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ABSTRACT

In this paper we define an arbitration game in the context
of a Bayesian Collective Choice Problem and derive an approximate

ejuilibrium for such ganes under conditions of 'bounded rationality'.



1. Introduction :- The basic object of study in this paper is a Bayesian
Collective~-Choice problem which has found useful epplications in the
study of bargaining and auction processes. 4 Bayesian Collective=-

choice problem is an incomplete information game in which outcomes are
jointly feasible for all players together. A mechsniem is used to provide
the Collective choice, given information provided by the agents, The

model has been discussed neatly in Myerson (1983) and related references

therein.

The formal model we etudy hers, although defined for ths two person
sjituation is valid for a larger number of agents. Consider a situagtion
with two agents i = 1,2 and lat T denote the set of possible types of
agent 1. Let T = T' x T2 anc let A be the set of possible outcomes or
group choices. Each agent has a von Nenmann - Morgenstern utility
function, ot (q:t) which denotes the payoff to i if a is the group choice
end if t = (t1,t2) is the vector of agents' types. Each agent also heas

a probability function pi(b-ii t,) where te €T-, where

T- =717 if im
=T gf im2
pi(tni\ ti) denotes the subjective probability that player i wculd assign
to the event t-i if i's actusl type were ti' The typle = [T,A,u1,p1,u2,p2J

is called a Bgyesian Collective choice problem,

Conventionally, the method by which outcomes are selected as a function
of players' types , is by using the concept of a ggne-form, A game=form
is a pair,<rhg> where M = M1xM2. The set Mi is the possible messgoes
egent { can use and M is celled the lanquage. for reasons which become

apparent as we proceed, we define the outcome rule g ¢ M-A as a function

which assigns to each message 'm' a8 group choice g{m)¢€ A.
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Given a game beW)<M,g> s anentc choosSe mectages at a functicn of their
. . i
type end their common knovledce. We call a mappxngj{ixT'~>Mi a strateqy
for i.

A modest literature on optimal By : Lof mechaniems has developed around
the work of arrow {1979), d'aAspreront anc Gerazrd-Varet (1979, 1982),
Laffont and Maskin (1979), Riordan (1984) and Maskin (15B&), which models
the game form as a solution to an optimization problem solved by a social
planner, They conejder revelation games, i.e. ones in which Mi = 14&1 and
the mechanism which is used to make the group choice is a scvlution to

a utilitarien social welfare functicun,

Motivated by similar consideratione we define the concept of an

grbitrgtion game which gencsralizes in several respects the ccnstruct of

an optimal Bayesian mechanism. Our point of departure is the assumption that

the game form gor mechanism)<'M,g>'is controlled by a Bayesian Statistician,
This Bayesian Statistician is defined by

(i) a sccial value function W 3 AxT->R

(ii) e posferior probability function f (Jm) ¢ ToR¥YmeM which

summarizes his belief that the agents' type is given by 't' conditional on

his having received a message mc¢ M,

The ordersd pair (d¢<d,f> ) is common knowledge and for the purposes. of

this paper is called an arbitraticn game.

Exgmple 3~ Dptimgl Bayesian Mechanisms : W(a,t) = u1(a,t)¢u2(a,t)
o (apt)ea x Tpvl = T = 1,2 enc F(tIt') =1 4F t = ¢!

=0 if t & t!

The further proviso of it being a private values model is often

appended to an gptimal Bayesian mechanism,



The purpose of this paper fs to obtain solutions to arbitration
games under conditione of bounded rationality, The approximete solutions
we propose satisfies two countervailing conditions 3 it is reasonably
precise, and it is easy to compute. The rationale for imposing thesse
two conditions is that it lends credibility to a theory of rational
behaviour described by complex maximization problems. Such is the merit
of the certainty equivalence method which we apply, and which has been
discussed at great‘length in Laffont (1969}, chapter 3, A byprocuct of
our analysis is an alterngtive thmory of rational behaviour where & study

of multi=agent decision making is based on the developments in statistical

inference,
2, kgujlibrium for an arbitration game :-

Let us assume that given an arbitration game («, < H,f) )

(1) A is a compact, convex subset of a p=dimensiocnal tuclidean spacen{p
’ ~

with nonempty interior
(4i) T is a closed,convex subset of an ni-dimensional Euclidean space Rni
for 1 = 1,2.
(441) i is a compact esubset of u%i-dimansional Biclidean space fRQ(i
for L = 1,2,
(1v) W s axTo[Ris a‘ continuous function
i

{v) u 3 axT>Ris a continuous function for { = 1,2.

