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ABSTRACT

In this paper we establish an isomorphism between the set of
correlated equilibria of a game on the one hand and the set of ordered
pairs of coordination mechanisms and equilibrium decision rules for the
same game on the other, in the case of bounded and unbounded rationality.
The paper develops a systematic theory establishing an injection from the
set of ordered pairs of coordination mechanisms and equilibrium decision
rules to the set of correlated equilibria. The converses follow easily
from the methods of the proofs. As an intermediate step, we introduce
the concept of a conditionally correlated equilibrium under bounded

rationality.
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ABSTRACT

In this paper we establish an isomorphism between the set of
correlated equilibria of a game on the one hand and the set of

ordered pairs of coordination mechanisms and equilibrium decision
rules for the same game on the other, in the case of bounded and
unbounded rationality. The paper develops a systematic theory
establishing an injection from the set of ordered pairs of
coordination mechanisms and equilibrium decision rules to the set
of correlated equilibria. The converses follow easily from the
methods of the proofs. As an intermediate step, we introduce the
concept of a conditionally correlated equilibrium under bounded

rationality.

1. INTRODUCTION

A kind of incentive constraint that limits people's ability to reach
mutually bereficial agreements in social and economic affalrs is when a person
controls sore privape decision variable that others cannot control or monitor
and so he cannot be directed to choose any particula: decision or action unless
he is given the incentive to do so. As observed by Myerson 11986), a social
contract or coordination system may not be feasible if it gives people incentives

to cheat in their actions. Such is the problem of moral hazard. In this paper

we propose to study conditions under it is possible to expect people to choose

a particular decision i.e. to be obedient, without violating incentive constraints.



The basic object of analysis here is a game with complete information.
In the notation here, we suppose that there are n players in the game, and
that they are numbered 1,2,...,n. For each i in {1,2,...,n}, we let D,

denote the set of possible actions or strategic decisions available to player

1 in the game. Let D denote the possible combinations of decisions available

to the n players, so that

= X....X D
D D1 n (1)

We let ui(d) denote utility pay off (measured in some von Neuman-Morgenstern
utility scale) that player i would get if 4 = (dl""'dn) were the combination

of decisions chosen by the n-players. Thus,

F=
(Dl,...,Dn, ul,...,un) (2)

is a game with complete information if for each i, Di is a nonempty set.
Following Aumann [1976], we assume that T is common knowledge. To simplify

our analysis, we will henceforth assume that the decision sets Di are all

finite sets,
iet us suppcse thuat the players communicate with the help of a mediatcr,

who recommends a strategic action to each player. The mediator's recommendation

which may be deterministic or random is summarized bv a co-ordination mechanism,

v:D = [0,1) which is just a probability distribution over D, satisfying

} L(e) =1 and L(d) > 0, V dcD. (3)

(&)

ech

We must allow, each player to disobey the mediator's recommendations.

Hence, each selection of an action di in Di can ultimately be contrclled only

by player 1. Thus, the coordination mechanism p induces a game Fu in which
each player must select his plan for choosing an action in Di as a function of

the mediator's recommendation. . rrally, ru is a game with complete

information, of the form
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T, = (DyseeusDs Uppenyu) (4)

wvhere

~

D, = {6./8§. : D. = D.}, and
i i'7i i i

u (8,08 ) = ) u(@u (6,(d),...,6 (a ) (5)
deD

A strategy 61 in Bi represents a plan by player i1 to choose his action
in Di as a function of the mediator's recommendation according to 6i' so that
he would do 6i(di) if the mediator recommendedrdi. We assume that each plaver
communicates with the mediator sevaratelv and confidentiallv, so that plaver i's

action cannot devend on the recommendations to the other vplavers.

An ecuilibrium for Fu is an n-tuple (61,...,6;) € DIX...X Dn such that

for all i € {1,...,n} and Vv éi eD,,

* * * 4 * *
P63, 8% > U (6, ..., 80 6,8 0. (8

* *
ui(él,.“,é. i-1'"1'%i+1’°" %0

1-1

Such equilibria are self-enforceable.

