w. p. L%

Working Paper

a .
3 3>

\«f,

—>t
o~ X
00




APFLICATIUM OF MARKOV CHAINS TO
YANAGEMENT OF LEASING

£

5.X. Rarua
&
G. Srinivasan

N P No. 68l
June, 1987

The main objective of the working paper series
of the IIMA is to help faculty members to test
out their research findings at the pre-publi-
cation stage.

INDIAN INSTITUTE OF MANAGEMENT
AHMEDABAD-38001 5
INDIA




APPLICATION OF MARKDV CHAINS TO MANAGEMENT OF
LEASING

ABSTRACT

The paper presents application of Markov Chaina to managerent pf
lsasing. The paper demonstrates that, depite low parcantage of
bad debts, thare could be a significant reduction in the returns
sarnad by a lessor because of delays in payment. Since a lessor
typically operates with a very small spread betwean returns earned
and the cost of funds, a reduction in returns could jeopardise the
very viability of the businass. Markov Cheing could ba useful in
Ha
assessing the impact onAFata of return becaucse of the gquality of
accounts a lessor has)aa reflectad by the prevailing trdnsilion
prcbability matrix. The model could in addition be used for

assesaing working capital needs,arriving at the age distribution

of accounts and predicting the incidence of bad debts,



APPLICATION OF MARKOV CHAINS TO.MANAGEMENT OF LEASING

INTRODUCTION

.

The pionesring work on use of Markov Chain to forecast account receivable.
flows was done by Cyert, Davidscn and Thompson {2 ). Their fanous CDT‘
model used the oldest balance to decide the ages of an account, and then

| assuming that the resulting transition probabil ity matrix was stable,
forecast the ateady state distribution of accounts receivables. éubse-‘
quently, Van Kuelen, Sprork and Corcoran ( 3 ) bointed out that the oldast
balance method would not provide a correcf picture about the age distri-
‘bution of the accounts receivables. Instead, they used the method of
pertial balances, mhics ka;t track of th; actual age of various amounts
outstanding, to prnvide a batter asssasment of the steady atate distri-
bution. In another work Corcoran (4 ) also sugg;sts tha use of exponential
smoothing to alter the transition probability matrix over time, This method
is also based on partialrbalancas but by its very nature does not focus

attention on the steady state distribution of accounts receivables but

attampts to track the ag®e distributién of raceivables over time,

This paper reports an application of Markov Eha%n in a diffezrent area, namely,
laasing; The lease renﬁala recaiuabia by s lessor have characteristics which
ara very similar to'accounts racaiuablea‘far the manufacturimg industry. The
major difference ia in the time span under considaration, While accounts
recaivables are payablo within a short perxod of time, loase rantals are pay-
able over a much longer parind of aavaral yaars. The longer tima span involvad

in itself increases tha possibility of a defsult eithaer in the form of non-paymen |
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or d.;lys in payment of rentals. Besides, sincs e lessor typically has
very high percentage of debt in his capitsl employed, and invariably
operatss on very low margins, such defaults bv lessges may jeopardise

| .
the very viability of the business,

In this paper we demonstrate the use of Markov Chain to model the behaviour

of rentals raceivable from a sat of accourts, .Tha cashflow pattern pre-
dicted by the model has been subsequently used to compute the rate of

return sarned by & lessor. pThree hypothetical transition probability matrices
raprasentiﬁg s varisty of conditions likaly to prevail in reality have been
used to show that the rate of return is not only affaected by the occurence

of bad debts but is significantly thluenced.by delays in payment of rentals.
We have also shown how the madal could be used for assessihg tha working
capital neaded, ‘ghtaining tha‘age distribution of accounta and assessing

the extent of bad debts in the long ruf.

THE MARKOV CHAIN MODEL

We assumed that an account could be in six different states; from being
fully paid-up, indicated by state 1, to being delayed in payment by five
montha, indicated 59 gtate six. A delay of five months was assumed to

imply bad debt.  Therefors, atate 6 was an absorbing state.

An account in state J in period t could move to any state from 1,009
(j+1) in period (t+1), depending on the number of instalments paid.