(vi) p1,p2 anhd f are conditional probability density functions,

In the above framework the arbitrator solves the following problem 1

P4

(1) max gu(a,t)f(t‘m)dt
acAh T
¥ memMm,

Let g'a M4 be a solution to (1).
An equilibrium for the arbitration game (oL ,{ W,f)> ) is en ordered
pair of etrategiee<x:;(.), x_;(.)) such that

=l
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(c) g s M=>A solves (1).

@ interesting question that can be posed in this framework is whether
the revelation principle would continue to be valid for the class of arbitretion
games, The answer i6 in the affirmative as proved in Lahiri (1990 a). In fact
ths entire problem of adverse selection in principal « agents problems can be
now dealé‘with in the above framework if we instead solve (1) subject to ( a)
and (b). This has been discusded in Lahiri (1990 b), where an snalogous

revelation principle has been established,

3s Solution i1~ The approximate solution to arbitration gemes that we propose

relies on the following assumptions some of which are invoked for simplicity

of exposition.

Assumption 1 3- W 1 AxT—=TRis thrice continuously differentiable in all arguments

and W(e,t) 3 A >R4is strictly concaveV teT,

Assumption 2 s~ (a) uiz AxT-~R, does not depend on tj for j % 4, i = 1,2
(b) uiz AxTs>R, is thrice continuously differentiable ase

a fUnCtion Of (a’ti)e AXT‘.' i = 1’2.

Assumption 3 3= (a)¢¥ mc M, the distribution specified by the deneity function

f(./m)s T->Rhas e finite mean denoted by t(m). Thus t 3 M->T is a well defined

function (owing to the convexity of T).

«b) T3 M5T is a twice continuously differentiable function,



aseumption 4 1= (2)4 t,c T, » the distribution specified by the density
function p1(.]t1) H T2»—=r{R has a finite mean denoted by %'1(t1). Thus,

51 ¢ T,>T, is a well defined function (owing to the convexity of 1’1).

(b)¥w tZC—Tz, the distribution specified by the density
function pz(. ‘tz) gy T1—-’]?\has a finite mean denoted %2“‘2)' Thus,

Ezz T,-»T, is a well defined function (owing to the convexity of T,).

The following theorem is immediate 3

Theorem 1 $= Suppose assumption 1 holds. Given eny $ >0,
there exists functions g 3 M- 4, ¢ tM>R__ andnms M—>® _ such that if the

Hessian matrix of the function ar> W(e,t(m)) &n non-singular for all me M and if

\

If(tlm)dt > 1 =7(m) ¥ meM,
it ¢ T/]¥m)-tj<e (m)}
then

[N(E(m),'ﬁ(m)) - max [ W(a,t)f(tim)at (&
ach }

where, W (g(m),t(m)) = max W(a,t(m)) ¥ mcM
acaA

Proof s- The proof &f thie theorem follows from the certainty equivalence

principle, enunciated in theorem 3, chapter 3 of laffont (1989).

An even more interesting result is the following 3
¢
Theorem 2 s~ Under assumptions 1 and 3 and the conditions of theorem 1, the

function g s M A is twice continuously differentiasble.

Proof 3= By theorem 1,—;{9ll Wia, B(m )) o5(m) =0vmeM,

By assumptions 1 and 3 the function mt+> })a W(a,t{m)) 18 tuice continuously

differentiable for all ac¢A.



By the condition on the Hessian matrix of the function ar w(a,t{m)) imp
in theorem 1 and carried over to thsorem 2,

};aw(a,I(m)) is globally nonsingular,

Hence, by the implicit function theorem, given mc¢ M, there exists
a neighbourhood N(m) of m contained in M such thatvm'c N(m),

}’a'ﬁ’- (a,E(m*)) |a=a(m|) = D.
By concavity of W in a,

W(a(m*),Em*')) = max w(a,t(m')).
ach

Fur ther, 5 t N(m)—>A i8 twice continuously differentiable. This being true fi

all me¢ M, we obtain the desired result.
dsEaDs

Significant to our analysis is the equilibrium for the erbitration game

which results in a noncooperative setting.

