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Abstract:

Explicit expressions for the laplace transform of the relia~
pility and availability of a general two-unit parellel redundant
'systéﬁ are obtained. fhe Mean time to system failure and stead&

state aVailability‘are.deduced as speclal casess Some particular

cages of.ou: result are alsc obtained,

" Introduetion:

Several attemptsfhave been made in the past to analyse two-
unit parellel redundant systems {1, 2. Gaver [8] initiated the study
Aof_é,p&rellel redundant system - which was subseguently continued
by Kodame et al {31, Liﬁton %] and others., For the most Tecent
developments in ﬁhe analysis of these systems see [5, 6]. Also for
“the difficulties that arise, when one.tries to obtain computationally
feasible solution for a general two4unit parellel‘redundant system
see [4, 51. The object of this contribution is to analyse a more

general system than the one discussed in [63.

Essentially we consider & two-unit parellel redundant system
where the failure and repair times of one of the units are general
random varisbles and those of the other unit are phase type [7]

and general respectively, We give below a brief review of phase
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type distributions and urge the Teader to refer to [7] for further

details s
\

4 YNote on Phase TvneADistributions:

A (con*inuous) probability distribution of phase type
(PH~distribution) on {0, is one which can be obtained as that of
time till absorption in a finite state continuous time Markov Chain
with one absorbing state and all other states are transient. To
be specific, consider a Merkov Chain on {1, 2 .... m+ 1} with
initiai probabllity vector (g, o) where gsﬂm, is such that |
a2 ge * 1 and Infinitesimal generator

(1)
Where T is a non-singular m x m matrix with Tiig o and
Tyy2 0 for igkj and Te + I° = 0 where o = (1, 1, I,....1) %eB®,
For such a Markov Chain, the time till absorption in (m + 1) state
has cdf.

Px) = 1 - g exp (x) g5 X 2 o, The pair (g, T) is called
a Tepresentation of the PH-distribution Fle )i we say. 'iqisy W BeT
that the PH-cistribution is in phLase j(1 £ J £ my if the wnderlying
Markov Chain is in stat: j.
System Description:

1) The system consists of two-units connected in pareliel,
Either unit performethe system operation satisfacterily, At

time £ = o both the units are switched on line.
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2} The fallure time of unit 2, the fallure and repair tlmes
of unit 1, are general random variables, The failure time of unlt 2
is a phase type distribution with representation (qi, T) and its
pdf is denoted by £.(s), that of unit 1 is denoted by £(,),while

the pdf of the répair time of the units is denoted by g(.).

3) There is only one repair facility and on failure a unit
is taken to the repair facility, where the repair of the failed unit
is entertained immediately, if there is no unit undergoing repair,

Utherwise, the newly failed unit waits in the queue to get‘repaired.
%) The switch is perfect and switchover is instantaneous.
5) BEach unit is 'new after repair,
We require the following additional notations,
T - Transition (rate) probability matrix of a
Markov Chain with m states,
g ~ A general initial condition vectof.

a4y - A vector of dimension m in which the jth
component is 1 and all other components

are zero, .
* - Convolution,

c(n)(t)-f n fold Convolution of the function e(t)
with itself in (o,t),

e(t) = 1 - ¢(t)
| N |
c(t) = f c(u) du



Reliability:

We note that ét any time t the individual units can be found
in one of the following states: operable and found in phase j(j),
cperable (o}, undergoing repair (r), queusing for repair {(gr). We
alsc note state j is possible only for wnit 2, Let {(x, y)'denote
the state of the system at any time t, whers x denotes the state of
the unit 1 and y denctes the state of unit 2. We further define

the following events:

E(x v) BEvent that at time t unit 1 enters state x and
%

~unit 2 enters y. x = 0y r,qry y = j, v, qr.

At time t=o, it is given that both wnits are just operablec,
Unit 2 will start functioning from phase j with probability
Ej’ (Ej denotes the jth component of the vector go). Let thils

event be B and d¢fine
. Cy0

Ao;o€t)= Pr {System is up (o,t]} "Eo,o at t=o}
and more generally

. at t=o}

o (E)= : ;
31,3( Y= Pr {System is up in (o,t] | By

and Ai;j(§)= Pr {Systemhis available at t | Ei,j-at t=o}

We first proceed to.obtain the reliability of the system
and hence we have to determine the function, Réﬁg) which is
3

'given by,
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' mn
Cootgy= T
RO’O(t)— FE) + 2

