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ABSTRACT

In this paper a mathematical model has been developed in which
the interactions of Economic Order Quantities with quality
control policies have been considered. The incoming lots of an
inventory system are assumed to be subjected to single sample
inspection plan. E{pressions for optimal order quantities and
ingpections policies have been developed asshming the probability
distribution function of fraction defective Iin an incoming lot is
uniformly distribued. A numerical example has been provided to

illustrate the model.



INTRODUCTION

Although an enoromous amount of research 1{is done on the
application of mathematical techniques for modelling {inventory
systems, very few works have been reported on inventory control
of detfective items. The presence of defective {tems In the
incoming lots leads to a difference in the quantity ordered and
quantity received. Silver (1976) has considered the
determination of Economic order Quantity of a product for which
the quantity ordered may not be equivalent to the quantity
received and presented the analyses for two different cases Viz.,
1) the standard deviation of the quantity received ig independant
of the gquantity ordered (i1) the standard deviation aof the
quantity recejved is dependant on the duantity ordered. Shih
(1980) has considered the determination of Economic Order
Quantity of a product ot imperfect quality, wherein he assumed
100X inspection of the incoming lots. Kalro and Gohil(1982)
developed a 1ot size model when the amount received i3 uncertain
with complete and partial backlogging. Lee and Rosenblatt (1884)
have proposed two inspection policies viz the Blind Purchase
policy and Selective Purchase policy and studied thelir affects on

economic orer quantity.

With an exception for the model considered by Shih all the other

models conslidered by earlier researchers doesn’t consider the-

affect of quality control procedures generally followed in the



industry. Even tge 100% inzpection conaidered by Shih 1ig not
feasible {in many practical situations, particularly when the
inepection 48 of destructive type. In all such situations the
buver will be cénstrained to go in ftor statistical sampling
techniques to‘ decide upon the acceptance of the incoming 1lot.

Recently, Poornachandra Rao(1988) developed an Economie Order

Quantity model when the incoming lots are subjected to single

sample 1inspection. However, this model doesn't consider the
quality related- costs and doesn't give optimal » inspection
policles. The present paper aims at determining the optimal

order quantity and the inspection policies of an item subjected
tr cingle sample 1n9§ection plan to decide upon the acceptance of
the incoming lot. When the incoming lots are sugjected to single
sample inspection plan, the buyer inspects a certain
predetermined number of items(n) and atccepts the lot 1{f the
number of defec£1ves in the inspected sample are less than the
predetermined acceptance number ‘C'. Hence there is a certaln
probability (F, ) sssociated with the acceptance of the {ncoming
lot and a certain probability (g\) of rejecting the lot. If the
lot is accepted, all the items including the defectives will be
taken 1into the inventory system. But as the stock is depleted
due to demand, the defective items are gradually traced out and
removed from the system. Thus the stock is depleted not only
because of the demand but also due to the removal of defective
items identified during the depletion cycle. Alternatively , {f

the incoming lot 1s rejected due to poor quality, stockouts occur



until! a2 second 1ot of acceptable qualit: is received. It may be
p;inted o;t. that the stockout in this coce = different from the
traditional definition. By traditional definiticn, ctockout (or
shortages) occurs when demzand exceeds ttr« er2.~*' °f inventory on
hand. In the present situation the stockout is triggered, due to
the rejection of an incoming lot of poor quality.

~ . IS

ASSUMPTIONS AND NOTATIONS

The following assumptions will apply throughout our discussion:
i) Demand is constant and deterministic

11) The planning horizon is infinite

111> All the 1incoming lots are subjected to single =zample
inspection plan.

fv) The average out going quality (&) of the incoming lots is =a

random variable.

v) Stockouts occur only when the incoming lots are rejected

because of poor quality.

vi) If an incoming lot is rejected due to poor quality, the
demands occuring until a lot of acceptzbtie quality is recelved,

is backordered.

vii) The demand during the replenishment lead time is known and

constant.



Notations:
Al Demand rate in units per unit time
X Quantity ordered in units.

‘ Unit cost In Rs. fer vunit

\Fl Cost of inspectiqg one unit
i Inventory carrying cost, in Re. per Re. per unit time.
A Fixed ordering cost per order in Rs. per order
P Ran&om variable representing the process average fraction

—

defective of incoming lots.
Probability of acceptance of the incoming lot

Probability of rejecting an lncoming lot

el

c(’ Expected value of probability of accePtan;e N
OQL. Expected value of probability of rejection

n Size of the sample inspected

o Average outgoing quality of the product

g{(p) Probability density function of 'p’
[]
M Expected value of the average outgoing quality of

the product

=) Fixed demand during the replenishment lead time, if an
incomlng'lot is rejected.

P Fixed penalty cost per unit demand lost in Rs/unit

Shortage cost per unit backordered per unit time

in Re/unit/unit time.