Since obedience is a virtue, following Aumann [1974, 1987), we say that
p 1s a correlated equilibrium for T if there exists (é;,...,é;) which 1s an

-

equilibrium for the associated game ru and v i ¢ {1,...,n}, é;(di) =d vd eD.

This 1s the condition of incentive compatibility, In this vaper we
intend to studv conditions which guarantee incentive compatibility under
conditions of bourided and unbounded rationality. Under unbounded rationality
an agent behaves like an expected utility maximizer., This is the traditional
approach to game theory. Faced with bounded rationality and limited computing
facilities, a player may take the help of a statistician who assists him in
estimating the unknown parameters of the model before he arrives at a decision.
The statistician is assumed to be Bayesian in the sense that he draws his
inferences on the basis of the posterior distribution of the unknowns conditional

on the current observations. Hence the player must communicate to the statistician



the entire posterior distribution of his beliefs about the unknowns conditional
on the current data. The statistician renders his services free of charge.

'The beliefs that the players form may be subjective; however in most of our

analysis the basis for such beliefs are objective and based on the coordination

mechanism used by the mediator.
2. THE SITUATION UNDER UNBOUNDED RATIONALITY

In this section we propose some results which characterize correlated

equilibria under unbounded rationality.

. ) .
Lemma 1. 6 1is an equilibrium for 1"u if and only if ¥ i ¢ {1,...,n} and
vada, D,

i i

] w@u (3@, .. 8@, 8A(@ > ) u(@u (82(d )., 8 (d ) ey,

d ch i d ieD i
: - * *
éi+1(di+1)....,6n(dn))

0
O
x
x
o)

¥V e ¢ D.. Here, D . ce . .x D, X, ,.xD .
1 i -1 1 1-1

Proof: Let ¢* satisfy the above condition and let 6i : Di 4 Di' be any function.

Then ¥ di € Di' if we put 6i(di) in place of ei and sum over di' we get that

{* is an equilibrium for I .

Conversely, suppose that (* is an equilibrium for ' and towards a

»

contradiction assume that for some i ¢ {1,...,n} and for some di 3 Di'
y L (d)u. (E*(d))< i L S T
DooR@u @< ] w@u (62,8 @, el 82 (E )., E2d )
4 .¢D | d .eD .
-1 -1 -i-d
for some e. ¢ D..
i i
Define 6i : Di - Di as follows:
VIRAR SAR/ U-W'Em
§.(ar) = 6*(a') vd' #4d cotnan wiiiiiE OF MV LT
i ity iT % /ASIRAPUIR, AHMEDA
= e vda=4da..
i i i

Therefore,

}ow(d_.anu (er (@ ), §2@)

d'eD, @ .eD .
i1 -1 -



< Y w(@_ ,dNu (8% (d_.),58 ()
d'ep, d_ep_ - P b ociomiodd
i1 1 -1 -1

where d .¢e D . and 6* = (&8%,..,,8* _,&8* ..., 8*). This contradicts that
-1 -1 -1 1 1-17 i+l n

8* is an equilibrium. Q.E.D.

We now state and prove a main theorem of this paper.

PN

Theorem 1. If 6 is an equilibrium for Fu where ¥ is a coordination mechanism,
then there exists another coordination mechanism p* which is a correlated

equilibrium for T.