No payment would move it to (3+1), payment of one instalment wuld keap



it in j, end payment of J instalments would move it to state 1, Thus,
the jth row (except row 6) of the transition probability matrix would
have {j+1) non-zero values. State six, being an absorbing state, would

have only ong non-zaero value,

The above implies that the transition probability matrix would in all

have 21 non-zaro values. Since the posaible sata of valuass of these
probabilities are infinite, we focussed attention on three different
patterns, specified by the value of P11 and a formula for determinétion

of the other pij's. The patterns reflected a wide variety of values that
are likaly to pravail inrraality. The formulae used for tha three pattarns

wera as follows:

Pattarn 1
Pq1 = Ky py, = (1K)
Pij = 2 (i+2=3)/(i+1) (i+2)
for all j £ (i+4) and L = 2, «eey 5
Pes =1
Py = 0 for all other (i,j)
Pattern 2
P11 = K! P12 = (1*)
p:’..i = 1/(i+1)
for all j £ (i+1) snd 1 = 2, c.ey 5
Pes =1

= 0 for all other (i,})



Pattern 3
P11 = Ky pyp = (1K)
Py = 2;/(i+1) (1+2)
for all J £ (i+1) and £ = 2, +ea 5
Pes =1
Py = 0 for all other (£,J)

The value of Pi4 specifios the éhance thet an up-to~date dccount weculd go
into default in any peried. The t%ree patterna capture a variety of
possiblé behaviour of accounts which enter the default category. Pattern 1
asgumasg that from any state tﬁe probability of full payment is the highest.
The probability of moving to other states decreasss, becoming the lowest
for a further delay in payment., The values for each row yere genaratad by
using the sum of digits method. Pattern 2 is less optimistic ccmpated to
pattern 1. It assumes that thers is an sgual chance of moving to any of
the possible states from a given state, Pattern 3 is ths most pessimisgtic
pa%tern. It assumes that from any statas, the probability of a further dele
in payment is the highest.‘ The probability of moving to other states decre
ases, becoming the lowest for full paymeht. The values for aadwirow wara
generated using sum of digita metﬁod in the reverse order, To further
clarify fhasa-patterna, the mumerical values of probabilities for a specified

value of Pyqr BT presanted in Appendix I,

JITERAT BARARAAY RIERARY
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GENERATION OF CASHFLOWS

The two basic matrices needed far generation of cashflow from lease rentals

sre the transition probability matrix P and the ingtalment matrix C. The
elements in the matrix C demote the number of instalments when an account

moves from state i to state j. For example, ca’j = 2 meana that an account
which is in state 4 {that is three instalments are overdue} would pay two
instalments comprising the currsnt and one overdus inatalment to move to state 3
in which two instalments are overdue, The C matrix ig displayed in Table 1,

The computationa needed to atlriva at the cashflows using these two matcices is

captured in the following steps:

g

! TaBLE 1 |
L

Step 1t The expected number of instalments is computed thraugh matrix O

where dij = pij x ci.i

Step 2t The expected number of instalmentsfrom an account in state i isg

: 6
computed through column Vector £, where 8, = JZ:--] dij

Step 3t Tha expected number of accounts in varicus states at the beginning

of sach period, is captured through vector At' wvhare

>
"

{1 o o o o0 Of(the initial distribution)

A =At_1xpf‘ort)2

Step 4¢ Thg cash collection in a period t would be given by CCt.

Cct = leth

whers 1 is the lsase rent per period.



The cashflows thus generated are needad for computation of rate of rsturn

earned as well as for arriving at the funds needed by a lessor for sustaining

his business.
CCHRUTHTION OF IRR

As mentioned in the introduction, the paper focusses on the viability of
leasing and hance it is necessary_to assess the impact of bad debts and
delays in payment on ths return earned. In addition to the cashflows from
leasa rentals generatead thoﬂgh thg model described in the previous saction
other cashflows such as the tax-shield on depreciation and bad debts, and
tax on lsass rsntais would be relevant, The computatiaons éf thess cashflous

along.ith the nacessary assumptions are given below:

a, Depreciation Tax-shield

It Has been asaumed that woV method is ussad fcf comruting annual
depreciation and tha tax-shield is assumad to bs available at the
end of each year, The salvage value at ths end of the lease period
has been assumed to be zero and therefore ths terminal daeprsciation

equals the WOV,

b, Tax on Lease=Rant

It has been assumed that the. revenue is recognised on an asccrual basis,
therefora the tax has been computed on the basis of laése rent accrued
rather than the collection during . the yasar. It ia assumsd that the tax

is paid at the end of the year.



6+ Tax~shisld on Bad-dsbts

As ﬁantioned earlier all accounts vhich enter state 6 are assumed to
have gcne bad. Since the income is recognised on accrual basis, the
uncollected amount because of the bad accounts would result in a
reduction of tax. This reduction is again available at tha end of

each year.

For the comoutation of the IRR, the initial investment would be the cost
of the assat leased less the First peribds leass rent, it being assumed
that the lezsa rentals '.ut?ra payable at the beginning of each month, The
cashflous used also assumed that the tax«shields on depraciatidn and bad -
degbts were available in thse year of their occurence and that thera was no

need to postoone tham in the absenca of adsquate profits.

AN ILLUSTRATION

The model was ugsed for a hypothatical (but fairly common) example from the
Indian leasing industry. The period of lsase in the examplas was eight
years and the lease rental was Rs. 25 per thousand rupess worth of asset
leassd. The rentals were payable at the "begir;ning of gach month, the first
rental being paid at the time of signing the wntract. The rate of depreci-
ation was assumed to be 33 1 % and tha corporate' tax rate was assumed to

3
be S0%.