THE MODEL

The average out going quality ©0 cf the product subjected to
gsingle sample inspection plan which is a measure of the freaction

..defective is given by (Duncans,i1Sc: :
o = Ep@-m/Q cee (1)

'lt the ordered quantity-is sufficientyly large, compared to the

sample inspected, ean be approximated as,
M = %-p P (2)

Assuming Bernoulli’s process, during the process of inspection,

we have,
C . '
_ (" _ Y\ - L
P = inc'ip (1 - p) ce. (D)
L=0 .
. C t L
.- d = i{nc‘p"(l - pr ... C4)
[
(>0

Since the fraction defective "p’ cr the incoming product s =a
random variable, the expected value of the average out going

quality (o) of the product is given by:
i

C . .
My = L2 n. Pt - pY dpg(pddp ... (5)
=0 *

'
O

‘Thus the expected number of good pieces Iin a cycle is given by:
Q =. Q1 - M‘} ce. (B8)

Since the depletion cycle is associzted with a probability of

P"D

and the backorder cycle 1is associated with a probability of %1

we'have, cycle length

T = (@-SRIR/D + S B /D ,

'V-
= {(1 - MKBQ/D)%L + (S/D)%\ ce. ()



Expected cycle length {g given by,
R
J K f(p) dp

E(T) = T = Q€1 - M)/D/ K
" (‘

A
] + S/Dfrff(;» o
_ e .
= ((1 - MQ/D)ed + {S/DIE(PY) (8)
« i d‘ ~ ’-\_ s a s

The variability Iin probability of rejection 1s given by

|

A s
G =‘_[(Ph _0(1.) g(p) dp )
o
1+ o
= E(ﬁl) —111
g - "% a
E(R)) = G +¢xl_ see (8)

From equations (8) and (9), we have

'y
© T, = (1 - MQQ/D ¢+ S(gV+ap)/D va. (10D

Since the second term in the above expression 1is a constant,

letting
V
r = S(c +ay)/D ce. (1D
: T = {(1 - MOQe)/D  + r ve. (42D

\

Expected cost per cycle

— a
E(C) C PCL+ A+ {(Q - EhS, (2D} lC‘QX

"

1
0 QF, pC + (PS + P (S7/2D))R 1 g(p) dp

i
1

py
0 A ‘
v
- (IC/2D)_/[ Q R + SR, - 2QsR 1g(p) dp

Y o
Qn(C|+ (PS + ﬂ (S /20))0(2_ soe (13D

_1 I —
nCy+ A + (lC/2D)j[ Q + s"B - 28SRJg(p) dp



Neglecting the third power of %». we have,

ECC) = nCy+ A+ (1200 (B (1 AR s”(o-"+a(;‘§
+ 20567 Ay -ey))
+ QMC, +  (PS + P'(s"’/zm)d,_ . (12)
.
Expected cost per unit.time K@Q)y = E(CY/E(T)

K(Q)= (A + nCg)D/{(1 - M QX+ Dr} + IC/2{(1 - M Qd+ Dr)
(701 -a) + (™% o> (s¥ + 285 - 285«
+ QM C Y ID/{(1 - My)Qol,+ Dr}l

+ (PS + P'(s"/zb)} [DO(/ (1 - Mp)Qa,+ D 1))

. .o (15)

We can rewrite (i15) in terms of T using (12), we have

K(T) = (A + nCy)/T + (IC/2DT)[D1;:'T - r)v/,(\‘?(t—o(t)

. + (o-‘in(;’){s"’+ 2D(T - IS/}

- 2D(T - r)Sely/al|)

+

o
QMCy /T + (PS + P(S /72Dy 30 /T

(16)

Differentiating equation (16) with respect to T and equating to

zero, we have:

X ’ Yy v v
T" = (2&1C D) [ nCy+ A + IC (S7/2D) (o +a){ 1 + 2a6,/x,
ar ¥
T e [ - 2007 )/ (S)))

- (S/he) (ST &) (C M/ (L - M) + (PS + P (5¥72D) 1y )

ves (17)



To determine optimal ivepection policles, the following
components of costs have heen ceoneidered: 1) cost of Inspection,
11) Expected cost of rejected items when the lot is accepted and

111) Expected cost of lost sales per c¢cycle. The total cost

-

tunction is given by,

TC(n,C) = nCy + QCyM/T + (PS + P(S772D)1(ey/T)

caa (18D

Since n and C are discrete, the optimal values are determined

using the following inequz!ities.

