 40, uh)

~%2,2
and . -
| — ‘
-8, 1 =~ ¥ - ﬁx1+xg+u) - a0,
-8, 3 = Oyt + g - ag, (3.2)

and after some simplification we get

Al AL

M2 ) 1*2 “92,1F
: po(t) = 2 o, la - a y ©
» 21'72,2 2,1
I (ay )
k=l <’ :
_ Adry o e—uz,z t
ay ol ~ 2,2
. e _Q
1 . 2 0.2 1(02 2 4 ﬂ2 1)
n ‘ﬁ } { » [ ]
¥=l 2tk
_ 12‘}1-02‘;) -§2'2t

oy zlap,y ~ 92! -



1143

2
) = uz _ (u-uzl) - Alule__a az'lt
P2 " o (a - O )
2,11%2,2 7 %2,1
ey )
(% S |
) (“'“2,2) Al Gg 2 e'°2,2t
92,1 = %2,2]
and )
q, (t) = - *2 e—Bz'1t + ‘2 e—Bz’zt
1 (B2,2782,1) (82,17 82,2
Mtu - By g Bpat | M- Byp  TBa2f (3.3)

R (U PYEY

Conclusion:

Thus in this article, we have provided a procedure by which 7
the transient behaviour of a general reliability system éan be
studied. The method ig illustrated for special case n = 2. The
p;ocedure is applicable for all n > 2.. However, there is difficulty
in obtaining the results analytically as we need to know the roots
of the polynomial of degree 'n'. But, when the parameters of the
problem are known, the roots of the polynomial which are known to
be real and distinct can be obtained by using any of the available
compﬁter'prddramming for obtaining the roots of a polynomial. Ve

have illustrated this for the ¢ase n = 3.
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Case I: Cold Standby Situation

Here we consider Ai = A . Then from (2.7a) and (2.7b)

considering n = 3 we get the following eigen values for different

A's qnd u's, ..

Table 1
c.::idby ua'l ‘ ' “3'2 : 0-303 : 83;1 . 5302 N 33113
a) A=1/50 4 2000  0.06000 0.1000 0.00194 0.04388  0.09419
u=1/25%
b) A=1,/100

u=1/60 0.00840 0.02666 0.04492 ' 0.00119 0.01974 0.04240

¢) Ai=1/120 -
u=1/100 0.00542 0.01833 0.03124 0.00140 0.01398 0.02963

Case II: Warm Standby Situation

Hefe we consider Ay = (i-1)x + Ag+ Then from (2.7a) in (2.7h)
‘considering n=3 we get the following eigen values in Table 2 for

different values of Aidg and p .

‘Table‘2
Warm = ¢ A '
Standby %31 %3,2 %3,3 B3,1 83,2 83,3
a) A=1/50 )
15-1/10 0.06497 0.15826 0.25677 0.04753 0.13999 0.35247
. u=1/25 o
b) A=1r100 0.04132 0.10099 0.162690 0.03107 0.09924 0.15959
ks=1/15 '

u=1/40 D . | B . ‘
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Case III: Parallel Redudancy Situation

Here we consider Ai = iA. Then from (2.7a) and (2.7b)

considering n = 3, we get the following eigen values in Table 3

for the different values of A and .

Table 3

Parallel: a . a o | B 8 . B
Redudancy 3.1 3,2 3,3 3.1 "3,2 3,3

a) A= 1/50 4 04360 0.10055 0.17584 0.00362 0.07675 0.17297
u= 1/15

B s ij%g“ 0.02180 0.05028 0,08792 0.00181  0.03837 0.08649
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