-

Proof: Let ¢ be an equilibrium for Fu . By Lemma 1,

I ou@u (5@ > ¥ w(@u (5 (d ),e)
2 - 1 -1 -1 X

d .eD . d .eb .
-1 -1 -1 -i

viedl,...,n}, vdeb , Ve eD. .
i1 i i
Define u* : D » [0,1) as follows:

L@ = @,

are: ™ (a)
S
where if & (&) = 4, .*(d) = 0.
Hence ] *(du (=} !, L (du ()=} Yo, v@hu @
é .eb d .eD d' €& (d ) d .eD d' ef (& ) -
-1 -1 -1 -1 -1 -1 -1 -1 -1 -1 -1 -1
= 1 e@)u @)
d' eD
-1 -
-1
where d! ¢ ¢ 7 (d.)).
1 py pE
Similarly, } *(d)u (d _,e ) = Y u(d)u (¢ (@), e.)
a4 D S T -1 -d i

i -1
Hence from the inequality mentioned in the beginning of the proof it
follows that

Voour@u @ e < b ut@u (d) v oieil..... n). ¥vd eb, . ¥ e eD. .
- i1 i i1 i1

d-iED—i d-iCD-i

Hence u* is a correlated ecuilibrium for T. Q.E.D.
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3. THE SITUATION UNDER BOUNDED RATI&NALITY

It is interestina to see what would havoen if the vlavers were subiect to
bounded rationalitv. Such behaviour in the context of arbitration games
has been studied in Lahiri (1990]. 1In the present context we motivate further

discussion by the following lemma.

Lemma 2. If p* is a correlated equilibrium for I, then there exists function

* . 7 )
bl (.Idi). D-i + [0,1]), V¥ dieDi, v ie{1,...,n} such that

(i) Y w*@ . |d,) =1, u*@ |d,) >0va .eD ., vd.eD,.
1 -1 Py 1 -1 1 - B § -1 1 Py

(ii) wvwief1,...,n}, w dic D,

*® . *
Pt laguei@ > ] wrid ldpu @ [ ,e) voeen,.

d .eD . 4 .eD .
-i -1 -1 -1
. N _ou*(a) ws . .
Proof: Define u*{(d .|d‘) = ————— . These p*'s are the regquired functions.
" i -1 . i
) u*(a)
d_‘.eD_i Q.E.D.

We say that an n-tuple of functions (u;,...,u;) forms a Conditionally
Correlated equilibrium for a game I' if it satisfies conditions (i) and (ii) of
Lerma 2. Condition (i1i1) of Lemma 2 displays on either side of the ineauality
plaver i1's ccnditicnally expected utility fror using di and e respectively,
given that the mediator recommended di' This will form our point of departure

for the subsequent analysis.

Supposé that the player i being recommended di by the mediator confronted
a statistician with his posterior beliefs ti(.ldl) : D_, = [0,1). (It is possible

that the player i is himself a statistician in which case he need not consult
L.

L. . b
another statistician). The statistician would then use an estimator Ti : Di 4 D»i

to convey to player i an estimate of the actions that the players other than i
M,
would adopt. Equipped with this estimate Til(di)' player 1 would now choose an
¥

i i
. ED. .
action 6i(di) € Di such that ui(éi(di), Ti (di)) > ui(ei. Ti (di)) v ei i

This is the behaviour expected of player i under bounded rationality. We assume
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% H
that the family of estimators {(Tll,...,Thn)} indexed by (ul,...,un) is common

knowledge. This family is denoted (Tl""'Tn)' Let

r=(o,.....Db , u .....u . T ....,Tn) (7)

and

T, bovens. = (D,.....D peees s T i, T ) Py
( u un) ( 1 Dn, u, o 1! .Tn vy .un) (8)

An n-tuple of function @ = (¢ ...,6n) is said to be an equilibrium for

10

,...,un) under bounded rationality if v i ¢ {1,...,n}, v di € Di'

(r, v

1
Ui Ui
u (8. (a), §_ (T 7(d))) > u (e, ,8 . (T,7(d))) Ve eD,.

(ui,...,p;) is said to be a conditionally correlated equilibrium under bounded

rationality for T if & = (&*

1

.,6%) is an equilibrium for (T, u¥,...,u*) under

bounded rationality where 6I(di) = di v di €D V ie {1,...,n}.
The two definitions above are analogous to the definitions in section 2,

and given our framework are quite self explanatory. Once agailn a conditionally

correlated equilibrium under bounded rationality requires obedience at an

equilibrium.
Our subsegucnt analysis will focus on the situation when (Tl""'Tn) 1is

a family of generalized maximum likelihood estimators (see Berger [1985])).