3 i f(u) POj(u) Rr,j(t“u)du ioolooii.oooo(

1
Where
A
Poj(t) = Pr {Unit 2 is found in phase } at time t/unit 2 is
operable and found in phase 1 with proability

Ei gt t=o0}

The above equation is obtained by considering the mutually exclusive
and exhaustive events that the unit 2 fails in (o,t) or does not
fail in (o,t). In the former case when the unit fails before t say
in (uy u + du), the other unit has to be operable and hence will be
found in one of the phases j (j = 1, 2,..m) and in (u,; u + du) the
event Er,j occours. We note that during this failure time interval
of it 1, unit 2 alternates between up and down states and the

relevant probability in this case is denoted by the function Pc"jzf'%)o

which by using renewal theretic arguments [9] is easily seen to be

. m m
‘“. - ~ , o~ \
POj(t) - 121 ni Bij (tj + G(t)*izl Qi Bij (t) ..00-0000000:(2)
| pot ()

Where ,ﬂ(t) = El [fu(t)* ga(t)] B .-.oocoo..oo'-(B)

n:

and

ﬁis(t) = Pprilhit 2 is found in phasc j at t and has not

failed in (o,t) | wnit 2 is found in stage i}
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Equation (2) determines the P (t) used in (1) once the
B j{t)’s are obtained, However, from the elementary theory of

Markov' Chains we have,
{ s |
p (t) + kjj Bij(t) + kfl }\1{-_3- ﬁik(t) luobicnbtio"(l"‘)

wheTe Kij_is the (1,3} th entry of the matrix T. Thus by using
the Jeguations (2)-&) the function.- Ry O(t} is determined in
?

terms of R, j(t) whicl. we now obtain, as
?

- m t
Rr,j(t)>= kgl G(E) Byt + 151 § 8w gy (w) R, 4 {(t=wdue...(5)

The above equation i1s obtained by. considering the following mutually

exclusive and exhaustive casesg

(1)  The repair of unit 1 is not completed in (o,t) and hence
£or the reliability of the system the other wnit should not
fail in (o,t).

(ii) The. ‘Tepair of unit 2 is completed in (u, u + du) and hence
for the system to be operable in (o,t) it is necessary that

unlt 2 is operable in (o,u)s.

We.aﬁﬁwyet to determine the functions Ro,i(t) used in equaticn(s)
and/aregkven by,
- m i |
Ho’i. - F(t) + jgl g f(u) Pij(lﬂ Rr,j(t-u)du .-o-f.ooo (6)
Where Pij(t)= Pr{Unit 2 is found in phase J at t | it was in
‘ phase i at t=o}

and is given by Pij(t) = fi(t)*POj(t) L N TR R W T W {?}



Now, the set of equations (1)=(7) can be written in the form:
m

z

j 1 Vi;](t) * Rj(t} cota--ti_asoon- (7&)

Ri(8) = g () +

On taking Taplace transgborm and solving for the I&fcﬁs) we obtain
?
the Laplace transform of the Teliability of the system and the mean

time to system failure is givern by RO*O(O)-
?

Availability:

We next proceed to obtain the avaiiability of the systen,
Since it is given that at t=o event By o occurs we nced to
determine the funection Ao,o(t)‘ To obtain the Availlability of
the system in addition to the functions defined earlier we need the
following functidn deseribing the behaviour of mit 2 during tle

failure time interval of uvait 1,

Pp{txddx = Pr {lhit 2 is under repair and the elapsed
repair time iies in{x,x + dx) | wnit 2 is

found in state g at t=o}? a=0sl 40s my T

The functionsfhr(t,x) are given by,

Por(t’JC) = fo(t"XJ-G-(X) +G(t"X) E(K) LN I I S B I N R e (8)
t_'"x . e

Pyp(sx) = £,(6-x) G(x) + [ £y (t~x=u) alujdu] C,(x) vee (9

P, (t) = [ glw Poj(t-u)du; L3 CM  seesevsrnnes (IO

and
- = -
G(x)g (t-X) + [é a(u) g(t"x"u)dla G(X) trassen (ll)

Prr(t,x)



Using the equations (8)=(11) the set of equations governing the

avallability of the system are given by,

Ao,o(t) = F(g) + jfl { £(w PO}(u) A%j(t-u) du
t u v - - >
+ & du tg f(V) dV & Por(V9X) ggg V"‘XE Ar,o(t u)du.a.(l ]
mo_ m %
Ar’o(t) = jfl G(t) Boyltd + 351 fg(n) Boj Aogj(t—u) du
t _ .
+ 8 g(U.) Fo(u) Aogr(t"‘U) dU. S 0GP NI SSIBLOEPTPS (l:‘:
- mo
Aosr(t) = F(t) +'j§1 § £(w Pry) 4, 4 (t-u)du
t u v ' L
Flau e av { B (vx) BSUIEED gy g (6. (24
- m-t -
Ao’j(t) = F(t) + kfl ; £{w) ﬁjk(u) Ar, (t=u)du |
t u v : ; .
+ §au § £(v) av § Py (vsx) E—é%igizl: ax Ar,o(t'u)"(]
' mo_ _ t . S
Ar,j(t? = kzl G(t) ﬁjk(t).+ § g(w Bjk(u) Ao,k(t-u} du
t .
+£g(u) -F-j(u) AO,I‘(t"u) du .. %evecssssrsreen