In the abgsenca of any delay in payment or non-payment of lease rentals, the
rate of return sarned by the lessor from such accounts would be 20.5%. This
rate has been arrivad at by using a single discount rate for all thae cashflow

and finding ocut that value of disccunt rate which reduces the NPV to zero.



In the presencé of delays and bad debts, resulting from the use of the
transition probability matrices discussed earliér, the IRR would reduce,
Tha'expected cashflow from lease rantals for the sight year time span

wera computed by using the trangition probability matrices., The aggregate
cashflow was then arrived at by incorporating the tax 1mplicat10ns and then
the IRR was computed. The resulting rates of return are tabulatqd in

Table 2-

' TABLE 2}
L_..__..-—-'

DISCUSSION OF RESULTS

We have said that pattern 1 is tha most optimisatic, pattern 3 is the

most pessimistic and pattern 2 falls between the two. To get an idaa

of uhat is implied by these pestterns, the incidence of bad debt in the
long run under the thraa patternslfor the two extreme values of Py ara
pragented in Table 3. The bad debts range Erom 0.33 percent to 37.80
percent. While tha latter percentage of bad debt may never be observad,
the other figures may provail for a lessoTl. For the same combination,
Table 4 contains the reduction in the rate of raturn eparned by the lessor
from tha 20.5% he would earn in the absence of default. The raeduction in
ret;rn ranges From a little over half a percent to a little over 12%, The
interesting feature is that even if the incidence of bad debt is low, the
drop in the return {s substantisl because of the delays in payment.

§inca the lessorsoperate with a spread of only e few percentage points,

this drop may seriously affect the viability of their business.

TTABLE 3 & 4 |

'] - |




MONITERING AND PLANNING

The model outlined can be used for various other purposes such as predict-

ing the age distribution, incidence of bad debt and aggregate cashflow over
di

tima, These prthions can ba used for monitoring the actual parformance

as well as planning for future through introduction of corrective measures

to influence the performance.

The age distribution of accounts at the bagining of period t is straight-
away given by the vector At computed in step threse of the section on
generation of cashflows. The elasment ag of this vector would give tha
percentage bad debt at that point in time. The cashflow generatad from
one account in period t is given by the number CCt computed in tha last
step of the sama saction, This value uhen aggregated over all the
accounta would provide the total inflow of cash in period t in the fcm
of lszse rentals. Deducting the anticipated opsrating expsenses for the
pariod would indicate tha surplus/deficit for the period., Such a

pradiction would be immensgely useful in planning to deploy/raisa rescurces.

CONCLUSION

Tha peper illustrates how a Markov Chain Model could be uvged for planning
and monitoring tha leasing buginess. It highlights the fact thae rate of
return is significantly affaected not only by incidence of bad debts but
also by delays in payment, Though the analysis was done only for one
category of lease accounts, it is quite clear that ths method cculd be

pacily extended to a gituation where a lessor has several categories of
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accounts., The aggregate picture can be developed for the organisation,
despite using different transition probability matrices for different
categories of accounts with different pattern of rental payments. The

approach would prove extremsly ussful.

AY
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TABLE 1

THE INSTAMESTS MATRIX C

3 4 5
0 0 0
0 0] 0
t 3 3
2 1 0
3 2 1
8] 3 C
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Tua3LE 2

RATES OF RETURN E+RNED

(in perceﬂtage)

Chance of default of ‘.—__Transition Procoanility Matrix

a good account Pattern 1 Pattarn 2 Pattarn 3
0,90 19.82 18,63 8.3
0.91 15,23 18,74 .70
0,92 19.84 18.85 9.76
Ge93 19.86 18.96 10.60
0.94 19.37 19.08 11.54
0.595 19.89 19.27 12,57
0.96 19.90 19.35 13,72
0.97 19.92 19,49 15.02
G.98 19.34 16,64 16.47
0,99 19.96 19,30 13,11




13

TADLE 3

INCIDENCE OF 8+D DEBT

(in percsntaqe

Chance of default of

Transition Probability Matrix

a good account Pattern 1 Pattern 2 Pattern 3
0.90 0.27 4.68 37.80
0.99 0.03 0.61 7.17

TazlLE 4

AESLCTICN Ity AATE GF RETURN

(in percentane)

Chance of default of

Transition Proranility “atrix

a good account Pattern 1 Pattern 2 Pattern 3
0.50 0,68 1,87 12,19
0.99 0.54 0.70 Ze37
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ARPENDIX 1

TRA.SITION PRUGABILITY MATRICES

if p11 = 0.90

Pattsrn 1¢

Pattarn 2:

Pattern 3:
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