Assumption 1: V i ¢ {1,...,n}, V¥ di € Di'

i _ ) !
’1‘i (di) = arg m.x pi(d-i;di).
d_ic D_i

For reasons which are technical and without which our analysis would

fail to proceed, we need to make the following assumption:

Assumption 2: If 6 = (¢,,...,8 ) is an equilibrium for (r, biso--oh ) under

bounded rationality then 6i : Di - Di is a one-to-one function for all ie{1,...,n}.

Equipped with these two assumptions we can establish the following theorem.



Theorem 2. If 8 is an equilibrium for (T, © .,an) under bounded rationality

10"

then there exists an n-tuple (ui,...,u;) which is a condtionally correlated

equilibrium for T under bounded rationality.

Proof: Let § be an equilibrium for (T, v ..,pn).

1
Hence Vi ¢ {1,...,n} and ¥ di € Di'
Ui l—'i
p.(8.(a,), 6 (T.7(d.))) >u.(e,,8 .(T. (d.))) Ve. €6D,.
iiid -i7i SO A LSS Ty B | i i
-1 -1 ’
ofi * = .
Cefine, ui(d_ildi) pi(d_i(d_i)léi (di)) v di.c Di and v i ¢ {1,...,n}.

Therefore,
Vi -1 S -1
b6, (T (8] (@;)))[d) = (7,7 (6] (@))]6;7@ )

-1, -1 o
w6 ta_)[677a))y = wt(@_jlay va e ..

I v

Th.refore
M i

T.°(d.) =& (T.7(&.7(d.)))yvd €bD..

by 1 -1 1 PN P 1 N

y u.
1 1

u . (d,,7T.7(d.)) u, (d,.,86 . (T.

2 b b § 1 1 1 -1 1

6 Y@
1 1

M.
w (6. 67 @), 6 (e )
1 1 1 1 -1 1 1 1

b
u (e ,é (r. Tt
1 1 -1 1 1 d

v

x
B

1 i .
u.(e., T. (d.)) Ve eD.,VvVd ¢D,, V1ice{l,...,n}.
iid i i i i i i

Hence (UI,...,L;) is a conditionally correlated equilibrium for T under

bounded rationality.
Q.E.D.

It is interesting to note that if (pl,...,un) are consittent in the sense

that there exists a function p : D »+ [0,1]) such that ; p(d) = 1 and

deD
Vviedf{l,...,.n} ,¥d eb ,vd . e¢b .,
p Y 1 -1 -1
Y] (dl ’ d-l)
bytd_glap = '
u(di. d:i)
d' €D
_1 -

then the conditionally correlated equilibrium under bounded rationality
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(r&;....,r & ) ebtsined atove is alse consistent in the eame zense,

{i.8, there exists g f’mctionrl' t D""[D,1] such that 2o pe(d) = 1 and
deod

Y3 é’U,...,n] )Y g, € Di,v 6_,€0_,»
. X

*(d '[ d,) == =
alie D-i
-

-t
wherer&'(d‘,d-i) -}4(61 (di)’ 6_1(d_i'))ﬂdi,d_i)é D, In keeping with

()

accepted terminelegy euch a u* may be called a correlated equilibrium
/ -
under heunded rationglity. Hence under As:zumpticne 1 @hod 2, we may 2tate

the fellowing corollary.