Equations (12)-(16) can be reduced to the set of equation
gimilaf‘to (7a). The limiting availability is obtained by taking

lim A (¢} = lim s ¥ (s) as demonstrated in [7].
w0 TP 0 gnyg @90 | o



| Remarks
In the above analysis we have freely used the functions.

-.( Js Peo(eys) which by relation (2) depend very much on B
and we have not provided exact analytical expressions.for these
functions and all that we have given will help one to obtain only
the Laplace transforms of the functions B (t) and hence that of
the Pia(t) functions using this, quantltles involving Convolue® : .
tions ‘of © the functions like f£(t) P j(t) in the above equations
can be discussed provided £(.) is of exponential type (namely
negative exponentlal Erlang of order k, double exponential), However,
if one is 1nterested only .in the mean time to system failure and
availability (steady state) it can be obtained by means of numerical
procegpres. Since one is iq%erested in celculating integrals of the
form { f(u) Pys(u) du  or § t £(u) Py (wdu. These integrals can
be numerically computed since the functions Pij(t) can be obtained
numerically by using the one of the several methods available to
solve linear differential equations with constant coefflclents,

satisfied by B (t).

- Speeial Cases: _

| We now obtain the reliability of the system for the case‘in
which £(t), g(t) are arbitrary and the life tdme of wnit 2 is a
phase type distribution with 2 phases, We also specialise to the

¢ase where

-2 | o
v ] e- ()
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and g = (l40), Then the state of the s:}stem in this case is of the
form (x,y) where x=0;r,qr and y=1,2,T,4Ts Since we are interested
in the reliability of ‘the system the states corresponding %o

x or y = gr 1is not possible.

The equations governing the reliabiity in this case are

given by

' e A '
R,,1(8) = ?{t)_+ 351 § £ Py (w Rn%j(t—u)du
and ‘
~ 2 _ | 2 %
Ry 4(t) = kﬁlﬂ(t} By (t) + kfl § el pyy () Bosk(‘;fu)du
Where | .
Pey (8 = By (8) + § £, (W) Ppy(t-u) du
_ _ L
Prj(t) = § glw Plj(t—u)du
and
%
Plj(t) = Blj(t) + § alw ﬁlj(t-u)du
with |
o t (n}
alt) 2 z {fr g -u)du}
- n=1 -
- =2t
4 -Xu >, (t=ujdu
£1(8) = § Me g 2
! )\ t. N "'.)\zt
Bl (8) = et Pon(t) = e
£ _)1'\1 /}\2(13—11) du

w0
)
o
P~
<
ot
tH
O
o
O]
&
L]
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Relabeling the states as (0,1} =+ 1.t (0,2) » 2
(ry1) + 3 and (r,2) + 4. The set of equations governing

the reliability of the system is given by

t
Ry (£} = ai(t) + g Vij(u) Ej(t-u}'dgf

wheres

ql(t) = az(t3 = Ft)

~

(34

[
[

Gty [pyy(8) + Byp(8)]

a(t) = G(E) Ppylt)
Vl,j+2(t3= f(§) P1j(t), 1= 1,2

Va,ap(8)= E(8) Py(8), 3= 1,2

L1
| o
v
n

(t) - O H k = 1927 j

g(t) ﬁli{t), i-

P

ct

o
i

1,2

v3i(t3 = Q, i ='3,4

Vot = glt) Py, (t)

Vhl(t) 0, 1= 1,3,%,

Now, the Laplace transform of the reliability of the systen

conditioned by E(o l}t at t=o 1is given by
b
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RY(s3 = X(s) / D(s)
Where
D(s) = 1 0 -v;3($} -3y, (8
0 1 -V,3(8) =75, (8
| -vgits)' -v;é(s)_ 1 0
0 <5 (8) o 1

and N{sj) is obtained from D(s}) by replacing the first column eof
D(s) by the transposa of [a;(s), a;(s}, dg(s3, m:(s)]. Further

- - . . . . _}.
reducing to the special case where £(t) = 5y t

and T = (=)) ™= (&) and a= (13

we obtain the reliability of the system conditioned by
an Eo,1 ét t=0, as

(A1) [1-) g (A+A )] + A, T (A))

*
o

ALCA+ ALY {123 g (A} g )

Ri(o) =

which 1s in agreement with [8].
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