AC - 1) £ 0 & ac) ’ ce. (19)

N
Aln - 1) £ 0 L Aln) . vee (200
Assuming that probability density function of °‘p® follows uniform
distribution, we have
g(p) =1 0 <Cp < 1
= 0 otherwise

Using the above probability density function, we have,

Mi. = (C + 1)(C + 2)/{2(n + 1)(n + 2)1}
.. (28)

oL, (n - CY/(C + 1) ce. (22)

Using (18>, (21) and (22) in (19), we have
C(C + 1) < (n + 1) (n + 2)(PS + ﬁ(s”72D))/Qc'< (C + 1)(C + 2)
ees (23)

Using (18), (21) and (22) in (20), we have

M(n) < Cy < HM(n - 1) e (248)



where Min) = QC.‘ (C+L)(Ce+2)/7{(n+L)(n+2)(Nn+3)

- (PS 4 P SY/(2D))(C+1)/1(n+1)(n+2)} ... (25)

SPECIAL CASES

Case 1: When S = O, eduation (16) can be rewritten as:

2 "+
K(T) = nCy/T 4=A/T + 1C1/(2DTI LD T g .+ @™ +oly)) (2DT /()]

+ (DC‘/dl){H«/(i - My

e a 9 (26)
where R AN ¢ 'Mc()"(]/D (‘27)
Therefore, the optimal cycle time is given by

T¥‘ 2&/(A + nCy,)/(CIC, D) (28)
-\[ oy nC, | | . e

The optimal values of acceptance number and sample size, given by

inequalities (23) and (24) can be rewritten as:

C(C + 1) <0 < (C + 1)X(C + 2) ces (29)
Xtn) < C < X{(n - 1}%) sae (B0
where X(n) = QC' (C+1)(C+2)/{(n+1)(n+2)(n+3) ... (31)

Case i1i: When S = O, C,7_= O and c(‘= 1 (vhen no i{nspection

adopted), equation (17) can be rewritten sc:
* r_—_
T = 2A/([C‘D) eas (32)
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SOLUTION PROCEDURE

Step 1t Set n =1 and C = O

Step 2: Determine f*’trom equation (17) and the cocrresponding
Q from equation (12).

Step 3: Determine C using inequality (23) and the current
value of n.

Step 4: Determine n using inequality (24) and the value of
C obtgined from Step 3 above.

Step 5: Repeat Steps 2,3 and 4 unti! the solution converges.
EXAMPLE

To {llustrate ihe model, a hypothetical system is considered with

>

the following parameter values:

D 2000 units per year
A = Ra. 50 per order

I = Rs. 0.2 per unit per year

o
u

Re. 5 per unit
P = Rs. 1 per unit
P, = Rs. 0.1 per unit

Cs= Re. 0.5 per unit

§ = 50 units
For this gystem, using the solution procedure described eariier,
we have, T = 0.247 years and the corresponding order quantity is
3174 wunits. The optimal sample size to be inspected is 664 and
the acceptance number 1s 86. The total cost of operating this

system 13 Rs. 35986/-. Instead of using the optimal T* developed

12



here, it the cycle time glven by the clasaical economic order
quantity 'model ¢ TX = /ZA/(IEI,D)) is used, the cost .of
oper=ztirg the inventory system would have been Rs. 3614/-. Hence
there ic &z c=ving of 0.5% as a result of using the present model.
It the demand during lead time, when the incoming lot is rejected
is =zero, the optimal value of T 1is 0.0416 years and the
corresponding order quaptity is 3330 units and the cost of
operating the system is Rs. 3552/-. The optimal sampie =aize(n)

—

{s 39 and the optimal acceptance number (C) is zero.

CONCLUSIONS

In +this paper, a mathematical model! has been developeZf to study
the affect of ordering policies when the 1incoming 1lote are
subjected to single sample inspectionA plan. Expressions for
optima! cycle time, optimal sample =slze and ogtimal acceptance
number have been determined, assuming that the probability density
function of fraction defective follows uniform distribution. An
iterative solution procedure has been presented to determine the
optimal policies. Table-1 gives the optimal cycle time, optimal
order quantity, optimal sample size, optimal! acceptance number,
‘cost ¢. operating the system and the cost of wusing traditional
EOQ model! for various values of demand lost during replenishment
lead time, 1f an incoming lot is rejected because of poor
quality. It 1is evident that the model is sensitive to tﬁe demand

lost;. It i3 interesting to note that the sample size 1Increases

13



and approaches the order quantity with the {increase 1in lost
sales. This implies that at higher values of lost sales {t 1is
better off to go |in 100* inspection rather than sample
inspection. The savings In cost resulting due to the present
model {s around 28.5% when the lost sales is 5 units and 68% when

the lost sales is 1000 units.
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Table-1

OPTIMAL POLICIES FOR VARIOUS VALUES OF BACKORDERED SALES

S T Q n Cc TC TC

o) 0.0416 3330 39 (o) 3552 9506

S 0.0802 2591 131 8 2906 4064

10 0.1206 2648 214 18 3008 3539
25 0.1806 2889 410 48 3300 3368
50 0.2470 3174 664 96 3596 3614
75 0.2890 3387 885 144 3796 3957
100 0.3440 3558 1087 192 . 3948 4321
S00 0.7700 4880 3406 934 4814 2836
1000 1.1250 5798 5570 1827 - 5174 16311
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