Thejrem 3 i1~ Suppose that the arbitration game (o , {W,f) ) has en equilibrium,
Suppoee that, the Hessian matrices of the functions
ui(.,ti) s A>T
ars globally non=singular for all tic'Ti, i =1,2.
Further suppose assumptions 1 - 4 a8 also the conditions of theorem 1 hold,

and the problems

1= 2
(a) max u (g(m1,m2),t1), m, & Mo, t1e T1

1
m1e M ,
and
2 = 1 VIKRAM SARABHA/ LTUBASY
(b) max ) u (g(m1,m2),t2), m1(' M N tzé T2 LWmm"uuo‘ﬂ‘q‘@Em

have unijue solutions,

Then, given (o>0. there exists functicns ;i t Tl-—‘rMi,é:.L H ‘li-»TR”
’

M ™ R o i = 1,2 such that,

-7 -



whenever,
\(Pi(b“i'ti)dt‘i > 1= Vi(ti) ’ i=1,2

it"x“'i‘ (EREACRN A ti)j

hold, wg have

(c) {u’(‘é(ﬁ(q).iz(i,(t1)).t) - max [u1(3(m1.12(t2)).t1)p1(t2t t1)dt1‘4%

1
¢
m,lM T2

(@) [WP(EER,(FLE0)F,(6,)), 8,)- nax guz(ao‘q<c1>.m2).t2>p2(t,ttz)atz j 2

m2<1~12T1
wherae,
W(BER (), (F, (1)) 0t) mmax  GNEmL B (F (E)), L)
m, ¢ M1
1
and
m2(- M

Proof ;= The proof of thie theorem appeals in a direct way to theorem 3,
chapter 3 of Laffont (1989), where a certainty equivalence result has been

established,

As an immediate corollary of ths above theorems we obtain the following
significant necessary condition for an approximate aquilibtiun('i1(.),>72(.)>

for an arbitration game (o ,{ W,f) ) as enunciated in theorem 3 above.

Corolllary s- Given an arbitration game (x ,{ W,f)) let gs M->a be an
approximate solution to the optimization problem in the sence of thecrem 1.
Lat<’>’(,(.),§2(.)> be an approximate equilibrium to (X, <W,? ) ) in the sence

of theorem 3.Then, provided that assumption 1 = 4, the conditions of theorsm 1,the
conditions of theorem 3 hold and that -g{m)& int (A)¥ meM, ’zx“'i)e int (M)

vtic—Ti, i =1,2 it is necessary that

-B-



(1) D, W(3(m),Em) =0 ¥ mew

(11) ¥ tye T, X (t,) satisfies
B, ul(Blmy Ey(F (8 0y )e By By KglEy(2y))) = 0
uhere ¥,(T,(t,)) solves
DR () mysTy6))e D SE(T(8)), my) =0

ond (4ii) ¥ e Ty iz(tz) satisfies
DR e (e )i )r ). B, BEEt)hmy) =0

where x1(t2(t2)) solves

Bt (3, 7,(F, (£, 4 8,)). By By ) = 0.

Proof 3= Follows immediately from applying the first order conditions for an

interior maximum, once we are asquipped with theorems 1 -« 3,

3. Conclusipn t= Here we will view the problem from a somewhat different
angle and evaluate the results, we have obtained from a different perspective

in the context of bounded rationality,

Given an arbitration game (« ,<W,f)) let us view the triplet
<;E,i1,?;7a505tatietic which'ths arbitrator end the agente use
in estimating the unknown parameters of the model that sach would be interested
in. Viewsed from this perspective, we have‘merely prescribed one statistic which
they initially use to infer the unknown parameters of the model and then
subsequently the problem reduces to a non-cooperative game uncer certainty. The
statistic is the mean of the posterior distribution and we shou that under

certain conditions it is a *fairly reliable' method to use in solving

a Beyesian Lollective choice problam.

-la
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The question that now erises is whether we coula use some other
statistic and once egain reduce the problem to & non=cooperative gome
under certainty ? For inetance we could use the gengrglj zed mgximum
likelihood gpproach (see Berger (1985)) in estimating the unknown
parameters and then reduce the game as before to a non=cooperative game
unger certainty. The maximum likelihood estimator has many desirable
properties apart from being asymptotically normal, producing an unbiased
efficient estimator if any such exists and always being & function‘of
a sufficient statistic, Further, the revelation principle would continue
to hold once the game was reduced to a non-coopsrative game under
certainty as above. Which staetistic we should use in computing approximate

ejuilibria depengs largely on the arbitration game at hand.
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