Lorellgry 1. 1f§is on equilibrium fer \'r,r1,...,p.n) uncer bounoed
]

retionality snc if ‘”1""'“n’ are consi=stent in the above zense, then

i !
there eritts g cerrelated e ublibrium uncer beuncec raticnality, },l', for f .
Pregf 1 Thecrer ? alonc with wnat hat been mentioned sccve is eufficient te

prevce the cerrelary,
debars

4e Exittence of Lec-elatec E c1licrig unler beoncec retionelity @

Im tnis secticr we s-ec. that undel foe conuitions there e-ast:
a correlatec e uilibriur wnirs bounded raticngaity, which ie morecver the
uniferm gietravutic~ on the et ategy fpa . The cterzition ue have in

minc 15 the fellowing :

reurpticn 3 s T-—- (L.1,...,ur,01,...,;)n} catisfier the fellewin, curoitien

% 4 ‘{1,...-,17},4 uie {;i.J c_it‘ U-i suth that

> i €
“1(01' d-i)‘ ui\ei,d_i)i e1 u1

~hat areurption 3 cays is that for eati plave: every etrgtogyy juelifies
8t a best reply a ainst sore strategy combination of the etne: playerts wa

may now *tate ano preve the following theorer.



Theergn 3 3 Under s8sumpticne 1 gno 3, there exjete a correlated
#qui librium under beunded retienality forl: , which mereever is the

uniferm distributien en U.

Procf 1 Oefindr' s D*"[C,1] at fellews -

“(c) = _|_¥deD
r {ol

1
T-en r"i(d-i’di) = __ V4 €0  and dieoi

IRE B
By atsum; tien 3,9 d, ¢ Di,z] a strategy which may De dengtcd
[ 4

Ti (dl}c L_, such that

L} * .

M I

2 , o
u (e, T (di“‘ ui(ei, iy (di)) eieoi

*

. ¢
Clearly, ("1 (Tir 1("1) la)2 " (o le) ¥ o ed

*
Heiic - r ie a ccirelatec ejuilibrium under boundec raticnality,

dobola
It ¢ fnstructive te note that if ASsumpticn 3 i viclatec then the
uiferm clreraticticn cegret te jualify @ & ceorreclatec ejuilibriue uvncer

by &
-t

Coortes ratienelity, ToCasti ther statevsT s tlgtooy the other plate o
must choote, there exist: a "oitubecient®™ =strategy foo some player whuich

cces better then gtlez=% one recomrencation by the artitrater,
Se CLLotlTIln

Irn thi® peper -e have efstablishes conciticont for fncentive co~; atitility
unGel unteunces #nhc bounaded rotionality.s cul noticn ef incertive
cempatibility under unbouncec rationaglity i& stgncsrdes Cur cencept of
hurgr behgvieur enc incentice coempatibility uncer beunded rationality
det=rves a reconu thought,

In eg far a* hurgn behaviour goes, alsost g ything is pet:ible,
includinc shat we ctonticer teo be an e>pression of humen behaviour unaer

-

becunced raticnality, So the question that reslly confrents us, ieg, whethe:
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such behgvisur ceuld give rise te a decisien theery snaleqeus te the
decisioen theoTy that obtains under unbeunded raticnaglity?

A substantigl bedy of conventioral decision theory could be
rewritten aleny the line: we suygest ;n our snglyeie of bounded
rationality, provided suitable assumptions are mace (a® fer instance swr
Aseumption 2). This is expected Bince under beunded ratienality we ere
merely using approximations euggested tc ua‘by statistical cecision
thecry. Assumption 1 is Jjustifigble en grcunce that if any player
uni laterally deviated from the behavicur reccmmdnded by this gssunption,
then he could land up with an eutcore which cives hir an utility which is
lese than or ejuel te the maxdmum gttainable ond thet tes under
circumstances which are les: probable than the precictec event. Hence
8% & characterizatizn of human behavicur, vhat ve have ocutlined in this
faper is reascng-le.

A: fa. & the res.lts in eui pajer eie ccneticeres, shat wse have
achieved are genersl statorernte cocncernin: 'checient' tehavieur, which,
tutne cul te be useful in- g~y resl cerlu eituaticnes, ~ maic: pezticn of
Leltion : it o aGertoticn e the precent cinte t ef sefolw! resclte
e:tag-lishec in Hyers;r {19€7,. They hzve bee. provicec h ic in Getail

tc reiivate the e~tiiry ciectutsion,
o
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